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The effect of velocity slip with viscosity variation between porous rough circular 

stepped plates with couple stress fluid is examined. A stochastic random variable having 

a non-zero mean, variance, and skewness is used to model a more general type of 

surface roughness equation also the modified Reynolds equation accounting for 

pressure dependent viscosity is analytically derived. The numerical solution obtained 

for the non-dimensionless pressure, load carrying capacity and time. It is observed that 

the impact of roughness and viscosity variation using a couple stress fluid between 

circular stepped plates has been discussed. These effects improved the ability of load 

carrying capacity as compared to the corresponding Newtonian case. 
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1. INTRODUCTION

The surfaces have been assumed to be smooth in the 

majority of theoretical analysis of hydrodynamic lubrication. 

This is an unrealistic assumption for the bearings operation 

with small film thickness.  The Stochastic theory of surface 

roughness introduced by Christensen [1]. For various 

geometries the stokes couple stress theory has been used to 

study behaviour of couple stress fluid [2, 3]. The effect of 

couple stress fluid between circular stepped plates is studied 

by Naduvinamani and Siddangouda [4] and observed that the 

presence of couple stress fluid increases the load carrying 

capacity. Naduvinamani and Siddangouda [5] found that the 

influence of porous using couple stress fluid improves the 

squeezing characteristics. The analysis of squeeze film 

lubrication using couple stress fluid with viscosity variation 

plays an important role. Previous concepts have been based on 

the assumption of constant viscosity, even though it is both a 

function of both pressure and temperature. In many real-world 

applications, the viscosity variation with temperature is 

essential. Barus analysis the interaction between the viscosity 

variation and pressure [6] is given by relation 𝜇 = 𝜇𝑜𝑒
𝛽𝑝.

Hanumagowda et al. [7] examined the impact on circular 

stepped plates with viscosity variation using micropolar fluid. 

They showed that by the presence of viscosity variation 

pressure increases. The influence of viscosity variation 

between the circular stepped plates using couple stress fluid is 

examined by Hanumagowda [8] and found that the pressure 

and load carrying capacity is enhanced with an increase in 

viscosity variation parameter. Sangeetha and Govindarajan [9] 

analyzed the effects of magneto hydrodynamic(mhd) and 

viscosity variation using couple stress fluid between circular 

stepped plates. It is observed that the combined influence of 

couple stress and magnetic effects are significant. The results 

indicated that viscosity variation with couple stress was better 

than Newtonian fluid and the performance squeeze film 

characteristic enhanced. Sangeetha and Kesavan [10] 

examined the effect of velocity slip and viscosity variation 

between triangular plates using couple stress fluid. It is noted 

that when a fluid flow around a porous medium of very small 

permeability, a zero tangential velocity at the permeable 

interface is assumed. As the flow within the porous medium 

becomes significant, this condition turns out to be inaccurate 

as shown for instance by the experiments performed by 

Beavers and Joseph [11]. These experiments established the 

validity of the slip boundary condition at the interface between 

the porous medium and the clear fluid qualitatively. 

Henceforth no investigation has been carried out to examine 

the viscosity variation with velocity slip so the present study 

deals with the viscosity variation and velocity slip between 

rough porous circular stepped plates using couple stress fluid.  

2. MATHEMATICAL FORMULATION

Figure 1. Configuration of the circular stepped plates 
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Figure 1 demonstrates the configuration of circular stepped 

plates. The top plate approaches the other, which is rough 

porous surface in nature with constant velocity. The bottom 

plate is stationary. The couple stress fluid is considered as the 

lubricant in the film region. The Beavers-Joseph 

approximation [11] is used for studying hydrodynamic 

lubrication for velocity slip at the porous interface. 
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The modified Darcy's law governs the flow of a couple 

stress fluid in a porous region which takes into account polar 

effects by using Naduvinamani [11]. 
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The boundary conditions are at z = 0. 
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The boundary conditions are at z=h. 
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The solution of Eq. (1) subject to the boundary conditions 

(7) and (8) is obtained in the form
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where, 𝜉1 =
3[2𝑠2𝛼2+(1−𝛽)𝑠ℎ]

ℎ(ℎ+𝑠)(1−𝛽)
, 𝜉2 =

𝑠

ℎ+𝑠
. 

The pressure satisfies the Laplace equation 𝛻2𝑝∗ = 0 in the

porous medium. The modified Reynolds type equation for the 

pressure is obtained by substituting the Eq. (9) in Eq. (3) and 

then integrating and also using the condition (7) and (8) we get. 
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The volume flux of the lubricant is given by 
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To represent the surface roughness proposed by Christensen 

[1], the mathematical expression for the film thickness is 

considered to be consisting of two parts 𝐻 = ℎ(𝑡) +
ℎ𝑠(𝑥, 𝑦, 𝜉). where h(t) is the height of the nominal smooth part

of the fluid film region, and ℎ𝑠(𝑥, 𝑦, 𝜉) is the part due to the

surface asperities measured from the nominal level and is a 

randomly varying quantity of zero mean, and ξ is the index 

parameter determining a definite roughness structure. Further, 

stochastic part hs is considered to have the probability density 

function f(hs) defined over the domain (-c≤hs≤c) Where c is the 

maximum deviation from the mean film thickness. 

For the longitudinal one-dimensional roughness, the film 

thickness assumes the form using Naduvinamani and 

Siddangouda [12] H=h(t)+ hs(x, ξ). 
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35
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3
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where, �̄� =
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In Eqns. (10) and (12) the dimensionless form is obtained 

as 
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Using the non- dimensional quantities 
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Reynolds equation in region II: (K≤r*≤1) 
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The pressure boundary conditions are 
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The solution of Eqns. (20) and (21) satisfying the conditions 

(22), (23), (24) and (25) is of the form. 
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Substituting the expression of the film pressure and 

integrating the Eqns. (26) and (27). we can obtain the load 

carrying capacity w is obtained in the form 
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3. RESULTS AND DISCUSSION

To understand the effect of various parameters involved in 

this problem, a graphical illustration of slip parameter s, 

viscosity variation parameter G, couple stress parameter l*, 

permeability parameter ψ, a measure of the symmetry of the 

stochastic random variable ε*, the standard deviation of the 

film thickness σ*, mean of the stochastic film thickness α* are 

presented. The following ranges of the values for these 

parameters are used in the numerical computations of the 

results. α*, ε*=-0.1, -0.05, 0.05, 0.1; l*=-0.1, 0.2, 0.3, 0.4; σ*=-

0.1, 0.2, 0.3, 0.4; ψ=0.01, 0.02, 0.03, 0.04; G=0.01-0.04. The 

range of the parameter considered from the Hanumagowda et 

al. [7] and Naduvinamani et al. [13]. 

Figure 2 shows the variation of pressure p* as a function of 

r* for different values of couple stress parameter l*. Pressure 

rises, when the function of l* takes different values. The couple 

stress act as an added force in the fluid. This force is one of the 

factors that contribute to an increase in pressure. 

Figure 2. Variation with r* for different values of couple 

stress parameter l* on dimensionless pressure p* with 

α*=0.05, σ*=0.2, ψ=0.01, H*=0.1, ε*=0.01, β=0.3, G=0.01, 

s=0.1 

Figure 3 shows the variation of pressure p* as a function of 

r* for different values of viscosity variation parameter G. The 

results indicate that as the viscosity variation parameter 

increases the pressure increases. Since viscosity is the fluid’s 

resistance to motion, there is a greater force needed to maintain 

the mass continuity of the fluid. As expected, the force 

increases the pressure increases. 

Figure 3. Variation with r* for different values of viscosity 

variation parameter G on dimensionless pressure p* with 

α*=0.05, σ*=0.3, ψ=0.01, H*=0.4, ε*=0.01, β=0.3, l*=0.2, 

s=0.1 

Figure 4 shows the variation of pressure p* as a function of 

r* for different values of viscosity variation parameter 𝐺 and 

permeability parameter ψ. when (ψ, G=0) the equation reduces 

to solid case and non iso- viscous case. 𝑓(ℎ, 𝑙) = ℎ
3 − 12𝑙2 +

24𝑙3 𝑡𝑎𝑛ℎ (
ℎ

2𝑙
) . The limiting case of f(h, l) reduces to the

results of Naduvinamani and Siddangouda [4]. It is found that 

the viscosity variation is more prominent for pressure relative 

to the non iso -viscous case.  

Figure 4. Variation with r* for different values of ψ and 

viscosity variation parameter G on dimensionless pressure p* 

with α*=0.02, σ*=0.3, H*=0.2, ε*=0.01, β=0.3, l*=0.2, s=0.1 

Figure 5. Variation with r* for different values of velocity 

slip parameter S on dimensionless pressure p* with α*=0.02, 

σ*=0.3, G=0.01, H*=0.2, ε*=0.01, β=0.3, l*=0.2, ψ=0.1 

Figure 6. Variation with height H* for different values of 

permeability parameter ψon load carrying capacity w* with 

α*=0.05, σ*=0.2, β=0.3, l*=0.4, s=0.25, ε*=0.01, G=0.01 
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Figure 5 shows the variation of pressure p* as a function of 

r* for different values of velocity slip parameter S. The 

pressure p* decreases for increasing values of slip parameter. 

Figure 6 shows the variation of load carrying capacity 𝑤∗

as a function of H* for different values permeability parameter 

ψ. It is demonstrated that the load carrying capacity also 

increases as the permeability parameter value ψ increases.  

Figure 7. Variation with height H* for different values of slip 

parameter S on load carrying capacity w* with α*=0.05, 

σ*=0.2, β=0.3, l*=0.4, ψ=0.01, ε*=0.01, G=0.01 

Figure 8. Variation with height H* for different parameter 

values of couple stress l* and measure of the symmetry of the 

stochastic random variable ε* on load carrying capacity w* 

with α*=0.05, σ*=0.2, β=0.3, ψ=0.01, G=0.01 

Figure 9. Variation with height H* for different parameter 

values of couple stress l* and slip parameter S on load 

carrying capacity w* with α*=0.05, σ*=0.2, β=0.3, ψ=0.01, 

G=0.01, ε*=0.01 

Figure 10. Variation with time T* for different values 

viscosity variation parameter G on K with α*=0.05, σ*=0.2, 

β=0.3, l*=0.4, ψ=0.01, ε*=0.01, hf=0.6, h3=0.15 

Figure 7 shows the variation of load carrying capacity w* as 

a function of H* for different values of slip parameter S. It is 

well known that the load carrying capacity increases with the 

slip parameter value. Also, viscosity variation parameter 

enhances the load carrying capacity of the circular stepped 

plates. 

Figure 8 shows variation with height for different parameter 

values of couple stress l* and measure of the symmetry of the 

stochastic random variable ε* on load carrying capacity w*. A 

standardized pattern of roughness is considered. Results 

demonstrate that the negatively skewed pattern of roughness 

improves the efficiency of time and load carrying. 

Furthermore, relative to the standard non-conducting lubricant 

instance, the viscosity variation with velocity slip 

characterized by the slip parameter improves the efficiency of 

the lubrication. 

Figure 9 describes variation with height H* with load 

carrying capacity w* for different parameter values of couple 

stress l* and slip parameter s. When (l*, s=0) the present 

investigation reduces to Newtonian and non-porous case 

studied by Hamrock et al. [14] results F*=H*3. It is noted that 

the slip parameter and couple stress fluid enhance the load 

carrying capacity. This is because as the couple stress fluid 

offers more resistance to the moving fluid, the large amount of 

fluid would remain in the region. 

Figure 10 shows the variation of time T* as a function of K 

for different values of viscosity variation parameter G. The 

presence of couple stress fluid is responsible to strengthen the 

response time as compared with non-isoviscous scenario.  

On the whole, the viscosity variation produces an 

enhancement in the load carrying capacity and the response 

time as compared to the non-isoviscous case [15-17]. 

4. CONCLUSIONS

In this paper viscosity variation with couple stress fluid 

between circular stepped plates is studied. From the numerical 

results, the following conclusions can be drawn. 

• The Reynolds equation using couple stress fluid is

obtained by taking viscosity variation along with the

film thickness into consideration. The expressions for

pressure, load carrying capacity and time are

obtained.

• The effect of permeability is to decrease the load
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carrying capacity as the height increases, whereas for 

increasing slip parameter the load carrying capacity 

increases. The obvious reason for this happens is that 

larger values lead to a greater number of voids on the 

porous facing, allowing the fluid to percolate into a 

porous region. Thus, pores on the porous facing 

become the main path for fluid to flow. 

• The surface roughness and couple stress fluid

promote the pressure distribution in the fluid region.

This is because as the couple stress fluid offers more

resistance to the moving fluid, the larger amount of

fluid would remain in the region. On the other hand,

the roughness asperities present on the bearing

surface also reduce the velocity of the fluid.

Furthermore, the amount of leakage of the lubricant

along the sidewise direction is again reduce by the

presence of the surface asperities.

• The influence of viscosity variation with couple

stress fluid as lubricant lead to the increase in

response time. The influence of a higher value of the

viscosity variation parameter provides a significantly

greater change in the response time. This behavior is

due to the higher film pressure generated by the

higher value of couple stress fluid.

• By the above analyses, it is found that the pressure

decreases for increasing value of the viscosity

variation parameter. Also, it is observed that the

squeeze is slower in couple stress fluid. The time of

approach T increases, indicates that couple stress

fluid are better lubricant

DESIGN EXAMPLE 

The following data are considered for the squeeze film 

between circular stepped plates with non-Newtonian couple 

stress fluid: 

Radius: R=10mm 

Minimum film thickness: h2=0.5mm  

Maximum film thickness: h2=0.5-0.1,0.11,0.12,0.13mm 

Viscosity: μ=500cp 

Material constant characterizing couple stress parameter: 

η=1.25×10-15Ns, 5×10-11Ns, 11.25×10-15Ns. 
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NOMENCLATURE 

G Viscosity parameter 

E Expectancy operator 

h Film thickness=(h+hs) 

H* Non-dimensional film thickness=(
ℎ

ℎ0
) 

l Couple stress parameter =(
𝜂

𝜇
)

1

2

l* 
Non-dimensional couple stress 

parameter 

Greek symbols 

 Mean of the stochastic film thickness 

 
Coefficient of pressure-dependent 

viscosity 

𝛿 Porous layer thickness 

𝜎 Standard deviation of the film thickness 

𝜎2 Variance 

 Percolation parameter= 
𝜂

𝜇𝑘

𝜂 
Material constant characterizing couple 

stress 

𝜓 Permeability parameter = 
𝑘𝛿

ℎ0
3

µ Viscosity co-efficient 
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