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An increasing demand for energy and climate change encouraged the search for new 

ways of using renewable energy sources, including in building structures. At present, 

improving energy efficiency in buildings by integrating thermal energy storage 

materials is an urgent task. This paper proposes a mathematical model for the thermal 

regime in a building with a TES building envelope. The enclosure model consists of 

gypsum board with 25% of phase change material (PCM). The PCM layers of different 

thickness reduce room temperature and heat load. The effectiveness evaluation of the 

proposed model involved calculating the thermal conductivity using the finite 

difference method. The results show that the incorporation of thermal energy storage 

materials can reduce temperature fluctuations in the room and maintain a comfortable 

temperature for a long time (up to 8 hours). With an increase in the thickness of the 

thermal energy storage layer, the cooling time of the exterior surface of the internal wall 

also increases. 
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1. INTRODUCTION

Intensive economic growth and enhancement of living 

standards in many developed and developing countries around 

the world have led to an increased consumption of non-

renewable energy resources, facilitating environmental 

pollution and acceleration of climate change. High fossil fuel 

consumption may lead to a rapid depletion of fossil energy 

sources in the near future. This problem also applies to the 

buildings construction sector, in which energy conservation 

and creation of energy-efficient buildings are a priority. 

Building maintenance accounts for around 30% of the final 

energy consumed in the world [1]. For the European Union, 

this figure is about 40% [2], where approximately 80% of the 

energy is utilized for space conditioning (heating and cooling) 

and ventilation purposes [3]. The recent issues are thus 

associated with energy efficiency during buildings 

construction and maintenance processes. In Europe, energy-

efficient buildings must meet a number of requirements, such 

as building orientation and shape, envelope system, passive 

heating and cooling mechanisms, energy consumption below 

60 W/m2 per year, and more [4]. For energy efficiency, various 

renewable energy systems have been developed, such as 

thermal energy storage (TES) systems and photovoltaic (PV) 

panels [5]. 

The whole range of design considerations for energy-

efficient building construction stems from many years of 

experience and research. There is also a need for more studies 

on this matter given the growing threat of environmental and 

energy crises, as well as a rising demand for efficient use of 

material-technical resources. Taken together, the world 

experience in energy-saving buildings [6], research on the 

heat-shielding properties of the building envelopes [7], 

calculation-based experiments [8] and regulatory 

requirements [9-12] show that in an energy-efficient building 

design, the following specifications and insights should be 

taken into account:  

 the influence of local climatic factors on the building

form; 

 solar and wind orientation;

 air barrier continuity in the thermal envelope;

 thermal insulation;

 buffer spaces (intermediate spaces between the

exterior environment and the thermal envelope of the house); 

 the use of alternative, renewable energy sources;

 passive solar energy collection and storage systems;

 exhaust air energy recovery;

 building automation (the use of smart home systems).
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In this way, energy saving can be achieved through 

optimization of building envelope and architectural design, the 

use of alternative types of energy, and enhancement of 

engineering systems.  

Among the promising areas of energy conservation is the 

use of alternative sources of energy, such as solar radiation 

[13-15]. The energy-efficient building designs largely focus 

on ways to store solar radiation [16]. It appears that thermal 

energy consumption can be regulated efficiently by optimizing 

the exterior of a building [17]. The simplest and most 

indicative system for passive solar storage is a Trombe wall 

[18], designed to absorb solar radiation and convert it into 

thermal energy (heat) as it passes along the air channels, which 

is then transferred into the room via openings in the wall 

(vents). The Trombe wall consists if a double-layer translucent 

panel and a masonry wall placed at distance from the 

translucent panel to create an air space, usually made of bricks, 

with high thermal inertia. 

The recently popular house designs involve the use of 

passive solar energy heating solutions, which combine 

transparent insulation materials and materials with high 

capacity to store heat [19]. The transparent insulation layer 

transmits radiation to the absorber and prevents the transfer of 

radiative, conductive, and convective heat in the opposite 

direction. The thermal energy storage layer, in this case, can 

be either gapless or with ventilation ducts and air spaces [20]. 

A gapless energy storage material transfers heat to the inner 

surface of the envelope, while the energy storage material with 

ventilation ducts and air spaces helps to heat up the ventilation 

air that comes from inside the house.  

Theoretical and experimental studies [21, 22] show that 

with a well thought-through envelope design, the amount of 

solar gain can compensate a substantial portion of the heat loss 

of a building. The advantage of this constructive solution is 

that when the heat is emitted from the surface of the walls, a 

more favorable microclimate is created than with the 

convective heat from heating devices.  

Latent heat TES materials have been recently rising in 

popularity because of their high energy density storage and the 

constant phase-transition temperature [23]. When using TES 

systems in building construction, it is important to determine 

the proper their thermophysical properties. Therefore, it is not 

possible to create a TES system design and model without 

verified data inputs [24].  

Among the most environmentally friendly organic materials, 

paraffins are the more suitable option for thermal energy 

storage applications in residential buildings. The melting point 

of paraffins is directly related to the number of carbon atoms 

within the material structure, therefore they are suitable for 

storing different types of thermal energy, including solar 

energy [25], but they also have disadvantages, such as high 

flammability. At the same time, due to their non-corrosive 

properties, paraffins can be encapsulated into certain metallic 

and other materials [26], which allows overcoming the risk of 

leakage. The use of alternative solar energy in buildings has 

its own distinctive features associated with the number of 

storeys, layout complexity, and heat supply organization [27].  

Some authors propose an energy-saving envelope design 

with an energy-active panel [28-30], which enhances the 

energy performance and heat storage capacity of the enclosure. 

The TES panel contains phase change particles that intensify 

the exchange of heat between the air channels in the envelope 

and the heat storage material inside the panel. Researchers 

report that the inclusion of 5% microencapsulated phase 

change materials (PCMs) into a concrete mix can save up to 

12% of thermal energy that can be used to heat the room [31]. 

In addition, the incorporation of PCMs into the building 

structures can reduce the fluctuation of interior temperature 

against the background of change in the outdoor temperature. 

For example, the concrete walls incorporated around 30% 

commercial paraffin reduce the daytime temperature by 10℃ 

compared to walls without such an enhancement [32]. PCMs 

can also be incorporated into light timber wallboards, windows 

and other structures [33] to maintain a comfortable 

temperature in the room. However, before incorporating 

PCMs, it is necessary to accurately determine their thermal 

properties and properties of the building structures. A high-

quality accurate model may help solve this problem and 

explore the advantages and disadvantages of using TES 

materials in the construction process, as well as calculate the 

best conditions to reduce temperature fluctuations in the room. 

This paper aims to develop a mathematical model for the 

thermal regime in a building with a TES building envelope. 

 

 

2. MATERIALS AND METHODS 

 

2.1 Input data 

 

It is known that paraffin-based TES materials are 

compatible with mineral, silicate and polymeric materials. 

They can be used in buildings in different ways: (1) as part of 

the enclosure to improve building envelope thermal 

performance; (2) as additives added to dry building mixtures, 

paints, varnishes, and building materials (such as bricks, foam 

blocks or stones, panels, etc.); and (3) as a fill for voids in 

hollow or sandwich structures. For example, consider an 

energy-saving enclosure design (Figure 1) that has an energy-

active TES panel with phase change particles that intensify 

heat exchange between air channels and the heat storage 

material in the panel. 

 

 
 

Figure 1. An energy-efficient building envelope design 
 

The proposed design of an energy-efficient building 

envelope consists of a glazing system 1; a load-bearing layer 

2, shown in light gray; air cavities 3, 4, and 5; TES layer 6, 

shown in dark gray; and high thermal conductivity particles 7. 

The proposed enclosure design is paraffin-based. The 

paraffin has the following characteristics: melting point, 

Tf=25°C; liquid-phase density, ρl=780 kg/m3; solid-phase 
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density, ρt=900 kg/m3; liquid phase heat capacity, comp=3.72 

kJ/(kg·℃); solid phase heat capacity, ctw=2.91 kJ/(kg·℃); 

liquid phase thermal conductivity, λl=0.146 W/(m·K); and 

solid phase thermal conductivity, λw=0.3 W/(m·K). In the 

phase transition zone, thermophysical characteristics are 

calculated with regard to the liquid-to-solid ratio.  

The wall has three layers. The first or inner layer is TES 

material. The second or intermediate layer is an insulation with 

thermal conductivity of 0.06 W/(m·K) and thickness 250 mm. 

Finally, the third or outer layer is 510 mm thick brick cladding. 

The room has a dimension of 3 m (width) × 5 m (length) × 2.5 

m (height) and a volume of 37.5 m3. Wall area minus window 

area (1 m2) is 6.5 m2. The TES layer thickness was taken as 30, 

60 and 100 mm.  

The main objective of this study is to evaluate the effect of 

TES layers on the thermal performance of a building envelope. 

The focus is laid on a relationship between TES layer 

thickness, building envelope surface temperature, and room 

temperature. 

 

2.2 Mathematical model and solution 

 

Heat supply systems in buildings rely on heat sources that 

operate on an occasional basis, which leads to temperature 

fluctuations in the room (4-7℃ depending on the thermal 

inertia of a building, as well as heating system settings). The 

peak energy consumption is observed during daytime hours 

when the room temperature is within the comfortable range of 

20-23℃. At night, the temperature of air in the room is usually 

lowered to a 10℃ standard. In these conditions, a diverse 

range of TES solutions can be used, which allow smoothing 

out temperature unevenness throughout the day while 

maximizing energy savings.  

Materials for phase change thermal energy storage can serve 

as an effective heat storage solution. Such materials can absorb 

and store a relatively large amount of thermal energy (heat) in 

the temperature range of 18-23℃. Therefore, they can be used 

in building envelopes, but the question is how effective they 

can be. To answer this question, the present paper developed a 

mathematical model of the thermal regime of a room in the 

presence of TES layers in the building envelope. 

The model is based on the problem of heat-transfer during 

solid-liquid phase transition (Stefan problem) [11, 12]. The 

heat balance equation is given as: 
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where, Ca is the heat capacity of air in the room; ρa is the 

density of air in the room; Vr represents room volume; Fw and 

Fe are window area and envelope area, respectively; Text and 

Tint are exterior temperature and interior temperature, 

respectively; 𝜏𝐹𝑖 represents the inner wall surface temperature; 

TR is the radiative room temperature; αout is the heat transfer 

coefficient of the outer wall surface; αin is the heat transfer 

coefficient of the inner wall surface; αrad is the equivalent 

radiative heat transfer coefficient; and kw is the heat transfer 

coefficient of a window. 

The thermal conductivity equation is given as: 
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with boundary conditions for the outer wall expressed as: 

 

( )

( ) ( )out ext int in

0

i
i H i r

i x

i
i i R

i x

T
T T

x

T
T T T T

x




 



  


=

=

− = −

− = − + −

 (3) 

 

For inner and intermediate layers of the envelope, the 

following boundary conditions can be applied: 
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A one-dimensional, two-phase model of the TES layer can 

be expressed as follows: 
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where, λs and λl are coefficients of thermal conductivity; (сρ)s 

and (сρ)l represent specific heat capacity of TES material in 

solid and liquid phases, respectively; Tp represents phase-

transition temperature, qp is the amount of phase-transition 

heat; δ is the envelope thickness; and δTES is the thickness of 

the inner wall (TES layer).  

Eq. (1) is an equation of parabolic type with discontinuous 

coefficients, which has first-order discontinuities. The best 

method to solve thermal conductivity equation via software is 

the finite difference method.  

Let Δt be the spacing of the grid points in the t direction and 

Δh be the spacing of the grid points in the h direction. The 

approximate value of the temperature derivative with respect 

to time (
𝜕𝑇

𝜕𝑡
) at the node (𝑦𝑖 , 𝑡𝑗) can thus be replaced with this 

implicit difference scheme: 
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Assume the domain of variables (x, t) be a rectangular 

network, i.e.,  
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In this case, the section (0, δ) can be divided into M parts to 

introduce arbitrary points 𝑥0 = 0 < 𝑥1 < 𝑥2 < ⋯ < 𝑥𝑀 = 𝛿, 

whereas the section (0, 𝑡end) can be segmented into N parts 

with arbitrary points 𝑡0 = 0 < 𝑡1 < 𝑡2 < ⋯ < 𝑡𝑁 = 𝑡end. Let 

the distance between points xi and xi-1 be Δhi, and the distance 

between points tj and xj-1 be Δtj, where i=1,2,…, M and 

j=1,2,…, N. The set of nodes 𝑥𝑖 = 𝑖𝛥ℎ𝑖 and 𝑡𝑗 = 𝑗𝛥𝑡𝑗 will be 

called a grid in the rectangle R.  

To convert Eq. (1) into a finite-difference model, it was 

integrated with a rectangular network (𝑋𝑖−0.5 ≤ 𝑥 ≤

𝑥𝑖+0.5; 𝑡𝑗−1 ≤ 𝑡 ≤ 𝑡𝑗), where xi-0,5 and xi+0,5 are expressed from 

the following equation. 
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Consider each integral on the left and right sides of Eq. (6) 

separately. When calculating the integral on the left-hand side 

of Eq. (6), assume that T(х)=const=T(хi) and lies in the range 

𝑥𝑖−0.5 ≤ 𝑥 ≤ 𝑥𝑖+0.5. In this case, we get: 
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The first integral on the right-hand side of Eq. (6) can be 

replaced by: 

 

( )

( )

( )

( )

( )( )

0.5

0.5 1

0.5

1
0.51

1 1 1

1

2

x

j
nxi t

o H B
xi tj

i

n

o H B o

i

xi

j j
x

n

o H B o

i

j j i i

k T T F dydt

k T T F

t t dx

k T T F

t t x



 

 

+

− −

+

−
−

− + − −

 
− 

 

 
= − 
 

− =

 
= − 

 

− −

 







  
(8) 

 

Similarly, the second integral can be expressed as: 
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After integration, Eq. (1) is replaced by this finite-difference 

equation: 
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The boundary conditions (3-4) for this finite-difference 

equation can be expressed as follows: 
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To solve the system of finite-difference Eqns. (10-12), the 

sweep method was used. A solution is be in the following form: 
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A formula to calculate TM,j is obtained from a boundary 

condition (11), as shown below: 
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Substituting the primary inputs (see subsection 2.1), we get: 
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Dividing a grid into 100 smaller sections along the x and t 

axes, one can obtain determine temperature values at the nodes. 

If the initial air temperature is 20℃, then the subsequent 

values will be calculated according to Eq. (13). 

 

 

3. RESULTS AND DISCUSSION 

 

The calculation results are presented as graphs illustrating 

changes over time in the temperature of the exterior surface of 

the wall and air temperature as the room cools down 

depending on the thickness of the TES material inside the wall 

(Figures 2 and 3).  

 

 
 

Figure 2. Temperature behavior of the exterior surface of the 

inner wall having the following thickness: (а) 30 mm, (b) 60 

mm, and (с) 100 mm 

 

 
 

Figure 3. Temperature behavior of air in a room: (a) 30 mm 

thick TES layer; (b) 60 mm thick TES layer; (с) 100 mm 

thick TES layer; (d) without TES 

 
 

Figure 4. Cooling dynamics of TES layer depending on 

thickness 

 

It appears that in the absence of phase transition, the cooling 

process of air in the room takes place as with the regular, non-

stationary heat transfer according to the exponential law. 

In the phase transition, the temperature of the interior 

surface of the TES material falls to the temperature of 

crystallization Tp and a material goes from a liquid to a solid 

phase, releasing phase transition heat qp. The temperature of 

the whole TES layer becomes equal to that of phase transition 

Tp. As the TES material crystallizes, the phase transition 

boundary shifts to the inner surface of the wall. Crystallization 

ends when the phase transition boundary reaches the inner 

surface of the TES material. The graphs depict this moment by 

means of a horizontal line.  

According to calculations, the time of phase transition is not 

proportional to the thickness of the TES material. Therefore, 

the retention time of comfortable room temperature must be 

non-proportional to the thickness of the TES material as well. 

Figure 4 shows a dependence between temperature behavior 

of TES layer and its thicknesses as the wall cools down. It 

appears that after crystallization is completed, the cooling 

process stops and the regular heat exchange takes place. 

Furthermore, it seems that a thicker TES layer tends to cool 

down faster. For example, while with a 30 mm thick layer of 

TES material inside the wall, the exterior surface temperature 

of the wall falls to 18℃ in 5 hours, with a 100 mm thick layer 

of such material, the cooling takes just 3 hours. There is no 

obvious difference in room temperature between TES layers 

of different thickness before 0.5 h. Hence, TES material is 

effective in maintaining a comfortable temperature (20-23℃) 

in a room within a short period. 

 

 
 

Figure 5. Cooling dynamics of air in a room: Т – 

temperature, t – time, х -space coordinate 

 

Figure 5 depicts a time dependence of room temperature 

and inner wall thickness. Note that a comfortable room 

temperature retention time can be adjusted by changing the 

thickness of the TES layer, an important factor for room 

temperature stability. The ability to store thermal energy is 
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crucial for the efficient use of solar energy in buildings. The 

results obtained in this study are in good agreement with other 

studies. It is reported that the melting-point temperature of 

commercial paraffins can be tailored by mixing paraffins that 

show different phase transitions [34]. It was found that a large 

heat transfer area of the wall supports a large heat transfer 

between the wall and the room space [35]. Therefore, the 

incorporation of encapsulation PCMs into the wallboards is a 

suitable and cheap way to improve energy efficiency of a 

building. For passive solar applications, some authors suggest 

using drywall panels impregnated with paraffin [36, 37]. The 

incorporation of PCMs into drywall panels can be done at the 

initial stage of manufacturing and after the panel is made. 

Studies on the thermal dynamics of paraffin impregnated 

drywall panels [25, 38, 39] show that this type of panels are 

suitable for maintaining a comfortable room temperature, 

which aligns with the present work.  

Experimental and numerical simulations with internal walls 

covered with plasterboard containing 25% PCMs show that 

integrating PCMs can reduce the maximum room temperature 

by about 4℃ during daytime house, as well as heat load by 2-

3℃ at night [40]. A finite difference approach was 

implemented to assess thermal energy storage in drywall 

panels treated with PCMs [41] and the results revealed that the 

thermal mass of PCMs can be used to reduce the peak-power 

demand and down-size the cooling/heating systems. These 

findings align with the results of this work. In addition, the 

developed model can be utilized to decide on the optimal 

surface area and thickness of the TES component.  

 

 

4. CONCLUSIONS 

 

The present study investigated the thermal energy-saving 

effect of PCM-enhanced TES panels of varying thickness 

using a mathematical model. The integration of TES materials 

into wall structures allows reducing temperature fluctuations 

in the room and maintaining a comfortable temperature for a 

long time (up to 8 hours). A comfortable room temperature 

retention time can be regulated by changing the thickness of 

the TES layer. For instance, thicker TES panel allows retaining 

the heat longer. According to the results of modeling, the 

thermal mass of PCMs could be used to reduce the peak-

energy demand and thus downsize the heating/cooling system. 
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