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In this paper, we developed a mechanistic mathematical model. It implies the
engineering problem of pothole development on roadways. The issue involves internal
erosion, a decline of subsurface materials, voids creation, depression, materials damage,
and potholes’ appearance on the road’s surface. Our study aims to predict why, how,
and when pothole develops from the loss of roadway subsurface materials. We reviewed
many sources as our first method. It involved using and adapting the guiding principles
for migrating particles upwards. We then changed specific parameters, formulated our
model equation, solved it using the separation of variables, and then verified it.
Observations from our review show that high traffic load pressure and water must be
present on the road for particle migration to occur. They generate excess pore-water
pressure that enables the movement of particles upwards. Particle relocation causes
voids and dislocation of materials. Results show that an increase in time, cracks, soil
erosion coefficient, and a decrease in the roadway’s height led to a rise in the number
of materials lost from the pavement. Our study is relevant because it will better inform
road managers and modelers on potholes, and they can-do preventive measures to avert
total road failure.
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1. INTRODUCTION

may not fail early because of prompt preventive measures.
Second, understanding of the pothole phenomenon is better.
Last, the usage of relevant data to represent the mathematical
essence of the pothole occurrence is better.
Investigations have shown that potholes, warping, rutting,
raveling, edge-break, cracks, and shear failures are common
types of road deformation [1, 2, 4, 13]. During road
deformation (pothole) modeling, most research focused on the
phenomena that affect the top layers of the road [7, 2, 14-17].
It is because modeling the road’s subsurface activities is tricky
since it requires roadway subsurface data and different
principles. Studies assumed the roadway surface (asphalt
layers) to be plates, beams, or slabs resting on foundations [2,
7, 14-17]. Using those assumptions may not describe what
happens below the surface layers. Research show that for
potholes to occur on a roadway, water pressure and traffic-load
should be present [2, 12, 13, 18-20]. Their presence leads to a
rise in pore-water pressure. It then leads to internal erosion and
the upwards migration of subsurface materials.
Studies have shown that modeling the movement of
particles upwards consider several principles [1, 2, 7, 12, 18,
20-27]. The principles examined were mud-pumping,
advection, internal-erosion, solute transport, pore-water
pressure, suction, suffusion, pore fluid viscosity, and roadwaymaterials breakdowns under both traffic-loads and water
movement.
Several researchers have studied the phenomenon that
involves the pumping out, migration, or movement of particles
from the road’s subsurface upwards [1, 4, 18, 19, 20, 22, 23,
25-28]. Most of these researches did not relate their findings
directly to pothole development’s engineering problem on

Roadways are infrastructures used to convey goods with
both living and nonliving creatures. Studies show that pothole
occurrences on these roadways are a known engineering
problem [1-4]. It reduces the lifespan of these roadways.
Studies have shown that a headway for facing these potholes
is to predict them [1, 2]. According to research, by using
differential equations, we can simulate real-life engineering
issues and predict how they perform [5-10].
Using mechanistic mathematical models may then predict
the development of these potholes on roads. It requires
applying various specific data of the roadway’s subsurface and
surface materials, and then different established principles.
Research has shown that using detailed data, and established
principles draw the prediction that makes a road deformation
model closer to reality [11, 12].
Applying mechanistic mathematical models to predict
potholes might have been a puzzle to the road, civil,
geotechnical, water, and other engineers. It might have been a
puzzle because, unlike empirical models, mechanistic models
use established principles in differential equations to model
how such events happen. The issues modeled in this paper
involves the loss of roadway subsurface materials by their
migration upwards to the roadway’s topmost layers.
Researches show that it results in voids formation in the sublayers of the roadway’s surface and further develops into a
roadway deformation called a pothole [1, 2, 12].
This study is essential to engineers and modelers because
by predicting pothole occurrence with the aid of derived
differential equations, the following should happen. Roadways
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roads. Some of them agree that underlying materials move
upwards through the existing cracks, pores, and joints of
different structures to their layers’ surface. They become mud
or particles accumulating on those surfaces. These moving
particles could be related to an eroded roadway’s subsurface
materials, subgrade soil, or foundation particles below the
asphalt surface layers. A typical roadway comprises asphalt
layers ontop, stone base layer just below, and then soil layers
further below.
Several pieces of literature know internal-erosion as
subsurface-erosion or piping-erosion [19, 20, 26, 29-35]. It
involves the internal scouring, loss, and redistribution of soil
or subsurface materials underneath structures like roads, dams,
and others because of fluid (water) and load pressure met by
those structures.
From studies many factors influence the pumping out or
upwards migration and internal-erosion occurrences [1, 4, 1820, 22, 23, 25-36]. These factors are the fluid (water) presence
and velocity, applied traffic-load, the porosity of the
roadway’s subsurface materials, pore-water pressure, pore
fluid viscosity, pore sizes, particle size distribution,
pavement’s height, and soil erodibility coefficient. Also, a
study from [20] suggests a reduction of the number of particles
deposited may occur over time because of a decrease in the
stone base layer permeability.
Many types of research show that predicting and tackling
potholes is necessary [1, 2, 20]. They stated that we need to do
proper roadway design, maintenance, construction, suitable
asphaltic concrete mix design, geotextiles, drainage, and other
relevant construction materials and techniques in addressing
potholes after the forecast. They stated that poor
implementation of the above is the reason for pothole
development.
Pothole deformation occurs as bowl-shaped holes of many
sizes in the roadway surface. Studies described why and how
potholes occur [1-4]. They stated that potholes occur because
of the application of excess traffic-load and water present on
the road. They also stated that subsurface and surface materials
deform by displacement, depression, and breakage into small
pieces by constant traffic-load pressure, cracking, fatigue,
migration upwards, loss, or disintegration of their mixtures.
They stated the following as the procedure for potholes in
development. First, cracks form on the roadway. Second,
water infiltrates the roadway-subsurface through those cracks
and groundwater upward movement. The roadway subsurface
becomes saturated. Applying more traffic load increases the
excess pore-water pressure. It then results in internal-erosion
and migration of the roadway’s subsurface materials upwards
through those cracks and pores. Under more pressure, these
materials go to the road’s surface and its layers’ topmost parts.
It leaves behind voids underneath the pavement’s surface.
After, the pothole appears on the roadway surface under extra
pressure.
Also, many researches and works have established that
weak (subsurface, surface, subgrade and/or underlying)
materials affect the roadway’s lifespan [1-4, 7, 12, 14, 20, 26,
37]. They also showed that under excess traffic-load pressure
and in the presence of water, the pore-water pressure increases.
The number of particles pumped out depends on the properties
of the subsurface roadway-materials. For example, too many
fines in the roadway’s subsurface promote internal-erosion.
Internal-erosion produces and allows pumping out of materials.
Pumping out of materials promotes voids formation and then
potholes.

This paper aims to predict and describe, using a mechanistic
mathematical model, why, how, and when potholes occur on a
roadway by indicating the number of particles lost from under
it. It intends to relate the number of particles lost to the pothole
developed. This model expects to compute the number of
roadway subsurface materials lost or pumped out upwards
when we have a change in excess pore water pressure, time,
soil erosion coefficient, and the roadway’s height. Another
intention is to account for the number of displaced, lost, and
deposited materials in the roadway’s stone-base and its surface.
2. METHODOLOGY
We used the approach stated here to achieve our aims and
objectives. First, we examined various literature to find
applicable principles and equations for us. Our review
identified several principles and equations.
Next, we then used the equations governing the upwards
movement of particles from the study [20] since it better suits
our study’s aim. We then adopted the one-dimensional
advection-dispersion-solute-transport equation used by
Kermani [20] because it is closer to our purpose.
Later, we considered various assumptions, conditions,
variables, and data to ensure that the adopted equation best fits
our model’s purpose.
More, we decoupled the adopted equation. It produced two
equations, the particle mobilization, and deposition equations.
After, we selected and modified the particle deposition
equation to represent our pothole model because it contains
our model’s purpose.
Later, we solved our model equation using the separation of
variables method. We used adapted data gotten from
experience, a Scaled Accelerated Road Laboratory Test
conducted by Kermani [20], and other literature to verify and
test our model’s abilities. In verifying our model, we studied
the effects of a change in excess pore water pressure, time,
coefficient of soil erosion, and the road’s height. Last, we
presented our results and conclusions.
3. FORMULATION OF THE MODEL EQUATION
3.1 Conceptualizing and visualizing of model equation
Imagine that a road has developed cracks under the
application of excess daily traffic. These cracks deepened and
widened over time. The roadway becomes a porous medium
because fluids can move in and out of it. Water filled the
roadway’s subsurface layers through those cracks and
groundwater movement. The soil layers in the road foundation
soften and brakes into particles. These particles mix up with
the water to become mud and fluid. The road foundation
becomes deformed or out of place. It shows that the initial
mobilization of particles has occurred. An initial internalerosion and pore-water pressure trigger these particles. More
traffic-loading exerts on the roadway and applies pressure. The
added load and significant stress increase the pore-water
pressure, and it becomes excess. Upwards migration of the
mobilized particles commences because of the extra porewater pressure. The whole process beginning from the
infiltration of water to the upwards movement of particles
recycles.
The particles further migrate to the top part of the stone base
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layers passing through the existing cracks and pores. The size
and rate of upwards migration keep increasing until it pumps
out of the pavement through those cracks. The particle
deposition on the surface and top part of the stone base layers
continues. The pores did not clog up on time because some
materials pumped out to the road’s surface. The particles’
small size and fluidity made a move freely and upwards
through the pavement's cracks and pores quickly. The particles
lost from beneath the road’s surface to the surface and top part
of the stone base layers create vacuums. They did not reenter
the subsurface of the pavement. Water washed these materials
off. Also, some of these materials remain in the spaces existing
in the asphaltic and stone base layers. Voids keep developing,
reoccurring, and widening beneath the road’s surface. After
many hours, days, weeks, months, or years, the created holes
underneath the road’s surface become threats. Any further load
deforms the asphaltic layer by breaking and depressing it. The
damaging of the asphaltic layer materials continues and
recycles until it takes the form of the voids created under it and
becomes a visible pothole.
In summary, in the presence of infiltrated water into a road’s
subsurface through existing cracks and pores, and under
traffic-load pressure, internal-erosion and pore-water pressure
occur, the road loses many subsurface particles that leave
behind voids, and the road surface depresses into those
vacuums until they become visible as potholes on the road’s
surface. The number of materials lost is directly proportional
to the potholes because of their loss that translates to voids and
later potholes. Our concept strives to predict the number of
materials lost, and from past works, the principle of the one-

dimensional advection-dispersion-solute-transport equation
governing the migration of subgrade particles into subbase
adopted from the study [20] best fits our model aim. It
accounts for internal erosion, flows through a porous medium,
pumping out, and migration of soil fines upwards into the
road’s subbase or stone-base Eq. (1) shows the adapted
equation.
Our model took steps further by predicting and accounting
for the total number of materials lost by their deposition in the
top part of the stone base and on the pavement’s surface. It
related it to pothole development.
𝑑𝐶𝑝
𝑑 2 𝐶𝑝
𝑑𝐶𝑝
+𝐷
+𝑣
+ 𝜆𝑉𝐶𝑝 − 𝛽(𝑉 − 𝑉𝑐𝑟 ) = 0
2
𝑑𝑇
𝑑𝑋
𝑑𝑋

(1)

The used parameters and variables in Eq. (1) are as follows.
The Cp is the particle mass concentration in pore fluid. T is
time. X is distance. D is the longitudinal dispersion coefficient.
The λ is the filtration coefficient, and it accounts for the
particle deposition process. V is the water seepage velocity.
The β is the soil erosion coefficient, and it denotes particle
detachment. The Vcr is the critical water seepage velocity.
We presented Figures 1, 2, 3, and 4 below. These figures
show visual views of water infiltration processes and the
effects of cyclic and no cyclic traffic loading on the roadway's
subsurface layers. More, they show internal erosion,
mobilization, pumping out upwards, and deposition of
particles in the stone base and on the surface of the roadway.
All further show the loss of the roadways subsurface materials
that promote the void formation and pothole occurrence.

Figure 1. Effects of no traffic loading on the lefthand side, while the pumping out upwards of eroded particles from the road's
subsurface layers because of traffic load is on the righthand side

(a)

(b)

Figure 2. Infiltration of water into road subsurface is on the lefthand side, while the generation of pore water pressure, internalerosion, and initial pumping out of eroded particles upwards into upper layers because of the exerted load are on the righthand
side
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Figure 3. Further pumping out of particles upwards to the asphalt's surface and stone-base layers is on the lefthand side, while
voids growth (oval shape) below the asphalt layer is on the righthand side

Figure 4. Depression of asphalt top layer into underneath voids and presence of the pothole on the road surface (oval shape)
under exertion of more load
3.2 Assumptions

At T = 0, C = 0.
At X = 0, T > 0, C = C0.
At X > 0, 0 < T ≤ 365 days, Constant B = λ* µ, and constant
K = -λ/V.

We made certain assumptions to enable us to modify Eq. (1),
formulate our pothole model equation, and suit our model's
aim. We listed these assumptions below to assist us.
(1) Deep cracks exist in the roadway because of the past
and repeated excess applied traffic-load.
(2) Fluid (water) entered the roadway's subsurface
materials from cracks and groundwater movement.
(3) We assumed the roadway (Wearing + Binder + Stonebase + top part of the soil layers) structure as one
homogenous layer and a porous medium because of
cracks and pores.
(4) The number of particles lost equals the volume of voids
created and then equal to the pothole volume.
(5) The system is non-dispersive, D = 0.
(6) There is an initial particle concentration in the pore
fluid after particle-mobilization caused by internalerosion and before upwards particles-transport and
deposition.
(7) Clogging of pores did not occur rapidly during
continuous pumping of fines because the existing deep
cracks in the roadway allowed the materials-deposition
on the roadway surface.
(8) Pumping out of materials may only occur for 365 days
in a cycle, so we assume any other occurrence occurs in
a new year cycle.
(9) The materials deposited on the roadway's surface,
transported and washed off the area and did not reenter
the roadway's sub-layers.

3.4 Parameterization of pothole model equation
Considering that this paper’s target is to develop a
mechanistic mathematical pothole development model, we
used specific parameters.
We used the following parameters listed below.
(1) We replaced Cp = the particle mass concentration in
pore fluid in Eq. (1) with C = the number of materials
lost in Eq. (3a).
(2) We adapted a value for μ = dynamic viscosity of porefluid from the study [20], but we can measure it using a
DV3TLV rheometer.
(3) We got some of the presumed values for ΔP = excess
dynamic pore water pressure from the study [20], but
we can get it using readings of dynamic pore water
pressure cells embedded in the roadway’s subsurface
layers during the scaled pavements laboratory test.
(4) We used T to show the time.
(5) The adopted formula for Et = erosion rate of the
subgrade soil is from the study [20]. Eq. (2a) shows the
formula.
𝐸𝑡 = 𝛽(𝜏𝑡 − 𝜏𝑐𝑟)

(2a)

(6) We assumed some values for β = coefficient of soil
erosion from [20], but we can get it by doing a holeerosion test on soil samples.
(7) The presumed V = water seepage velocity is from the
study [20].

3.3 Model conditions
We gave the following conditions for this model.
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(8) We presumed Vcr = shows critical water seepage
velocity from the study [20].
(9) The assumed τcr = critical hydraulic shear stress
beyond which we have particle mobilization is from the
study [20]. We can get it by doing a hole-erosion test
on soil samples.
(10) We presumed τ = hydraulic shear stress and the formula
from the study [20]. Eq. (2b) shows the formula.
∆𝑃𝑟
𝜏=
2𝑋

mobilization and particles-deposition as adapted from the
study [20]. Eqns. (3b), and (3c) shows the decoupled equations
as particle mobilization and deposition, respectively.

(2b)

(11) The adapted λ = filtration coefficient; it relates to
particle-deposition. We adapted it and the formula from
the study [38]. Eq. (2c) shows the formula.
𝜆= 𝑁

𝑅2
8µ𝑋

(2d)

(2e)

(3b)

𝑑𝐶
𝑑𝐶
+𝑉
+ 𝜆𝑉𝐶 = 0
𝑑𝑇
𝑑𝑋

(3c)

(4)

(5a)

Let us separate the variables to get Eq. (5b). We then apply
Eq. (5b) in Eq. (5a) to have Eq. (6a).

(2f)

(18) We adapted C2 = the number of materials lost but
trapped in the top part of the stone base and not
deposited on the pavement’s surface, and its formula is
from the study [20]. Eq. (2g) shows the formula.
𝜆
𝑋
𝐶2 = {𝐶𝑜 𝑒𝑥𝑝 −𝑉 𝑋 ∗ 𝜆} ∗ (𝑡 − )
𝑉

𝑑𝐶
𝑑𝐶
+𝑉
− 𝛽(𝑣 − 𝑣𝑐𝑟) = 0
𝑑𝑇
𝑑𝑋

1 𝑑²𝐶 𝑑𝐶
𝑑𝐶
+
+𝜆
= 0
𝑉 𝑑𝑇² 𝑑𝑋
𝑑𝑇

4

∆𝑃𝑅
8𝜇𝑋

(3a)

To solve Eq. (4) above, we simplified further by
differentiating it to T. Eq. (5a) shows the further simplified
equation. Eqns. (5b), (6a), (6b), and (6c) show the Application
of the separation of variables technique.

(17) The Q = Flow rate of the eroded soil. We adapted it and
the formula from the study [20], as shown in Eq. (2f).
𝑄= 𝜋

𝑑𝐶
𝑑𝐶
+𝑉
+ 𝜆𝑉𝐶 − 𝛽(𝑣 − 𝑣𝑐𝑟) = 0
𝑑𝑇
𝑑𝑋

1 𝑑𝐶 𝑑𝐶
+
+ 𝜆𝐶 = 0
𝑉 𝑑𝑇 𝑑𝑋

(16) We adapted M = mass of the eroded soil and its formula
from the study [20]. Eq. (2e) shows the formula.
𝑀 = (𝐸𝑡 ∗ 𝐴 ∗ 𝑇) + 𝑀0

(3)

Considering Eq. (3c) above, we then modified it as our
pothole development model to predict the number of roadway
subsurface materials deposited on the roadway’s top surface
and stone base layers through the existing cracks and pores
acting as the porous media. After, we equated the materials
lost to the void created underneath the roadway asphaltic
layers. These voids transfer over time to the roadway’s surface,
resulting in potholes. We did not consider Eq. (3b) because our
assumptions say that the materials’ mobilization has happened.
The derived mechanistic mathematical pothole development
model after modification of Eq. (3c) thus becomes as seen in
Eq. (4) below.

(2c)

(12) We assumed N = number of deep pores and cracks from
practice on site.
(13) The adapted value for R = radius of the flow tube is
from the study [20], but we can get it by measuring the
most massive, eroded particles.
(14) We assumed X = roadway’s height between the asphalt
surface and soil layers or the road’s thickness. It
accounts for distance traveled by particles upwards.
(15) The C0 = first materials lost. We got it and the formula
from the study [20]. Eq. (2d) shows the formula.
𝑀
𝐶0 =
𝑄∗𝑇

𝑑𝐶𝑝
𝑑 2 𝐶𝑝
𝑑𝐶𝑝
+𝐷
+𝑣
+ 𝜆𝑉𝐶𝑝 − 𝛽(𝑉 − 𝑉𝑐𝑟 ) = 0
2
𝑑𝑇
𝑑𝑋
𝑑𝑋

𝐶 = 𝑋𝑋 ∗ 𝑇𝑇

(5b)

1 𝑇 𝐼𝐼 𝑋 𝐼
𝑇𝐼
+ +𝜆 = 0
𝑉 𝑇
𝑋
𝑇

(6a)

Let’s equate Eq. (6a) above to -K and then equate the two
variables to solve it efficiently. Eqns. (6b), and (6c) shows the
effect of equating Eq. (6a) to -K.

(2g)

1 𝑇 𝐼𝐼
𝑇𝐼
+ 𝜆 = −𝐾
𝑉 𝑇
𝑇

(19) We adapted A = tire contact area from [20].
(20) We used C(X, T) = the total number of materials lost.
These were materials deposited on the roadway’s
surface and trapped in the stone base’s top part.

−

3.5 Derivation of pothole model equation and solution

𝑋𝐼
= −𝐾
𝑋

(6b)
(6c)

Let us solve for T(T) by equating Eq. (6b) to 0. Eq. (7) show
the effects of equating it to 0.

The modification started from Eq. (3a), as seen below. First,
we applied the assumption of the system being non-dispersive
that is D = 0 to Eq. (3). This assumption modifies the
advection-dispersion-solute-transport equation into Eq. (3a)
below. Later, we decoupled Eq. (3a). It represented particle

1 𝑇 𝐼𝐼
𝑇𝐼
+𝜆 +𝐾 = 0
𝑉 𝑇
𝑇
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(7)

Let us multiply Eq. (7) above by VT and simplify it further.
Eq. (8) shows the effects of doing the above.
𝑇 𝐼𝐼 + 𝜆𝑉𝑇 𝐼 + 𝐾𝑉𝑇 = 0

Plugging back the values of Eq. (16b) into Eq. (15b) we thus
have Eq. (17).

(8)

𝑋𝑋 = 𝐶𝑜 𝑒𝑥𝑝𝐾𝑋

From the auxiliary equation, as seen in Eq. (9a), let a = 1, b
𝑎 = 1; 𝑏 = 𝜆𝑉; 𝑐 = 𝐾𝑉. Eq. (9b) shows the ideal solution
that suits Eq. (9a) while we see its typical roots in Eq. (9c).
𝑎𝑚 2 + 𝑏𝑚 + 𝑐 = 0
𝑇𝑇 = 𝐴 𝑐𝑜𝑠 𝑚𝑇 + 𝐵 𝑠𝑖𝑛 𝑚𝑇
𝑚=

−𝜆𝑉 ± √(𝜆𝑉)2 − (4 ∗ 1 ∗ 𝐾𝑉)
2∗1

−𝜆𝑉 − √(𝜆𝑉)2 − (4𝐾𝑉)
2

(9a)
𝐶(𝑋,𝑇) = 𝐶𝑜 𝑒𝑥𝑝𝐾𝑋 ∗ 𝐵 𝑠𝑖𝑛 [

(9b)

−𝜆𝑉 + √(𝜆𝑉)2 − (4𝐾𝑉)
]𝑇
2

𝑚=

−𝜆𝑉 +

− (4𝐾𝑉)

2

(18)

Let us use the third condition. Recall that we differentiated
Eq. (4) with T. Now, using the third condition of when X > 0,
0 < T ≤ 365 days, Constants B = λ* µ, and Constant K = -λ/V,
so we integrate Eq. (18) with T. Let C(X,T) = C3. Also, let C2
account for the number of materials lost but trapped in the top
part of the stone base and not deposited on the pavement’s
surface. The Eq. (19) shows our obtained solution.

(9c)

(10a)

𝜆

√(𝜆𝑉)2

(17)

We put in values of T from Eq. (13) and X from Eq. (17)
into Eq. (5b) to get Eq. (18).

So, simplifying Eq. (9c) further, we have Eqns. (10a) and
(10b).
𝑚=

(16b)

𝐹1 = 𝐶𝑜

𝐶3 = ({𝐶𝑜 𝑒𝑥𝑝−𝑉𝑋 ∗ 𝜆µ ∗ −𝑐𝑜𝑠 [

(10b)

−𝜆𝑉 + √(𝜆𝑉)2 + (4𝜆)
2

(19)

∗ 𝑇] }) + 𝐶2

Substituting Eqns. (10a) and (10b) in Eq. (9b) thus gives.
Eq. (4) above shows the mechanistic mathematical model
equation that we derived. However, Eq. (19) above shows the
derived solution arrived when we use the method of separation
of variables.

𝑇(𝑇)
−𝜆𝑉 − √(𝜆𝑉)2 − (4𝐾𝑉)
]∗𝑇
2
2
−𝜆𝑉 + √(𝜆𝑉) − (4𝐾𝑉)
+ 𝐵 𝑠𝑖𝑛 [
]∗𝑇
2
= 𝐴 𝑐𝑜𝑠[

(11)

4. RESULTS AND DISCUSSIONS

Applying the first condition of C(x,0) = 0 in Eq. (11) above,
we thus have.
0 = 𝐴∗1 + 𝐵∗0

We verified our developed model using specific data got
and adapted from several works of literature, experience, and
an already conducted Scaled Accelerated Roadway
Laboratory Test, measurements, and geotechnical
investigation. The data were both varied and kept constant at
various times. Some values did not change during the
verification, and they were A = 0.00386 m 2, V = 1 mm. s-1, R
= 0.003 m, N = 10, and μ = 0.0029 N. s. m -2. A negative or
zero value for the number of materials lost indicates that no
potholes developed, while a positive value describes that
potholes developed on the roadway. Figures 5, 6, 7, and 8
show the effects of a change in values for excess pore water
pressure, time, coefficient of soil erosion, and the height of the
roadway on the number of materials eroded and later lost or
pumped out.

(12)

If 𝐴 = 0 from Eq. (12) after solving, this means that 𝐵 ≠
0 so as not to have a trivial solution.
So, we thus have Eq. (13) after plugging values of 𝐴 = 0
and 𝐵 ≠ 0 into Eq. (11).
𝑇(𝑇) = 𝐵𝑠𝑖𝑛 [

−𝜆𝑉 + √(𝜆𝑉)2 − (4𝐾𝑉)
]∗𝑇
2

(13)

Let us multiply both sides of Eq. (6c) by −𝑋. We obtained
Eq. (14) after the multiplication.
𝑋 = 𝐾𝑋

4.1 Influence of excess dynamic pore pressure on the
model’s performance

(14)

Integrating and solving Eq. (14) above, we thus have.
𝑙𝑜𝑔 𝑋 = 𝑒

𝐾𝑋

+ 𝑙𝑜𝑔 𝐹1

𝑋𝑋 = 𝐹1 𝑒𝑥𝑝𝐾𝑋

We inputted different values for excess dynamic pore water
pressure in the model while keeping other parameters at the
same value. We kept the roadway’s height at 0.3 m, the soil
erosion coefficient at 0.00058 s.m-1, and the time interval at
180 days. Figure 5 shows the sensibility of the model to the
different input values for excess pore water pressure. The
result indicates an increase in the total number of materials lost
from the roadway’s subsurface as the values for excess pore
water pressure increase.

(15a)
(15b)

Applying the second condition of C(0,T) = C(0) in Eq. (15b)
we thus have Eqns. (16a) and (16b) afterward.
𝐶𝑜 = 𝐹1 ∗ 𝑒𝑥𝑝𝐾(0)

(16a)
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We increasingly varied different values for the soil erosion
coefficient alongside the excess pore water pressure while
keeping other parameters at the same value. We kept the value
for the road’s height at 0.3 m. The time interval value used was
at 180 days. Figure 7 shows the effect of varying the soil
erosion coefficient alongside pore water pressure on the total
number of materials lost from the roadway’s subsurface. The
result indicates that an increase in the soil erosion coefficient
causes a rise in the total number of materials lost.
4.4 Influence of road height on the model’s performance
We increasingly varied the road’s height alongside
increased pore water pressure values while keeping other
parameters at the same value. The entered value for the
coefficient of soil erosion was 0.00058 s. m-1. The inputted
time interval used was at 180 days. Figure 8 shows the effect
of varying the road’s height alongside pore water pressure on
the total number of materials lost from the roadway’s
subsurface. The result indicates that an increase in the road’s
height led to a decline in the total number of materials lost
from the roadway’s subsurface. Subsequently, we still noticed
that keeping the road’s height at the same value, an increase in
the excess pore pressure led to a rise in the total number of
materials lost from the roadway’s subsurface.

Figure 5. Effect of excess pore pressure on the total number
of subsurface materials lost
4.2 Influence of time on the model’s performance
We increasingly varied time alongside the excess pore water
pressure values while keeping other parameters at the same
value. The inputted value for the height of the roadway was
0.3 m. The entered value for the coefficient of soil erosion was
0.00058 s. m-1. Figure 6 shows the effect of varying time
alongside pore water pressure on the total number of materials
lost from the roadway’s subsurface. The result shows that an
increase in time causes a rise in the total number of materials
lost from the roadway’s subsurface.

Figure 8. Effect of varying the roadway’s height on the total
number of subsurface materials lost

Figure 6. Effect of time on the total number of subsurface
materials lost

5. CONCLUSIONS

4.3 Influence of the coefficient of soil erosion on the
model’s performance

We reached several conclusions and achieved our aims. We
first derived, solved, used past data, and verified a mechanistic
mathematical model to show why, how, and when potholes
develop on roads from losing its subsurface materials.
Second, our results show why we reached our goals. It is so
because we predicted the total number of eroded materials lost
or pumped out from a road’s subsurface. It is a known
precursor to the processes of the displacement of materials,
voids, depression, and the formation of potholes on roadways.
Our methods prove that we can use the principles governing
how particles migrate or pump out, the technique of separation
of variables, and past data to derive, solve, and verify pothole
mathematical models.
Next, our literature reviews show why potholes occur on
roadways. It shows that potholes arise on roads because of
excess traffic-load pressure, poor construction, poor
foundation, lack of drains, materials fatigue, use of low quality,
and inadequate materials, and the presence of fluid.

Figure 7. Effect of the coefficient of soil erosion on the total
number of subsurface materials lost
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Further, our results show how potholes occur. The
application of excess traffic-load pressure increases the porewater pressure. It then triggers the processes of internal
erosion, migration of roadway particles upwards, loss of those
materials, voids creation, the occurrence of potholes, and then
a decline in the roadway’s life.
Later, our outcomes prove when potholes occur. It
demonstrates that an increase in pore water pressure, time, soil
erosion coefficient, and a reduction in the road’s height causes
more particles to migrate upwards and materials loss. So, when
the total number of eroded subsurface materials is high, the
road is prone to early potholes development. We can also
imply that rising the road’s height rises the distance to be
moved upwards by the migrating eroded particles.
Finally, this paper provided unique insights into why, when,
and how potholes occur on roadways, and it gives engineers,
road managers, and modelers better acumen on potholes.
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NOMENCLATURE
Cp
C
C0
C2

the particle mass concentration in pore fluid, grams
the number of materials lost, grams
the initial number of materials lost, grams
the number of roadway subsurface materials lost but
trapped in the top part of the stone base and not
deposited on the pavement’s surface, grams
C3 the total number of roadway subsurface materials lost,
grams
ΔP excess dynamic pore water pressure across the height of
the roadway, Pa
T time, days
Et erosion rate of the soil material, kg. s-1. m2
V water seepage velocity, mm. s-1
Vcr critical water seepage velocity, mm. s-1
M mass of eroded soil, grams
M0 the initial mass of eroded soil from the previous cycle,
grams
N Number of deep pores and cracks
Q flow rate, m3. s-1
A tire contact area, m2
R the radius of the flow tube, m
X height of the roadway’s layers above the soil layers, m
Greek symbols

τ
Τcr
µ
λ
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coefficient of soil erosion, s. m-1
hydraulic shear stress, N. m-2
critical hydraulic shear stress, N. m-2
dynamic viscosity, N. s. m-2
filtration coefficient, m3. N-1. s-1

