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Friction Stir Welding (FSW) is a recent assembly process which has been developed at the 

British Welding Institute (TWI) at the beginning of the 90's. This welding process has 

gone a rapid development and an increasing success. Many remarkable industrial 

applications achieved mainly in spatial, aeronautical, automobile, railways, marine and 

naval industries.... The translation and the rotation of the tool during the FSW process 

generate the flow and plastic deformation of the material which had been often differently 

interpreted in contradictory manner. In this paper, an analytical model is proposed to 

describe the flow of matter in the vicinity of the FSW tool pin during the welding process. 

Analytical solutions are elaborated on the basis of conventional fluid mechanics theory 

which is used to solve the associated equation to the mentioned problem based on the 

Laurent's series (called also Laurent's development). The knowledge of the material flow 

around the tool pin can lead to a better understanding of the metallurgical phenomena 

which have a significant effect on the mechanical properties of the welded joint and allows 

a better description of the speed fields which is worth full for the thermal modelisation 

since the great part of the thermal power is generated by auto-heating energy. The results 

obtained on the effect of the speeds on the material flow are in good accordance with the 

experimental results found in the literature. The study highlights and gives a better 

understanding of the material flow phenomenon during the Friction Stir Welding process. 
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1. INTRODUCTION

The knowledge of the matter flow trajectory in FSW 

process is neither perfect nor complete. The material flow 

depends mainly on the tool geometry. Many Authors have 

presented results by using different techniques of markers for 

welding of aluminum alloys. Such as the use of particles, steel 

balls, use of sheets, use of wire etc... Chronologically, the first, 

Colligan [1] had used steel balls of 0.38mm in diameter 

located at different initial positions in the plate before welding. 

They were positioned in grooves of 0.75mm X 0.3mm 

machined in the part before welding. These grooves can have 

a non-negligible effect on the flow of matter. 

Another aluminum sheet of different material than the base 

metal has been inserted in different configurations before 

welding by the team of Reynolds et al. [2], Seide and Reynolds 

[3]. These alloys can recognize due to their different reactions 

to chemical attack. The conducted tests were of the same type 

in the two articles. Dickerson et al. [4], Guerra et al. [5], 

Schmidt et al. [6], Xu et al. [7] have used a sheet of copper. 

Sanders [8], Schneider and Nunes [9] have used a tungsten 

wire. Schneider et al. [10] used a tungsten wire or lead wire 

placed on the welding line at 1.3mm from the upper face of the 

sheets in order to put into evidence the movement of the 

particles in the thickness. In order to understand the role of the 

pin, Gratecap [11] has conducted experiments without 

complete penetration of the tool i.e., without full contact of the 

tool shoulder on the material. Striations had been put into 

evidence in the normal z planes. 

They were interspaced by a distance equivalent to the feed 

per evolution. Liechty and Webb [12] by the quantification of 

the deposited matter, based on the final color of mixture, had 

put into evidence the difference between the path of the matter 

flow on the AS side and RS side. It seems the matter flow on 

the AS side is pushed forward then turn with tool before it can 

be deposited. Meanwhile the matter flow on the RS side is 

simply deposited on the back of the tool. 

Moreover, by using six plasticine colors (three colors in the 

thickness), movements of matter flow have been observed in 

the thickness of the weld on the RS side. The obtained micro 

structural elements from FSW can reveal the path followed by 

the particles of matter in the observed zone. 

These analyses were made by some Authors such as Sato et 

al. [13], Xu and Deng [7], Zhang et al. [14], Lee et al. [15], Liu 

and Nelson [16], Kumar et al. [17]. 

These research works allow to analyze the micro structural 

distribution and the nature of matter flow during the process. 

An improved Ultrasonic FSW (UVe FSW) has been developed 

by Liu and Wu [18]. The ultrasonic energy is directly 

transmitted in the weld zone near and before the tool in 
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rotation via specially designed probe.  

Hoyos et al. [19] presented a methodology for the 

elaboration of a semi-physical model based on the PBSM 

phenomenology applied for the evaluation of the rigidity of an 

aluminum alloy FSW joints. 

In this paper an analytical approach is proposed which allow 

a complete description of the matter flow around the tool 

during the FSW process. The approach is based by considering 

two elementary speed fields namely a circumvention and 

circulation speeds. The analytical solutions are obtained based 

on the traditional fluid mechanics which is used to solve the 

associated equation to this problem using Laurent's series also 

known as Laurent's development. 

After having developed the mathematical model of the 

matter flow two cases are considered for 7075 aluminum alloy: 

The first case considers different welding speed at a constant 

rotation speed and the second case considers different speed of 

rotation at a constant welding speed. 

The results obtained by the proposed model are in good 

agreement with those obtained by Guedoiri [20] which 

describes the flow of aluminum alloy 7020-T6 by controlling 

the flow of the matter using copper thin sheets placed along 

and transversally with respect to the welding joint. 

The results also are in good agreement with those obtained 

by Feulvarch et al. [21] who used a finite element of type 

P1+/P1 to model the flow of aluminum alloy 7075-T6 during 

the FSW process as well as with the results obtained by Bastier 

[22] who also used a finite element in order to simulate the 

flow of aluminum alloy 7075-T6 during the FSW process to 

estimate the mechanical residual state. 

The aim of the present paper is the study of the matter flow 

in the most deformed zone generated by the FSW process for 

joining edge to edge sheets in order to see the material 

distribution after welding. 

 

 

2. PRESENTATION OF THE PROCESS 
 

This welding process uses a specific tool made of two parts: 

the shoulder and the pin (Figure 1). 

 

 
 

Figure 1. Schematic of FSW process 
 

The weld can be obtained using 4 steps: 

1. The approach phase: the tool is in rotation and penetrates 

the starting point of the weld under the effect of vertical 

translation movement until the contact of the shoulder with the 

upper face of the welding zone is reached. 

2. The heating phase: the tool is in rotation without the 

vertical translation movement within a period of one to two 

seconds. The friction at the interface between the sheet and the 

tool shoulder generates heat which allows fusing the material 

to be welded. 

3. The welding phase: The tool is in rotation and feed 

movements in order to perform the weld. During this period 

the matter is stirred by the pin and is deposed behind it. 

4. The retraction phase: At the end of the welding phase the 

is the tool retracts upward and leaves a hole on the joined 

sheets. Figure 1 gives a schematic of the FSW process. 
 
 

3. PHYSICAL PRESENTATION OF THE PROBLEM 
 

We consider two sheets of thickness l3 and dimensions l1 x 

2l2 in the xy plan. The parts are fixed by clamping to avoid 

their spacing as shown in Figure 2.  

The welded material moves in the x direction with a 

constant velocity Va. The FSW tool is made of steel has a flat 

ray of shoulder Rs (14mm), a cylindrical ray of pin RP (5mm) 

and a length of pin HP (3.95mm) [23].  
 

 
 

Figure 2. Schematic illustration of the welded parts and the 

clamping system 
 

 

4. MATHEMATICAL MODEL 
 

The methodology proposed in this work consists in 

considering two elementary speed fields namely one field of 

circumvention speed and the other a circulation speed 

(Rotation around the tool pin). 
 

4.1 Field of circumvention 
 

The first speed field corresponds to the circumvention speed 

(flow around the tool pin) when the welding advances. 

In the first approach the problem is assimilated to an infinite 

cylinder (Figure 3) placed in a uniform speed field Va equals 

to the feed speed. The material is considered as perfect fluid, 

incompressible and irrotational. This speed field derives from 

a potential speed solution of Laplace's equation. This is 

invariant along the Z axis and must satisfy the two boundary 

conditions of the problem. 

✓ The speed of the tool pin equals to feed speed Va, 

✓ The normal component of speed is null at the pin 

contact. 
 

 
 

Figure 3. Schematic illustration of the passage of the tool 

during friction stirs welding 
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The Navier-Stokes' equations are given as [24]: 

 

. av v p v  = − +   (1) 

 

where, ρ, Pa, µ are respectively the density of the fluid, the 

hydrostatic pressure and the dynamic viscosity of the fluid. 

In this problem the principle of conservation of mass can be 

described by the continuity equation under the following form: 

 

( ) 0
d

div v
dt


 + =  (2) 

 

When the volume stays constant under the action of the 

welding tool, it is considered as an incompressible fluid which 

can be expressed as:  

 

Cte =  (3) 

 

Thus, the conservation of mass can be described by: 

 

( ) 0div v =  (4) 

 

We admit the characteristic equation f(z)=w which 

represents the complex potential of the speed of the fluid. This 

function is uniform in the domain K external to the pin section. 

According to Laurent theorem [25]: 

 

0 0

n n

n n

n n

w u vi a z b z
 

−

= =

= + = +   (5) 

 

where, na  and nb are the coefficient of Laurent series (see 

annex). 

The solution to the problem must satisfies two boundary 

conditions: 

The speed vector of the fluid, for z=∞, is directed along the 

x-axis and is equal to Va. The contour of the tool pin z=Rp is 

a part of the flow trajectory. 

The speed is given by: 

 

dw
p iq

dz
= +  (6) 

 

Thus, we have: 

 

1 1

1 1

n n

n n

n n
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na z nb z
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− − −

= =

= −   (7) 

 

Since the development should be equal to Va at the infinite 

∞, then 𝑎𝑛 = 0 for n>1 and 𝑎1 = 𝑉𝑎 because the infinite must 

be a regular point. 

Consequently, the first condition leads to the following 

form of the characteristic equation f(z): 

 

1

n

n

n

w a z b z


−

=

= +  (8) 

 

Thus, the member b0 has eliminated knowing that its 

inclusion in the function f(z) has no effect on the values of the 

speed components p and q as well as on the function of the 

trajectory of the flow. 

Assuming that𝑏𝑛 = 𝜌𝑛𝑒𝛼𝑛𝑖 , 𝑧 = 𝑟𝑒𝜃𝑖, we obtain: 

 

( )

1

n n ii n

n

n
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−−

=

+ = +  (9) 

 

Thus, we find: 
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−
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1
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n
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−

=

= + −  (11) 

 

The second condition gives that v must maintain a constant 

value for r=Rp. 

By deriving the second formula of Eqns. (10) and (11) with 

respect to θ and making r=Rp, we obtain: 

 

1

cos( ) cos( ) 0n

p n p n

n

aR n R n   


−

=

− − =  (12) 

 

Consequently, we have: 

 

1 1 1 1cos 0, sin 0

cos sin 0 ( 2,3,....)

n n

p p p

n n

n p n n p n

aR R R

n R n R n

   

   

− −

− −

− = =

= = =
 (13) 

 

With 𝜌𝑛 = 0 (n=2, 3,…), 𝜌1 = 𝑎𝑅𝑝2, 𝛼1 = 0. 
The final form of the function of the trajectory of the fluid 

flow is: 

 
2 2

a p p

a a

V R R
w V z V z

z z

 
= + = + 

 
 

 (14) 

 

The functions of the speeds of the fluid u and v are 

expressed by the following formulae: 

 
2

cos
p

a

R
u V r

r


 
= + 

 
 

 

2

sin
p

a

R
v V r

r


 
= − 

 
 

 

(15) 

 

4.2 The speed of circulation 
 

 
 

Figure 4. Field of the circulation speed 
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The second field is represented by the orthoradial vector of 

the material around the tool pin (i.e., the orthogonal vector to 

the radial vector and to the rotation axis). As shown on Figure 

4, this axisymmetric field can be expressed in simple form in 

the cylindrical coordinate system. We consider a flow line 

which makes a closed loop. The speeds of all points are tangent 

to the curve of radius r. This flow line rotates with an angular 

speed w in a cylinder with OZ axis (perpendicular to the flow 

plane). We consider an element (ds) of this line.  

We consider the characteristic function f(z): 

 

2

I
w Inz

i
=  (16) 

 

Also, by considering 𝑧 = 𝑟𝑒𝜃𝑖, we determine the circulation 

speed fields u and v: 

 

,
2 2

I I
u v Inr

 
= = −  (17) 

 

The flow trajectories will be v=const or r=const, i.e., the 

concentric circles. The components p and q of the fluid speed 

are determined by the following formula: 

 

( )/ 2

2

idw I
p iq e

dz r

 



+
= + =  (18) 

 

Thus, the value of the speed at all points of the circle of 

radius r is equal to 
2

I

r
 

Inversely proportional to r and directed in ccw direction. 

The fluid flow along the contour Γ surrounding the tool pin is: 

 
2

0
2

C C

I
pdx qdy du d I

r






+ = = =    (19) 

 

Thus, the particles move along a circle in ccw direction and 

the flow speed is inversely proportional to the distance from 

the particle to the tool pin center. 

 

4.3 Combination speeds of circumvention and circulation 

 

By considering and adding the expressions of movements 

of sections (4.1) and (4.2), we obtain the fluid flow function 

generated around the tool pin with a speed Va and a circulation 

l as follows: 

 
2

2
a

I R
w Inz V z

i z

 
= + + 

 
 (20) 

 

Consequently, the fluid flow functions u and v are expressed 

by the following formulae: 

 
2 2

cos , sin
2

a a

R R I
u V r v V r

r r r
 



   
= + = − +   

   
 (21) 

 

The first speed field corresponds to the circumvention of the 

material around the tool pin when it advances. The second 

speed fields correspond to the orthoradial flow of the material 

around the tool pin. 

5. MATH RESULTS AND DISCUSSION 

 

Figure 5 illustrates the distribution of the speed fields 

obtained by the proposed developed model. 

The speed distribution is given in the transversal direction 

of aluminum 7075 materials assembly near the tool axis for 

four different speeds (100, 300, 600 and 1000 mm / min) with 

constant rotational speed of (900 rpm) in the cross-section 

perpendicular to the tool axis. 

Figure 5 shows the total variation of the speed field by the 

integration of circumvention and circulation speed component 

expressed by Eqns. (15)-(21). Moreover, this speed 

components illustration shows the manner the field of 

circulation phenomenon dominates the field of circumvention 

speed and limits the penetration of the matter through the tool 

(kinematic incompatibility). These observations are common 

to all the figures.  

 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

 

Figure 5. Speed fields in the transverse direction in the plane 

of the welding junction during Friction Stir Welding process 

(With different welding speed and constant rotational speed) 
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The speed field intensity in the vicinity of the tool pin for 

different welding speeds (100, 300, 600 and 1000 mm/min) 

coincide quite well with the rotational speed. The symmetry of 

the speed field intensity appears in Figure 5 (a and b) for 

welding speeds of 100, and 300mm/min respectively. 

However, in the rest of the Figure 5 (c and d) for which the 

welding speeds are respectively 600 and 1000 mm/min, the 

symmetry cannot be visible.  

This justifies the increase of the welding speed. Also, it can 

be noticed that the intensity of the speed field in the advance 

side takes lower values with respect of that of the retract tool 

side. Moreover, these figures put into evidence the presence of 

the rotating fluid with the tool before it can be expelled from 

the rotational zone. It appears that the particles make many 

turns before leaving the rotational zone around the tool. The 

obtained results are in agreement with those obtained by 

Guedoiri [20], Feulvarch et al. [21] and Bastier [22]. 

 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

 

Figure 6. Fields of the speed in the transverse direction in the 

plan of junction of the welding during Friction Stir Welding 

process (With different rotational speed and constant welding 

speed) 

 

Figure 6 shows the results of the speed fields distribution in 

the transversal direction of the welded 7075 aluminum 

assembly near the tool axis for four rotational speeds (900, 

1200, 1400 and 2000 rpm with a constant welding speed of 

(1000 mm / min). 

Figure 6 illustrates the total speed field variation including 

the circumvention and circulation components expressed by 

Eqns. (15)-(21). This speed of the total field comes up by 

including the circumvention and circulation components. The 

intensity of the speed near the tool pin is shown for different 

rotational speeds (900, 1200, 1400 and 2000 rpm) respectively. 

As in the precedent case the axisymmetry appears in all the 

cases of the rotational speeds. However, it decreases when the 

rotational speed increases. It can also be noticed that the 

intensity of the speed field in the lateral advance side takes 

lower values with respect to the those of the tool pin in the 

retract side. The obtained results are in good agreement with 

those found in the literature. 

In general, and in the case 1: different welding speeds with 

constant rotational speed and case 2: different rotational 

speeds and constant welding speed show that the variation of 

the welding speed and the rotational speed are important 

parameters with significant effect on the speed fields intensity 

around the tool pin. 

The same observations are made as for the first case study 

and there exists a good agreement between the results obtained 

by our developed model and those obtained by Guedoiri [20], 

Feulvarch et al. [21] and Bastier [22]. 

 

 

6. CONCLUSIONS 

 

The analytical solution in fluid mechanics has been 

presented for the description of the material flow during the 

Friction Stir Welding process. This analytical study had 

allowed a deep understanding of the process and the generated 

phenomena. The approach of modeling the phenomena allows 

reduction in experimental experiments and thus reduction in 

development time and costs. The obtained results show that: 

1-The axisymmetric and speed fields intensities appear for 

all cases. 

2- The intensity of the speed field of the material in the 

vicinity of the tool pin for different rotational and feed speeds 

are coincident i.e fall with the rotational speed of the pin. 

3-The variation of the welding speed and tool rotational 

speed are important parameters with significant effect on the 

speed fields intensity around the tool pin. 

4-The speed field intensity in lateral advance side takes 

lower values with respect to those of the tool pin retract side. 

5-The study highlights and gives a better understanding of 

the material flow phenomenon during the Friction Stir 

Welding process. 
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NOMENCLATURE 

 

l1 length of workpieces mm 

l2 width of workpieces mm 

l3 thickness of workpieces mm 

Rs ray of shoulder mm 

Rp ray of pin mm 

Hp length of pin mm 

Va welding speed mm. min-1 

 

Greek symbols 

 

ρ density of the fluid, kg. m-3 

Pa hydrostatic pressure N.m-2 

µ dynamic viscosity of the fluid Pa.s 

 

Subscripts 

 

,n na b  coefficient of Laurent series 

f(z) complex potential 

p,q components of the speed of the fluid 

 

 

APPENDIX 

 

Let z ∈ K, and let consider the couronne K1:r1< lz-zl0 < R1 

containing point z where r1> r, R1 <R as shown in Formula 

(A.1). 

According to Cauchy integral theorem for a contour Γ= 

CR1
++ Cr1

- composed of circles with radius R1 and r1 

respectively we have: 

 

368



 

( ) ( )

1 1

1 1
0 0

0 0

0 0

1 ( ) 1 ( )
( )

2 2

1 ( ) 1 ( )

2 2
1 1

R r

R r

C C

C C

f d f d
f z

i z i z

f d f d

i iz z z
z z z

z z z

   

   

   

  




= − =
− −

−
   − −

− − − −   
− −   

 

 
 (A.1) 

 

 
 

Figure A.1. The couronne K1 
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 can be integrated 

along the curves 
1RC and 

1r
C . Thus we obtain: 
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 (A.2) 

 

By taking any ( )r R   , it can be shown with Cauchy’s 

theorem that: 
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 (A.3) 

 

By making: 
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where, r R  , then we can write:  
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