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The most important function of a prosthetic hand is their ability to perform tasks in a 

manner similar to a natural hand, so it is necessary to perform kinematic analysis to 

determine the performance and the ability of the prosthetic human finger design to work 

normally and smoothly when it's drive by two sets of links that embedded in its structure 

and pulled by a servomotor, so the Denvit-Hartenberg method was used to analyse the 

forward kinematics for the prosthetic finger joints to deduction the trajectory of the 

fingertip and the velocity of the joints was computed by using the Jacobian matrix. The 

prosthetic finger was modelled by the Solidwork - 2018 program and the results of 

kinematics were verified using MATLAB. The analyses that were conducted on the 

design showed that the designed prosthetic finger has the ability to perform movements 

and meets the functional requirements for which it is designed.  
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1. INTRODUCTION

Prosthetics play an important part in compensating 

amputees in terms of form and appearance once and in terms 

of their ability to perform tasks in acceptable proportions again, 

the manufacture of prosthetics began around the sixteenth 

century, and they were metal sheets linked to gears in the palm 

of the hand, Research and technological development of the 

prosthetic hand coincided during and after World War I, as a 

number of companies in London began supplying mechanical 

hands [1], After the World War II, work began with the 

manufacture of prosthetic limbs, which were characterized by 

being limbs that worked with the power-body of the amputee 

and needed effort, or were cosmetic limbs more than they had 

functional characteristics. so many prosthetics companies 

have gone on to improve the prosthetics' ability to perform in 

a large technique, with different capabilities and at several cost 

e.g. Be Bionic hand and Michelangelo hand [2]. The

Revolutionizing Prosthetics 2009 program is a Defence

Advanced Research Projects Agency task aimed to develop a

neutrally controlled upper prosthetic limb [3], Researchers

have made significant progress in this area, and many of these

species are designed to reach the desired level at acceptable

cost, It differs according to the operating mechanisms by

which these prosthetics hand operate. A hand called Khefa,

which used artificial muscle wires instead of the traditional

motor, with a small size and easy to operate without noise [4].

A robotic hand Sandy was designed, equipped with touch and

temperature sensors, optical sensors, and fingers connected to

the palm of the hand by a magnet [5]. Design a prosthetic hand

that is structurally similar to a natural hand made of artificial

bone and rubber joints [6]. A continuum differential

mechanism used in prosthetic hand design with only one

actuator [7]. A prosthetic hand was designed with a

biologically-inspired parallel operating system that includes

two types of actuators, the (DC) and (SMA) actuators [8].

Others have developed prosthetics available on the market, 

development of the bionic robotic finger by computer 

simulation of movement [9]. Improving the finger mechanism 

of the Larm prosthetic hand [10].  

In this paper, a prosthetic hand with operative fingers was 

designed by embedding links in their structures; the finger 

structural properties were analysed and the kinematic model 

was created for the finger. And studied the forward kinematic 

for the prosthetic finger and the Jacobin matrix was calculated. 

The results were validated using MATLAB, and the finger 

movement was simulated using the Solidwork program 2018 

to provide theoretical support to the designed hand. 

2. PROSTHETIC FINGER STRUCTURE

The finger designed for this study is illustrated in Figures 1 

and 2. It consists of (3) phalanxes, (3) joints, (3) degrees of 

freedom and is powered by a servo motor that moves the two 

sets of links that embedded inside the finger. The first set of 

these links moves both the distal and middle phalanx and the 

second set moves the middle and proximal phalanxes. So the 

both of these sets connected together and operated by the 

servomotor in order to move the three phalanxes that finger 

consist of. 

Figure 1. Structural arrangement for a finger 
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Figure 2. The three phalanxes of the finger 

 

2.1 Forward kinematic analysis of the finger 

 

The forward Kinematic mean find the position and 

orientation of the end effector relative to the base [11], so that 

a method of Denavit Hartenberg has been used, Denavit and 

Hartenberg notation provides a standardized method for 

writing kinematic equations of a manipulator. This is 

particularly useful for serial manipulators where a matrix is 

used to describe the posture (position and orientation) of one 

body relative to another. This method will depend on a set of 

parameters by which the relationship between the location of 

each phalange and the angle of each joint can be determined. 

The index finger will be taken as an example of forward 

kinematics analysis by finding the (Homogenous 

Transformation Matrix) and finding the Jacobin matrix, and 

the resulting equations have been theoretically verified by the 

MATLAB. 

 

2.1.1 Denavit and Hartenberg frame 

The kinematic diagram is shown in Figure 3, where the 

joints used in the designer finger are (revolt), and show how 

they connect to the links of the index finger, and was the 

determination of the Frames according to the method of (D. 

H). When the (O0) represents the center of the base of the 

finger and (Ot) represents the center of the fingertip.  

 

 
 

Figure 3. The kinetic diagram of the embedded link in the 

finger 

 

2.1.2 Denavit and Hartenberg parameter 

Table 1 shows the parameters, since the number of rows will 

follow this equation: 

 

No. of rows = No. of frame-1 

 

Table 1. The D.H parameters for the finger 

 
Frame θ α r d 

1 0+𝜃1 0 𝑎2 𝑎1 

2 0+𝜃2 0 𝑎7 0 

3 0+𝜃3 0 𝑎8 0 

4 0+𝜃4 0 𝑎5 0 

5 𝜃5 0 𝑎6 0 

 

The number of columns in Table 1 is constant and is always 

(4) columns, since two of these parameters for a method (D.H) 

represent the rotations and are denoted by the (α) and (θ) 

symbols and the other two are the linear displacement and are 

coded by the symbols (d) and (r). 

 

 

3. ANALYSIS THE FORWARD KINEMATIC AND 

JACOBIAN MATRIX 

 

3.1 Forward kinematic for the index finger 

 

As per Table 1. And concluded parameters of (D.H) method, 

it is possible to find (Homogenous Transformation Matrix) 

between each two adjacent links to reach to the (H.T.M) which 

connects the finger base links to its tip and as shown in Eq. (1). 

 

𝐻𝑛
𝑛−1 = [

𝑐𝜃𝑛 −𝑠𝜃𝑛𝑐𝛼𝑛

𝑠𝜃𝑛 𝑐𝜃𝑛𝑐𝛼𝑛

𝑠𝜃𝑛𝑠𝛼𝑛 𝑟𝑛𝑐𝜃𝑛

−𝑐𝜃𝑛𝑠𝛼𝑛 𝑟𝑛𝑠𝜃𝑛

0 𝑠𝛼𝑛

0 0
𝑐𝛼𝑛 𝑑𝑛

0 1

] (1) 

 

When (s) refer to (sin) and (c) refer to (cos), so to find 

(H.T.M) between the base of the finger and the tip of it, we 

must find 𝐻1
0 , 𝐻2

1 , 𝐻3
2 , 𝐻4

3 , 𝐻5
4. 

When: 

 

𝐻5
0 = 𝐻1

0 . 𝐻2
1. 𝐻3

2 . 𝐻4
3. 𝐻5

4 (2) 

 

From Eq. (1). When (n=1), 

 

𝐻1
0 = [

𝑐𝜃1 −𝑠𝜃1

𝑠𝜃1 𝑐𝜃1

0 𝑎2𝑐𝜃1

0 𝑎2𝑠𝜃1

0 0
0 0

1 𝑎1

0 1

] (3) 

 

For (n=2), 

 

𝐻2
1 = [

𝑐𝜃2 −𝑠𝜃2

𝑠𝜃2 𝑐𝜃2

0 𝑎7𝑐𝜃2

0 𝑎7𝑠𝜃2

0 0
0 0

1 0
0 1

] (4) 

 

For (n=3), 

 

𝐻3
2 = [

𝑐𝜃3 −𝑠𝜃3

𝑠𝜃3 𝑐𝜃3

0 𝑎8𝑐𝜃3

0 𝑎8𝑠𝜃3

0 0
0 0

1 0
0 1

] (5) 

 

For (n=4), 

 

𝐻4
3 = [

𝑐𝜃4 −𝑠𝜃4

𝑠𝜃4 𝑐𝜃4

0 𝑎5𝑐𝜃4

0 𝑎5𝑠𝜃4

0 0
0 0

1 0
0 1

] (6) 

 

For (n=5), 

 

𝐻5
4 = [

𝑐𝜃5 −𝑠𝜃5

𝑠𝜃5 𝑐𝜃5

0 𝑎6𝑐𝜃5

0 𝑎6𝑠𝜃5

0 0
0 0

1 0
0 1

] (7) 

 

when: 𝛼1,2,3,4,5 = 0 , 𝑐𝛼1,2,3,4,5 = 1, 𝑠𝛼1,2,3,4,5 = 0, 
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From Eq. (2). We can get 𝐻5
0: 

 

𝐻5
0 = [

𝐴11 −𝐴12

𝐴21 −𝐴22

0 𝐴14

0 𝐴24

0 0
0 0

1 𝑎1

0 1

] (8) 

 

𝐴11 = (𝑚𝑐𝜃4 + 𝑛𝑠𝜃4)𝑐𝜃5 + (𝑛𝑐𝜃4 − 𝑚𝑠𝜃4)𝑠𝜃5 

𝐴21 = (𝑙𝑐𝜃4 + 𝑓𝑠𝜃4)𝑐𝜃5 + (𝑓𝑐𝜃4 − 𝑙𝑠𝜃4)𝑠𝜃5 

𝐴12 = (𝑚𝑐𝜃4 + 𝑛𝑠𝜃4)𝑠𝜃5 − (𝑛𝑐𝜃4 − 𝑚𝑠𝜃4)𝑐𝜃5 

 

 

𝐴22 = (𝑙𝑐𝜃4 + 𝑓𝑠𝜃4)𝑠𝜃5 + (𝑓𝑐𝜃4 − 𝑙𝑠𝜃4)𝑐𝜃5 

𝐴14 = 𝑟𝑎6𝑐𝜃5 + 𝑡𝑎6𝑠𝜃5 + 𝑔 
𝐴24 = 𝑤𝑎6𝑐𝜃5 + 𝑦𝑎6𝑠𝜃5 + ℎ 

 

 

When: 

 

𝑚 = (𝑐𝜃1𝑐𝜃2 − 𝑠𝜃1𝑠𝜃2)𝑐𝜃3 − (𝑐𝜃1𝑠𝜃2

+ 𝑠𝜃1𝑐𝜃2)𝑠𝜃3 
𝑛 = (𝑠𝜃1𝑠𝜃2 − 𝑐𝜃1𝑐𝜃2)𝑠𝜃3 − (𝑐𝜃1𝑠𝜃2

+ 𝑠𝜃1𝑐𝜃2)𝑐𝜃3 

𝑙 = (𝑠𝜃1𝑐𝜃2 + 𝑐𝜃1𝑠𝜃2)𝑐𝜃3

+ (𝑐𝜃1𝑐𝜃2 − 𝑠𝜃1𝑠𝜃2)𝑠𝜃3 

𝑓 = (𝑐𝜃1𝑐𝜃2 − 𝑠𝜃1𝑠𝜃2)𝑐𝜃3 − (𝑠𝜃1𝑐𝜃2

+ 𝑐𝜃1𝑠𝜃2)𝑠𝜃3 

𝑟 = (𝑚𝑐𝜃4 + 𝑛𝑠𝜃4), 𝑡 = (𝑛𝑐𝜃4 − 𝑚𝑠𝜃4), 

𝑤 = (𝑙𝑐𝜃4 + 𝑓𝑠𝜃4)    𝑦 = (𝑓𝑐𝜃4 − 𝑙𝑠𝜃4), 

𝑔 = (𝑚𝑎5𝑐𝜃4 + 𝑛𝑎5𝑠𝜃4 + 𝐴) 

ℎ = (𝑙𝑎5𝑐𝜃4 + 𝑓𝑎5𝑠𝜃4 + 𝐵) 

 

 

𝐴 = (𝑐𝜃1𝑐𝜃2 − 𝑠𝜃1𝑠𝜃2)𝑎8𝑐𝜃3 − (𝑐𝜃1𝑠𝜃2

+ 𝑠𝜃1𝑐𝜃2)𝑎8𝑠𝜃3 + (𝑎7𝑐𝜃2𝑐𝜃1

− 𝑎7𝑠𝜃1𝑠𝜃2 + 𝑎2𝑐𝜃1) 

 

 

𝐵 = (𝑠𝜃1𝑐𝜃2 + 𝑐𝜃1𝑠𝜃2)𝑎8𝑐𝜃3 + (𝑐𝜃1𝑐𝜃2

− 𝑠𝜃1𝑠𝜃2)𝑎8𝑠𝜃3 + (𝑎7𝑐𝜃2𝑠𝜃1

+ 𝑎7𝑐𝜃1𝑐𝜃2 + 𝑎2𝑠𝜃1) 

 

 

3.2 The Jacobian matrix for the index finger 

 

The [J] matrix was established for the determining the speed 

of the tip of the finger, since this matrix represents the 

relationship between the speed of the links and the speed of 

the top of the finger [10]; when the [J] matrix is: 

 

[
 
 
 
 
 
�̇�
�̇�
�̇�
𝜔�̇�

𝜔�̇�

𝜔�̇�]
 
 
 
 
 

= 𝐽

[
 
 
 
 
 
𝜃1̇

⋮̇
⋮̇
⋮̇ 
𝜃�̇�]

 
 
 
 
 

 (9) 

 

When (θ) refer to the joint variable this is mean that the 

Jacobin matrix has (number of columns equal to number of 

joints in the manipulator), also the number of rows of the 

Jacobin matrix always =6; in this paper the design finger has 

(5) joints, so the [J] matrix will consist of (6) rows and (5) 

columns, and equal to the total number of joints when i= the 

joint no. 

The [J] matrix consists of two parts, one for the linear 

velocity of the fingertip and another part of the rotational 

velocity of the fingertip as shown in the Eq. (10). 

 

[𝐽] = [
𝐽𝑣
𝐽𝜔

] (10) 

 

[𝐽𝑣] Refer to the linear part; [𝐽𝜔] Refer to the rotating part 

of the Jacobin matrix, we can get the linear and rotational 

relation of the revolute joint that used in the design finger from 

the Table 2.  

 

Table 2. Joint model formula 

 
 Prismatic Revolt 

Linear 𝑅𝑖−1
0 [

0
0
1
] 𝑅𝑖−1

0 [
0
0
1
] × (𝑜𝑛

0 − 𝑜𝑖−1
0 ) 

Rotational [
0
0
0
] 𝑅𝑖−1

0 [
0
0
1
] 

 

Thus, the Jacobian matrix will be in the following form: 

 

[𝐽] = [
𝐽𝑣1 𝐽𝑣2 𝐽𝑣3 𝐽𝑣4 𝐽𝑣5

𝐽𝜔1 𝐽𝜔2 𝐽𝜔3 𝐽𝜔4 𝐽𝜔5
] (11) 

 

When: 

 

𝐽𝑣1 = 𝑅0
0 [

0
0
1
] × (𝑜5

0 − 𝑜0
0),

𝐽𝑣2 = 𝑅1
0 [

0
0
1
] × (𝑜5

0 − 𝑜1
0) 

 

 

𝐽𝑣3 = 𝑅2
0 [

0
0
1
] × (𝑜5

0 − 𝑜2
0), 𝐽𝑣4 = 𝑅3

0 [
0
0
1
] × (𝑜5

0 −

𝑜3
0) 

 

 

𝐽𝑣5 = 𝑅4
0 [

0
0
1
] × (𝑜5

0 − 𝑜4
0)  

 

𝐽𝜔1 = 𝑅0
0 [

0
0
1
], 𝐽𝜔2 = 𝑅1

0 [
0
0
1
], 𝐽𝜔3 = 𝑅2

0 [
0
0
1
]  

 

𝐽𝜔4 = 𝑅3
0 [

0
0
1
] 𝐽𝜔5 = 𝑅4

0 [
0
0
1
]  

 

Compensation value of (𝑅𝑖
0) refers to a rotational matrix of 

each joint that index finger consist of and it is meat the 

rotational of frame (0) to the frame (i), we can get it from a 

homogenous transformation matrix in the previous section, 

also compensation values of ( 𝑂𝑖
0 ) that refers to the 

displacement vector from the center of the frame (0) to the 

center of the frame (i), So we can find the Jacobian matrix as 

equation below: 

 

[
 
 
 
 
 
�̇�
�̇�
�̇�
𝜔�̇�

𝜔�̇�

𝜔�̇�]
 
 
 
 
 

=

[
 
 
 
 
 
𝐽11

𝐽21

0
0
0
1

𝐽12

𝐽22

0
0
0
1

𝐽13

𝐽23

0
0
0
1

𝐽14

𝐽24

0
0
0
1

𝐽15

𝐽25

0
0
0
1 ]

 
 
 
 
 

[
 
 
 
 
 
 
𝜃1̇

𝜃2̇

𝜃3̇

𝜃4̇

𝜃5̇

𝜃6̇]
 
 
 
 
 
 

 (12) 
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when: 

 

𝐽11 = −(𝑤𝑎6𝑐𝜃5 + 𝑦𝑎6𝑠𝜃5 + ℎ),  

𝐽12 = −(𝑤𝑎6𝑐𝜃5 + 𝑦𝑎6𝑠𝜃5 + ℎ − 𝑎2𝑠𝜃1)  

 

𝐽13 = 𝑤𝑎6𝑐𝜃5 + 𝑦𝑎6𝑠𝜃5 + ℎ − (𝑎7𝑐𝜃2𝑠𝜃1

− 𝑎7𝑐𝜃1𝑠𝜃2 + 𝑎2𝑠𝜃1) 
 

 

𝐽14 = −(𝑤𝑎6𝑐𝜃5 + 𝑦𝑎6𝑠𝜃5 + ℎ − 𝐵)  

 

𝐽15 = 𝑙𝑎5𝑐𝜃4 + 𝑓𝑎5𝑠𝜃4 + 𝐵 − (𝑤𝑎6𝑐𝜃5 + 𝑦𝑎6𝑠𝜃5

+ ℎ) 
 

 

𝐽21 = 𝑟𝑎6𝑐𝜃5 + 𝑡𝑎6𝑠𝜃5 + 𝑔  

 

𝐽22 = 𝑟𝑎6𝑐𝜃5 + 𝑡𝑎6𝑠𝜃5 + 𝑔 − 𝑎2𝑐𝜃1  

 

𝐽23 = 𝑟𝑎6𝑐𝜃5 + 𝑡𝑎6𝑠𝜃5 + 𝑔 − (𝑎7𝑐𝜃2𝑐𝜃1 +
𝑎7𝑠𝜃2𝑠𝜃1 + 𝑎2𝑐𝜃1) 

 

 

𝐽24 = 𝑟𝑎6𝑐𝜃5 + 𝑡𝑎6𝑠𝜃5 + 𝑔 − 𝐴  

 

𝐽25 = 𝑟𝑎6𝑐𝜃5 + 𝑡𝑎6𝑠𝜃5 + 𝑔
− (𝑚𝑎5𝑐𝜃4 + 𝑛𝑎5𝑠𝜃4 + 𝐴) 

 

 

 

4. RESULTS AND DISCUSSION 

 

4.1 Results 

 

After deriving the forward kinematics and Jacobian matrix 

of the prosthetic finger designed, we get the location (position 

and orientation) of the fingertip according to the angle at 

which the joints rotate. For instance, we take note of the last 

line of Jacobian matrix will be the following: 

 

 

 

�̇�𝑧 = �̇�1 + �̇�2 + �̇�3 + �̇�4 + �̇�5 + �̇�6  

 

This indicates that the rotational velocity of the tip of the 

finger around the axis (Z) depends on the velocity of 

𝜃1 , 𝜃2 , 𝜃3 , 𝜃4 , 𝜃5 , 𝜃6 (Joints variable), and if we go back to 

(Kinetic Diagram) we'll find its true cause the tip of the finger 

can be rotated around the (Z) axis by affecting each of them. 

As for the equation:  �̇�𝑦 = 0 , this means that there is no 

rotational velocity of the tip of the finger towards the axis (Y), 

which is also true in principle, since each of the constituent 

joints of the designed finger is do not rotate about (Y) axis, its 

only rotate about (Z) axis. Thus, we can adopt the remaining 

results generated by the derivation of these matrices to 

determine the exact location of the fingertip and its velocity. 

This has been verified in the next section. 

 

4.2 Discussion 

 

In this paper, the theoretical results are compared with the 

MATLAB result as shown in Table 3. 

The results of the simulation tasks for a prosthetic finger 

design were done by the Solidwork 2018 which compared with 

the theoretical results the fingertip in the desired direction 

through the rotation of the joint angle. 

The MATLAB was used to verify the kinematic equations 

and matrices and to verify the path of movement of the index 

finger as shown in Figure 4. In order to achieve the similarity 

and conformity of the natural finger by inserting the values of 

the angles and lengths of the links those consist of the finger 

as shown in Table 3.  

1. The convergence in the theoretical results data with the 

results extracted in MATLAB; 

2. There is an agreement in the theoretical result with the 

result of MATLAB when the angles of joints of the finger is 

90 degrees. The results are compatible with theoretical 

equations, the kinematic model and the Jacobin matrix, and the 

equations for the index finger are acceptable. 

 

Table 3. The validation results of index finger forward kinematics 

 
Variable joints Displacement fingertip (MATLB) Displacement finger tip (analysis) 

𝜽𝟏 𝜽𝟐 𝜽𝟑 𝜽𝟒 𝜽𝟓 X (mm) Y (mm) Z (mm) X (mm) Y (mm) Z (mm) 

𝟗𝟎° 𝟗𝟎° 𝟗𝟎° 𝟗𝟎° 𝟗𝟎° 28 76 0 28 76 0 

𝟕𝟓° 𝟕𝟓° 𝟕𝟓° 𝟕𝟓° 𝟕𝟓° 43.655 35.417 0 44.555 33.89 0 

𝟏𝟓° 𝟏𝟓° 𝟏𝟓° 𝟏𝟓° 𝟏𝟓° 84.524 68.562 0 85.424 70.121 0 

 
 

Figure 4. Simulation of forward Kinematics for the index 

finger 

 

 

5. CONCLUSION 

 

1. The observations made for motion in the current study of 

prosthetic finger and the links that consist of and compared 

and validated with theoretical and simulation in Table 3. 

2. The designed index finger was shown to be capable of 

fulfilling functional requirements.  

3. The solid work model can successively assist in studying 

the prosthetic finger, which can further assist in improving the 

design. 

4. (3D) modeling can also assist the designing customized 

prosthetic hand for amputee efficiency and daily life tasks. 

However, more static and dynamic analysis must be carried 

out along with experimental validation for a comprehensive 

investigation. 
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