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Thermodynamic energy method can analyze the concrete failure, and crack emergence and
propagation under hydraulic fracturing in engineering practice objectively and reasonably.
The cracking of hydraulically split concrete absorbs and consumes energy, under the action
of external hydraulic force and external load. The entire cracking process obeys the
thermodynamic principles of energy conversion and conservation, and the principle of
energy superposition. Following the thermodynamic principle of minimum energy
consumption rate, this paper explores the emergence and propagation laws of concrete
cracks under hydraulic fracturing. The hydraulic fracturing is essentially an energy
dissipation process involving concrete failure, and crack emergence and propagation. The
crack tip must feature the minimum energy consumption rate. On this basis, we proposed
a new research approach for crack emergence and propagation, under the thermodynamic
principle of minimum energy consumption rate. Next, we established a model for the
concrete failure, and crack emergence and propagation under hydraulic fracturing. The
research sheds new light on solving the dynamic hydraulic fracturing cracks induced by
seismic load, and provides a reference for the seismic evaluation of super-high arch dam.
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1. INTRODUCTION

state, respectively.
The above methods are obviously successful. Based on
scientific hypotheses, these methods have solid theoretical
bases, and conform largely to test results. That is why they
have been widely recognized and applied, which contribute
greatly to the development and application of fracture
mechanics. However, further research reveals some defects
with these methods: the true situation of crack propagation is
not reflected at the best possible accuracy. Further research is
needed to develop a good crack propagation model / formula
with clear physical meanings, and the ability to explain and
even predict test results.
During crack propagation, the conversion of mechanical
energy is accompanied by thermal phenomena. The thermal
process is irreversible [10, 11]. Thus, it is necessary to study
the crack propagation criterion and model, from the basic laws
of thermodynamics. Based on the theory of non-equilibrium
thermodynamics, this paper applies the thermodynamic
principle of minimum energy consumption rate to analyze the
crack emergence and propagation under hydraulic fracturing,
in the light of the relationship between the principle of
minimum energy consumption rate and the hydraulic
fracturing of concrete (hereinafter referred to as the principlesplitting relationship), the cracking criterion based on the
energy principle, and the crack propagation model.

The energy principle is the core of thermodynamic theories.
Despite being an ancient discipline, thermodynamics has farreaching influence, and strong application values. The
discipline has been developing and evolving unceasingly.
Crack propagation analysis aims to determine the
propagation time and propagation length of the initial damage
under load [1, 2]. It is known to all that cracks change both in
size and shape during the propagation. These changes add to
the difficulty of crack propagation analysis [3, 4].
The common calculation methods for crack propagation
include conservative estimation, shape assumption, and crack
shape tracking [5-7]. Conservative estimation has gained
popularity in recent years. It is a conservative engineering
algorithm based on ample experiments. Shape assumption,
another popular approach in recent years, usually assumes the
shape of the propagating cracks, and applies the Paris’ law to
at least two points on the crack front. To predict crack
propagation accurately, the crack shape tracking came into
being. In 1987, Teng et al. [8] tracked the non-penetrating
fatigue cracks by three-dimensional (3D) finite-element
method. Ibrahimbegovic et al. [9] numerically simulated the
propagation of 3D fatigue cracks, using the extended finiteelement method.
In essence, shape assumption and crack shape tracking are
theoretically grounded on the Paris’ law. The two methods
solve the crack propagation rate at the end points of the semiaxis of elliptical cracks along and perpendicular to the surface,
using the formulas for the two-dimensional (2D) fatigue crack
propagation rate under planar stress state and planar strain

2. PRINCIPLE-SPLITTING RELATIONSHIP
On the theory of the constitutive relations of concrete, the
macroscopic research all focuses on the thermodynamic
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properties of hydraulically split concrete with dissipation
effect [12-15]. The purpose is to construct a unified theoretical
system of constitutive relations including plasticity,
viscoelasticity, and plasticity.
According to the principle of certainty, the principle of local
action, and the principle of objectivity, if a variable
γα=(α=1,…,k) reflecting the change of the internal structure of
the material is introduced, then a general function can be
established for the k internal variables:
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In formula (4), ̇ , 𝑇̇, and 𝑔̇ can be chosen arbitrarily. Thus:
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By formula (5), the constitutive relations expressed by
formula (1) can be transformed into:
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where, W, σ, S and q are the free energy, generalized stress,
entropy, and heat flux of hydraulically split concrete,
respectively; D is the damage variable; ε, εN, T and g are the
generalized strain, inelastic strain, temperature, and
temperature gradient of hydraulically split concrete,
respectively; γ1,…,γk are the k internal variables.
To determine the constitutive relations of a material, the
premise is that these relations do not contradict universal laws
of nature, such as the law of conservation of energy, the law
of conservation of momentum, and the second law of
thermodynamics.

(6)

For hydraulically split concrete, the simple constitutive
relations (6) were obtained by introducing the k internal
variables γα=(α=1, ⋯ ,k), reflecting the energy consumption
mechanism of the concrete. It can be seen from formula (6)
that the key to building the dissipative constitutive relations is
to determine the expression of q and the evolution equations
of all internal variables.

The law of conservation of energy:

1
1
tr( ) − x  q + r = W + TS + TS
0
0


T


(2a)
3. CRACKING CRITERION

The law of conservation of momentum

1

0

x  ( F  ) + b = x

Similar to the yielding and failure of materials, crack
propagation consumes energy. Thus, the energy consumed by
propagating cracks is constrained by the principle of minimum
energy consumption rate. In other words, the energy
consumption of crack propagation must be the minimal under
the corresponding constraints [16]. If this view is introduced
to the theoretical analysis on crack propagation, any form of
damage is an energy consumption process, and ought to obey
the principle of minimum energy consumption rate. Following
this train of thought, the obtained criterion can reflect the
influence of concrete performance, and the effects of the stress
or strain inducing material failure. To sum up, the design of
cracking criterion, a thorny issue in mechanics, can be realized
more realistically under the unified framework of the principle
of minimum energy consumption rate.
According to damage mechanics, when the external load is
applied without changing the boundary conditions, if the
damage variable at a point satisfies D<1, the nominal stress σij
corresponding to the load at the point remains the same, while
𝜎𝑖𝑗
the effect stress 𝜎̃𝑖𝑗 =
at the point increases with D. The
1−𝐷
nominal stress σij only changes, if the nominal stress is
redistributed after macroscopic damages. In addition, an
irreversible strain 𝜀̇𝑖𝑁 will occur at the point, during the energy

(2b)

The second law of thermodynamics:

−W − TS +

1
1
tr( ) −
qg  0
0
0T

(2c)

where, ρ0 is the density of the material; b is the force vector; r
is the external heat provided to a unit of mass per unit time; x
is the spatial coordinates; F=∂x/∂X and g=∂T/∂X are
deformation gradient and temperature gradient, respectively.
The first three parameters are often known.
Taking the derivative of the first line in formula (1):
k
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Substituting formula (3) into formula (2-c):
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consumption process prior to complete failure (hereinafter
referred to the damage process). Without considering other
energy consumption factors, 𝜀̇𝑖𝑁 can be regarded as the only
energy consumption mechanism during the damage process.
In this process, the energy consumption rate at any point near
the crack tip at any time t can be calculated by:

 (t ) =  ij (r , ) ijN  ij (r , ), ai (t ) 

new light on the establishment of crack propagation criterion
and model.
Crack propagation analysis aims to determine the
propagation time and propagation length of the initial damage
under load. It is known to all that cracks change both in size
and shape during the propagation [17-19]. These changes add
to the difficulty of crack propagation analysis.
There are three common theories for calculating the
direction of crack propagation [20, 21]:
(1) Maximum tensile stress theory:
The initial propagation direction of the crack points to the
maximum circumferential normal stress. The crack
propagation occurs when the maximum circumferential
normal stress in the direction reaches the critical value.
(2) Theory of minimum strain energy density factor:
The crack starts to expand along the direction with the
smallest strain energy density factor. The crack propagation
occurs when the minimum strain energy density factor reaches
the critical value of concrete.
(3) Theory of energy release rate:
The crack propagates in the direction of the maximum
energy release rate. The crack propagation occurs when the
maximum energy release rate reaches the critical value.
A comprehensive comparison of the above three theories
shows that the energy release rate (G criterion) has the clearest
physical meaning, but requires complex calculations. The
major difference between compound crack propagation and
the classical Griffith propagation is that the crack no longer
propagates along the original crack surface, but along new
branches. To solve the problem of new propagation directions,
it is necessary to compute the strain energy release rate in each
direction. Since the crack initiation angle θ is unknown, the
general practice is to conformally transform such a broken line
crack with an arbitrary angle into a unit circle. Thus, a complex
function needs to be introduced, and the integral equation of
the function needs to be derived. All these operations
complicate the calculation. To avoid the tedious calculation,
some researchers simply assume that the composite crack still
propagates in the original direction. But the assumption is far
from the reality.
The 𝜎𝜃𝑚𝑎𝑥 criterion is simple to compute, and clear in
physical meaning. However, the crack initiation angle is
determined, without considering the property of hydraulically
split concrete.
The S criterion makes up this defect by combining the
critical condition of crack propagation with the performance
of hydraulically split concrete. This criterion applies to a wide
range of problems, and requires simple calculation. The
problem of this criterion lies in the lack of clear physical
meaning. There are different understandings concerning why
the predicted crack propagation direction is consistent with the
direction of the minimum strain energy density factor [18].
The common point of G criterion and S criterion is that both
consider the mechanical quantities on the concentric circles
with the crack tip as the center. Although the points on these
concentric circles have obvious geometric meaning (equal
dimensions from the crack tip), they are not under the same
stress state. Therefore, the mechanical meaning is unclear by
simply comparing the mechanical quantities at these points.
In this paper, the thermodynamic law of energy
conservation, the theory of entropy change, and the energy
difference rate method of fracture mechanics are integrated to
explore the crack propagation law, establish crack propagation
criterion, and build crack propagation model.

(7)

where, t is the time parameter of the damage process at the
point; r and θ are the polar coordinates with the crack tip as
the origin; ai(t)(i=1,⋯,n) is the time-varying material parameter;
σij(r,θ) is the nominal stress tensor at point (r, θ) near crack tip;
𝜀̇𝑖𝑗𝑁 [𝜎𝑖𝑗 (𝑟, 𝜃), 𝑎𝑖 (𝑡)] is the irreversible strain rate tensor at point
(r, θ) at time t. During the damage process, 𝜀̇𝑖𝑗𝑁 [𝜎𝑖𝑗 (𝑟, 𝜃), 𝑎𝑖 (𝑡)]
is related to the nominal stress tensor σij(r,θ) at the point and
ai(t).
Moreover, the damage process at the point (r, θ) near the
crack tip, as shown by formula (7), should satisfy the
following constraints: (1) The nominal stress tensor 𝜎𝑖𝑗 (𝑟, 𝜃)
depends on the expression of the stress field near the crack tip;
under a given load, the nominal stress 𝜎𝑖𝑗 (𝑟, 𝜃) corresponding
to the load will remain constant, as long as the crack does not
propagation; (2) The relationship between irreversible strain
rate tensor 𝜀̇𝑖𝑗𝑁 [𝜎𝑖𝑗 (𝑟, 𝜃), 𝑎𝑖 (𝑡)]𝜎𝑖𝑗 (𝑟, 𝜃) , and 𝑎𝑖 (𝑡) should
meet the relationship between stress and strain rate of the
material during the damage process.
According to the principle of minimum energy consumption
rate, only the point, where formula (7) is minimized under the
above two constraints, falls on the crack propagation path.
Substituting the two constraints to formula (7), we have
𝜑(𝑡) = 𝜑[𝑟, 𝜃, 𝑎𝑖 (𝑡)] . Thus, the direction 𝜃𝑚𝑖𝑛 of the
minimum energy consumption rate for the damage process,
when r is fixed at a small value approximating zero, can be
determined by:
  r ,  , ai (t ) 
=0



 2
    r ,  , ai (t )   0

 2

(8)

Thus, the crack emergence criterion can be obtained:

min (t ) t =0 =   r , min , ai (t ) t =0 = c (t ) t =0

(9)

The physical meaning of formula (9) is as follows: The
crack emerges, when r is fixed at a small value approximating
zero, and the energy consumption rate 𝜑𝑚𝑖𝑛 |𝑡=0 | at the
minimum direction 𝜃𝑚𝑖𝑛 reaches the crack emergence
threshold 𝜑𝑐 (𝑡)|𝑡=0 .
4. CRACK PROPAGATION MODEL
Crack propagation has a complex mechanical mechanism.
The existing mechanical models cannot objectively describe
the whole process of crack propagation.
Similar to crack emergence, the propagation of split
concrete cracks needs to consume energy. The energy
consumption of crack propagation also needs to obey the
principle of minimum energy consumption rate. This sheds
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Pi =

W
ui

(17)

Gi =

W
ai

(18)

S=

W
T

(19)

For a unit volume of hydraulically split concrete, the energy
conservation equation can be obtained according to the first
law of thermodynamics:
M
dE
dR
=
dV −  Qi ni dA +  Pdu
i
i
V
A
dt
dt
i =1

(10)

where, E is the absolute thermodynamic temperature; R is
plastic strain energy per unit volume of hydraulically split
concrete; 𝑄𝑖 = 𝑈𝑏 + 𝛱𝑤 is the heat loss induced by the energy
absorption by the proppant and the leaching of the fracturing
fluid per unit area in a unit time; Pi is the generalized external
forces working on hydraulically split concrete; ui is the
generalized displacement of the deformation of hydraulically
split concrete; M is the number of generalized external forces.
The crack propagation is an irreversible process. According
to the thermodynamic definition of medium entropy, when the
temperature field is uniform, the change rate of the entropy S
of cracked elastic concrete with time can be calculated by:
dS 1 dR
1
= 
dV −  Qi ni dA
V
dt T dt
T A
2
da
1
+  Gi i
T i =1
dt

In general, if the hydraulic fracturing load rate is small, the
crack propagates slowly. Then, the crack propagation can be
approximately regarded as an isothermal process. Therefore,
𝑑𝑇
there exists = 0. Hence, formula (14) can be rewritten as:
𝑑𝑡

da
dW M dui 2
=  Pi
−  Gi i
dt
dt i =1
dt
i =1

Correspondingly, in the isothermal process, the free energy
W is a function of state variables 𝑢𝑖 and 𝑎𝑖 , and equal to the
strain energy U:

W = U ( u1 ,

(11)

dS 1

dt T

(12)

, uM , T , a1 , a2 )

V

dR
1
dV −
dt
T

2

i =1



A

Qi ni dA

i

dai
0
dt

(23)

Focusing on the hydrodynamic cracking of concrete in
super-high arch dam, we compiled the solution program in
MATLAB language according to the principle of minimum
energy consumption rate, and simulated the propagation of
hydraulically split cracks in concrete, using the postprocessing function of ANSYS, and the APDL language. The
simulation results are presented in Figures 1-4.

(14)

(15)

Formula (14) can be rewritten as:
dW M W dui 2 W dai W dT
=
+
+
dt
T dt
i =1 ui dt
i =1 ai dt

(22)

5. CALCULATION EXAMPLE

(13)

Obviously, formula (14) is a complete differential equation.
Hence, the free energy W is a function of state variables ui,
ai and T:
W = W ( u1 ,



G

Substituting formulas (10) and (11) into formula (13):

da
dW M dui 2
dT
=  Pi
−  Gi i − S
dt
dt i =1
dt
dt
i =1

(21)

Combined with formula (11), formula (14) can be rewritten
as:

Taking the time derivatives on both sides of formula (12):
dW dE
dS
dT
=
−T
−S
dt
dt
dt
dt

, uM , a1 , a2 )

If the cracked elastic concrete belongs to a uniform
temperature field, the following can be derived from the
second law of thermodynamics:

where, T is the absolute thermodynamic temperature; Gi is the
driving energy of crack propagation; ai is the size of the
expanding crack.
In thermodynamics, Helmholtz free energy W is a function
that characterizes the state variables of the system in the
thermodynamic process. The energy can be expressed as the
internal energy E of the system minus the product of its
absolute temperature T and entropy S:

W = E − TS

(20)

(16)

Comparing formulas (16) and (14), the following relations
can be derived in the light of the independence of the state
variables in the free energy:
(a) Grid meshing (densified in central crack zone)
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(b) Node vectograph;

Figure 2. Iterations under different loads

(c) Unit vectograph
Figure 1. Finite-element model

Figure 3. Results under different directions
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