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 This article presents a model for particle deposition in two-phase flow in vertical pipes. 

There are three interacting modules in the model: Fluid Transport to predict velocity and 

pressure, Particle Transport to predict particle distribution and Particle Deposition to 

predict actual attachment of particles onto surfaces. Derivation of the governing equations 

is presented with the numerical solution procedure outlined. For verification, limiting cases 

with known solutions are considered. For validations, two-phase flows without deposition 

are considered. Upon verifications and validations, the model is employed to investigate 

particle deposition in two-phase flow with different flow patterns in both constant and 

variable cross section pipes, directly demonstrated the need to account for finite deposit 

thickness.  
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1. INTRODUCTION 

 

Particles are carried in many engineering two-phase flows. 

These particles are prone to deposit onto surfaces of flow 

passages, forming a detrimental deposit layer. For examples, 

asphaltene, wax or hydrate deposition in oil-water or oil-gas 

flow in wellbores/pipelines and biological and chemical 

foulings in liquid-vapor flow in pipes/heat exchangers. Two-

phase flow with deposition coupled involves complex 

interacting transport phenomena. Understanding of these 

interactions is required to devise effective mitigation strategy. 

Many experimental studies were conducted to investigate 

deposition in two-phase flow [1-6]. These experiment results 

provide an understanding of the deposition mechanism and 

changes in two-phase flow patterns due to the growing deposit 

layer. Apart from experimental studies, modeling furnishes 

additional understandings leading to possibly accurate 

prediction of deposition in two-phase flow. However, 

modeling becomes complex and demanding in the presence of 

multiple evolving interfaces, including between the two 

immiscible fluids and that separating the fluids from the 

deposit. 

For deposition in two-phase flow, there are three interacting 

phases, i.e. two fluids and solid deposit. Such dynamic 

interactions between phases require three different but 

interacting and fully coupled modeling modules with each 

accounting for different transport phenomenon. These 

modules are Fluid Transport, Particle Transport and Particle 

Deposition. Fluid Transport describes the fluid flow modeled 

for examples using homogeneous [7-13] or separated model 

[14-21]. Particle Transport describes the temporally and 

spatially changing particle distribution either using a 

Lagrangian [22-25] or a Eulerian approach [26-31]. Particle 

Deposition predicts the actual particle attachment onto the 

fluid-deposit interface modeled by defining a critical length 

[32, 33], a critical particle velocity [34, 35], a sticking 

probability [36-39] or employing an m-th order deposition 

reaction [40, 41]. The existing literatures for modeling of 

deposition in two-phase flow is very limited. These limited 

available works will be reviewed next in the context of the 

above three modules. 

A one-dimensional steady-state two-phase flow model for 

paraffin deposition in pipelines and wellbores was developed 

by Apte et al. [42]. Two mechanistic models are employed for 

Fluid Transport to identify flow pattern and then estimate 

pressure drop for horizontal/near-horizontal pipelines [43] and 

inclined/vertical wellbores [44]. For Particle Transport, 

molecular diffusion is responsible to transfer paraffin from 

bulk fluid to pipe wall. The paraffin concentration gradient is 

determined based on thermodynamic consideration of MSI 

[45]. As for Particle Deposition, diffusion-controlled 

deposition governed by Fick's law is assumed to predict 

paraffin deposit buildup rates. Experimental data is used to 

validate the model. However, the paraffin deposit thickness is 

found over-predicted.  

Shagapov et al. [46] presented a model of quasi-steady oil-

gas two-phase flow in a vertical well with paraffin deposition 

coupled to external heat transfer. The one-dimensional 

governing equations are derived for elemental macro control 

volume of the well. In this model, Fluid and Particle 

Transports are combined by determining the pressure 

(consisting of empirical frictional and gravitational 

components) and the temperature (heat transfer interacting 

with surrounding geological environment) with the mass 

concentration of phases along the well as a thermodynamic 

consequence. Particle Transport in the radial direction driven 

by molecular diffusion and thermophoresis is considered in 

determining paraffin deposit layer formation modeled as a 

crystallization process (Particle Deposition). Removal of the 

deposit layer by flow is incorporated into the model. 

Parametric studies performed showed that the presence of 

paraffin deposit increases heat losses and therefore decreases 
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temperature due to the increases in pressure and reduction in 

flow area. 

Ramirez-Jaramillo et al. [47] proposed a multiphase 

(oil/gas/asphaltene/water) multi-component asphaltene 

deposition model in oil wells. The fluid is assumed as the 

Casson type. Generally, a framework similar to that of Ref. 

[46] is adopted. Using empirical correlations, both pressure 

and temperature are evaluated to determine 

thermodynamically asphaltene particle precipitation via 

SAFT-VR equation of state. Particle Transport in the radial 

direction towards the wall is accounted for by Fick's law. 

Particle Deposition is assumed diffusion-controlled, i.e. 

equaling to the amount of particles diffused to the wall. 

Besides deposition, deposit removal due to shear stress is 

included by employing the model of Kern and Seaton [48]. 

Therefore, the actual deposit growth is the net of deposition 

and removal. Interestingly, the sensitivity analysis infers 

constant deposit growth rate independent of the flowrate. 

Huang et al. [49] proposed a two-dimensional model for 

wax deposition in oil-water stratified two-phase flow between 

two parallel plates. For Fluid Transport, the flow is assumed 

laminar and unidirectional. With this, the analytical 

expressions for velocity and pressure can be obtained from 

two-dimensional Navier-Stokes equations. For Particle 

Transport, mass balance equation with axial convection and 

radial diffusion is solved for the wax particle concentration. 

Axial diffusion and precipitation of wax particles in the oil are 

neglected. For Particle Deposition, wax deposit layer growth 

is predicted using the model of Singh et al. [50] where it is 

driven by radial convection in fluid and radial diffusion into 

the deposit. Results show that near the inlet, the wax deposit 

is increasingly thicker along the channel, then it becomes 

thinner downstream as the amount of wax decreases in oil due 

to deposition. 

Haghshenasfard et al. [51] presented a numerical study for 

calcium sulphate fouling in two-phase bubbly sub-cooled 

boiling flow. For Fluid Transport, the multi-component two-

fluid model is used to determine the velocity and pressure of 

various phases. For Particle Transport, the species 

conservation equation for each phase with convection, 

diffusion and source/sink accounted for is used. Finally, 

fouling is assumed as a surface reaction with the deposition 

rate given by Bohnet [52]. Results reveal an interesting 

decrease in the deposition rate when fluid velocity increases. 

Duan et al. [53] proposed a model for wax deposition in oil-

gas two-phase stratified flow in horizontal pipe. The geometry 

considered is three-dimensional. However, the flow is 

assumed fully developed and unidirectional flowing only in 

the axial direction. This greatly reduces the computational cost. 

Axial momentum with bipolar coordinate introduced to 

facilitate representing the oil-gas interface is solved subjected 

to satisfying both the given oil and gas mass flowrates. Wax 

particle is transported by convection and diffusion. For 

Particle Deposition, it is assumed to be diffusion-controlled, 

i.e. the deposition flux depends entirely on the wax particle 

concentration gradient at the wall.  

Alhosani et al. [54] presented a one-dimensional model for 

asphaltene deposition in oil-gas flow in wellbore. For a given 

flow condition, the flow pattern (categorized as either bubble, 

slug, churn, dispersed bubble or annular flow) is first 

determined. Then, the pressure drop is determined by 

employing various empirical correlations specific for the flow 

pattern. For Particle Transport, asphaltene particle is to be only 

driven by convection along the wellbore. Particle deposition is 

assumed driven by radial particle concentration gradient 

characterized in the form of a transport coefficient and a 

sticking probability. The deposit thickness is then calculated.  

In the above works, the deposit layer evolving over time is 

usually assumed having no effect on flow fields. For example, 

the deposit layers dealt with in Ref. [49, 51] were assumed thin, 

in view of the modeling complication of a moving boundary 

problem. The deposit layers were treated as a thermal 

insulation layer which only altered the overall heat transfer 

coefficient between the fluid and the pipe wall, no effect on 

the flow field is considered [42, 47]. Although pressure drop 

was correlated to the thickness of paraffin deposits, velocity 

fields were considered stationary during the operation of a well, 

i.e. not affected by the presence of a growing deposit layer [46]. 

Only in the work of [54] is the effect of deposit thickness 

considered to affect the two-phase fluid flow. Particle 

Deposition results in the evolution of a deposit layer. The 

growing evolving deposit layer does reduce flow area, leading 

to the changes in both velocity and pressure fields, i.e. 

affecting the fluid flow (Fluid Transport). This in turn changes 

the particle distribution (driven by convection and diffusion), 

i.e. Particle Transport, and eventually modifies the deposition 

process itself. Therefore, these processes are actually fully-

coupled. The importance of fully-coupling these processes is 

highlighted in by Huang at al. [49]. To the best knowledge of 

the authors, the fully-coupled nature has not been addressed 

conclusively in the existing works as so far. In this regard, this 

study presents a general approach to model deposition in two-

phase flow with Fluid Transport, Particle Transport and 

Particle Deposition fully-coupled.  

The remainder of the article is divided into six sections. The 

problem description is first presented in Section 2. The 

mathematical formulation is given in Section 3. The solution 

procedure is then outlined in Section 4. In Section 5, the model 

is verified, validated and employed to investigate particle 

deposition in various pipes. Finally, the present article 

concludes with a few remarks in Section 6. 

 

 

2. PROBLEM DESCRIPTION 
 

 
 

Figure 1. Deposition in a two-phase flow in a vertical pipe 
 

Figure 1 shows three circular vertical pipes with each 

containing three phases, i.e. two immiscible fluids (fluid 1 and 
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fluid 2) and solid particles. The corresponding two-phase flow 

patterns are bubbly, transitional and annular. The particles are 

carried by fluid 1 only. These particles deposit gradually onto 

the wall forming a deposit layer attached to the pipe wall. Over 

time, the deposit layer becomes thicker and reduces the flow 

area. The fluid velocity and pressure fields then vary 

correspondingly, potentially changing the two-phase flow 

pattern. During deposition, particles are consumed, i.e. 

converted into deposit, the particle concentration in fluid 1 

decreases. 

 

 

3. MATHEMATICAL FORMULATION  

 

The following assumptions are made: 

(a) One-dimensional flow. 

In many engineering applications, the ratio of pipe length to 

diameter L/d is exceedingly large. Pipes with length of tens of 

meters but diameter of a few centimeters are commonly 

encountered, i.e. L/d is in the order of 102. In the oil and gas 

industry, for a wellbore of length in terms of km but diameter 

in terms of cm, L/d easily reaches a ratio in the order of 105 

[55]. For two-phase flow with the additional physics of 

particle deposition (with interface tracking/capturing for the 

fluid-fluid interface and fluid-deposit front), a fully three-

dimensional or even an axisymmetric model is computation 

very expansive. Hence, it is not sought here. In the current 

article, we propose to employ a one-dimensional model for 

these types of problems with a more practically affordable 

numerical solution and yet provide sufficient realistic solution 

in guiding operational decision to be made. 

(b) Common pressure for the two fluids. 

In two-phase separate flow model [56, 57], the pressure is 

assumed common for the two fluids. As this model is used here 

in this study, the same assumption is made. 

(c) Dilute particle concentration, i.e. particles do not interact 

with each other. 

For many engineering applications, the concentration of 

depositing particle is very low. For example, asphaltene 

deposition issues in wellbore/pipelines plaguing the oil and 

gas industries, the flowing oil has an asphaltnene particle 

concentration in the order of less than 1% volume fraction [41, 

58, 59]. Although the volume fraction is small, the deposit 

forms over time can substantially block the flow area of 

wellbore/pipelines. 

(d) Rigid and immobile deposit. 

Deposit once formed, generally attached well to surfaces 

and often ages (becomes compacted and hardened, i.e. more 

rigid) over time. Of course, the deposit can no longer flow. 

Hence, in the current model, the deposit assumes rigid and 

immobile. 

(e) Negligible particle diffusion along the pipe (compared 

to convection). 

For problems of interest here with a large L/d, the Peclet 

number is large, i.e. diffusion transport of particles along the 

pipe is much smaller than convection transport along the pipe. 

Therefore, it is assumed to have negligible diffusion transport 

of particles. 

There are three modules with each describing different 

physics of the model: Fluid Transport for prediction of 

velocity and pressure, Particle Transport for prediction of 

particle distribution and Particle Deposition for modeling the 

actual particle attachment onto the wall. These modules are 

presented next. 

3.1 Fluid transport 

 

For the particles, fluid 1 and fluid 2, the mass conservation 

equations are given respectively as: 

 

 (1) 

 

 (2) 

 

 (3) 

 

where, α, ρ and u are respectively volume fraction, density and 

velocity. The subscripts d, 1 and 2 represent respectively 

quantities associated with deposit, fluid 1 and fluid 2. Note that 

αd, α1 and α2 satisfy 

 

 (4) 

 

where, �̇�𝑑  is the volumetric particle deposition rate 

representing the amount of particles attached (deposited) onto 

the fluid-deposit interface. Eqns. (1), (2) and (3) can be 

combined into: 

 

 (5) 

 

For fluid 1 and fluid 2, the momentum conservation 

equations can be respectively expressed mathematically as: 

 

 (6) 

 

 (7) 

 

where, p and g are respectively pressure and gravitational 

acceleration. The interfacial forces: Fw1, Fw2 and F12 are 

respectively between the wall and fluid 1, the wall and fluid 2 

and between two fluids. Interfacial forces depend on flow 

patterns. The flow is demarcated into three flow patterns: 

bubbly, transitional and annular flow. These interfacial forces, 

calculated using the approaches of [57, 60, 61], are presented 

in the Appendix.  

 

3.2 Particle transport 

 

Driven by flow and in the presence of deposition, the 

particle distribution in the pipe changes with time. The particle 

concentration C in the pipe is governed by species 

conservation equation as: 
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 (8) 

 

3.3 Particle deposition 

 

Particle deposition is the actual attachment of particles onto 

solid surface. By assuming an -th order deposition reaction 

[41], the deposition rate can be determined as: 

 

 (9) 

 

with k as the deposition rate constant. The deposition reaction 

order is currently set to m=1. Higher order deposition reaction 

order can be employed as well. 

 

 

4. SOLUTION PROCEDURE 

 

Eqns. (1), (2), (3), (6), (7) and (8) are reformulated in a 

general transient-convection equation, expressed as: 

 

 (10) 

 

where, ϕ is the variable of interest, i.e. αd (Eq. 1), α1 (Eq. 2), 

α2 (Eq. 3), u1 (Eq. 6), u2 (Eq. 7) and C (Eq. 8). In Eq. (10), , 

u and  are respectively the appropriate ‘density’, 

appropriate velocity and source term.  

A finite volume method [62] is employed to solve this 

general transient-convection equation. As illustrated in Figure 

2, the pipe is discretized into N non-overlapping control 

volumes (CVs). The -CV (hatched) spans from the CV 

surface at W to P. Both scalar (αd, α1, α2, p and C) and vectorial 

(u1 and u2) variables are stored at the surface of the CVs, e.g. 

at W, P, E, etc. Eq. (9) is integrated over the -CV using a 

fully implicit time integration scheme as: 

 

 (11) 

 

 (12) 

 

The value at P is assumed to prevail over the P-CV. The 

superscript n and n+1 refers to quantities associated with time 

t and . Dropping these indices for time, and instead 

employ the superscript o for quantities associated with time t, 

upon rearrangement, Eq. (12) becomes: 

 

 (13a) 

 

 (13b) 

 

 (13c) 

 

 (13d) 

Note that the variables need to be solved, i.e.  at node P 

at time t+△t, are only related to known values at node P at 

time t ( ) and at the upstream node W at time t+△t ( ). 

Therefore, using a marching procedure in the direction of time 

and from upstream to downstream, the solutions at time t+△t 

can then be easily obtained. To couple the velocities and 

pressure, two-phase SIMPLER algorithm [63] with 

reformation to consider the changing flow area due to 

deposition is employed. The overall solution algorithm is 

summarized below. For detailed solution procedure, please 

refer to [64].  

(1) Specify the inlet values at i=1 and the initial conditions 

at t=0. 

(2) Advance time step from t to . 

(3) Solve Eqns. (5) to (7) for u1, u2 and p using two-phase 

SIMPLER algorithm [63]. 

(4) Solve Eq. (1) for αd. 

(5) Solve Eq. (2) for α1. 

(6) Solve Eq. (4) for α2. 

(7) Solve Eq. (8) for C. 

(8) Iterate steps (3) to (7) until the solution converges. 

(9) Iterate steps (2) to (8) for all subsequent time steps. 

 

 
 

Figure 2. Discretized computational domain 

 

 

5. RESULTS AND DISCUSSIONS  

 

5.1 Verification: Single-phase "bubbly" flow with 

deposition 

 

A single-phase "bubbly" flow in a vertical pipe of L=10m is 

first considered for verification purpose. The continuous fluid 

1 contains particles. There is no particle in the dispersed fluid 

2, i.e. bubbles. Initially, there is not deposit in the pipe. The 

following initial conditions apply along the entire pipe, i.e. 

. 

 

, , , m/s (14) 

 

The inlet conditions remain constant as time progresses. 

The particles in the dispersed fluid 1 deposit on the wall with 

a hypothetical prescribed deposition rate of 

 

 (15) 

 

The properties of both fluids are identical, i.e. 

ρ1=ρ2=820kg/m3, μ1=μ2=3.95×10-3Pa·s and ρd=820kg/m3. As 

there is actually one fluid physically present, no interfacial 

force between fluids acts, i.e. F12=0. As such, this special 

"bubbly" flow is actually a single-phase flow with deposition 

with the following analytical solution: 
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 (16b) 

 

 (16c) 

 

where, α is the fluid volume fraction and u is the fluid mean 

velocity, respectively defined as: 

 

 (16d) 

 (16e) 

 

This analytical solution can be used to verify the 

implemented model. By setting F12=0, the current model 

reduces to the limiting case of a single-phase flow with 

deposition. Figure 3 shows the mesh independent solution 

from a mesh of 50CVs with s. The prediction 

is compared to that of the analytical solution (Eq. 16). Good 

agreement is attained, verifying the implemented model 

partially (as some features of the model are switched off in this 

computation). 

 

 
(a) fluid volume fraction                                     (b) velocity                                     (c) pressure 

 

Figure 3. Prediction for single-phase "bubbly" flow with deposition 

 

5.2 Validation: Two-phase water-kerosene bubbly flow 

 

In this section, two-phase water-kerosene flows are 

investigated to validate the developed model by comparing the 

predictions against the available experimental data of 

Suguimoto and Mazza [65]. Herein, two different cases are 

considered: (1) kerosene drops dispersed in water (i.e. bubbly 

flow), and (2) water drops dispersed in kerosene (i.e. elongated 

drops flow). The water density and viscosity are respectively 

998 kg/m3 and 1 mPa·s. For kerosene, the density and 

viscosity are respectively 793kg/m3 and 1.1 mPa·s. Surface 

tension between water and kerosene is 48mN/m. There is no 

particle in the flow (C=0) and hence no particle deposition 

occurs (�̇�𝑑=0). The numerical mesh-independent solutions of 

frictional pressure drop for the two cases are plotted 

respectively in Figures (4a) and (4b) for various water-

kerosene input ratio (J1/J2), with experimental data 

superimposed. The predictions by the model are in good 

agreement with experimental data, validating the current 

model for two-phase flow prediction.  

 

 
(a) kerosene drops dispersed in water  

 
(b) water drops dispersed in kerosene  

 

Figure 4. Frictional pressure drop for two-phase bubbly flow 

 

 
 

Figure 5. Frictional pressure drop for two-phase annular flow 

 

5.3 Validation: Two-phase water-crude oil annular flow 

 

The present model is further validated for a two-phase flow 

a different flow pattern. The prediction for a water-crude oil 

annular flow from the current model is compared against the 

experimental data measured of Rodriguez et al. [66]. The 

water density and viscosity are respectively 997 kg/m3 and 
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0.89 mPa·s. For kerosene, the density and viscosity are 

respectively 925kg/m3 and 500 mPa·s. Surface tension 

between water and kerosene is 26.3mN/m. Note that slightly 

different water properties are used in this validation exercise 

in order to be consistent with the experimental data. For the 

limiting case of two-phase flow without deposition, �̇�𝑑  =0 

and C=0 are set in the present model. The mesh-independent 

solutions for the frictional pressure drop are shown in Figure 

5. Generally, the trend for the pressure drop is captured. The 

predicted pressure drop agrees increasingly well with the 

experimental data for higher oil superficial velocity. It is noted 

that the uncertainties in the experimental measurement for the 

pressure drop are approximately ±25% under the minimum oil 

superficial velocity and ±6% under the maximum oil 

superficial velocity. This exercise validates the model for 

prediction of two-phase annular flow.  

 

   
 (a) deposit layer thickness (b) water volume fraction (c) kerosene volume fraction 

   
 (d) pressure (e) water velocity (f) kerosene velocity 

   
 (g) superficial concentration (h) water superficial velocity (i) kerosene superficial velocity 

 

Figure 6. Bubbly flow with deposition 

 

5.4 Deposition in two-phase flow in pipe of constant 

cross section 

 

Deposition in two-phase flow in pipe of constant cross 

section is now investigated. Three different two-phase flows 

are considered: bubbly, transitional and annular flow. Figure 

1a presents a two-phase bubbly flow with water as the 

continuous fluid 1 along with kerosene as the dispersed fluid 

2 in a vertical pipe of inner diameter 0.02m and a length of 

2.5m. Initially, the pipe is clean (αd=0) with steady-state fully-

developed bubbly flow of α1=0.9186, α2=0.0814, 

u1=0.4626m/s and u2=0.9218m/s (correspond to superficial 

velocities of α1u1=0.425m/s and α2u2=0.075m/s, and 

α1u1+α2u2=0.50m/s). These initial conditions are consistent 

with the governing equations of Eqns. (1) to (9). At time t=0+, 

water carries particles into the pipe at the inlet with a 

concentration of C=50kg/m3 (corresponds to superficial 

concentration of α1C=45.93kg/m3). The pipe section of x≤05m 

is treated with anti-deposition coating, i.e. particles do not 

deposit in this section. The particles deposit on the pipe wall 

for x>0.5m forming a deposit layer. With this, the particle 

deposition rate constant k is set to: 

 

 (17) 
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Figure 6 shows the results at , 20, 40, 60, 80, and 100s. 

In Figure 6, the time t=0, 20, 40, 60, 80 and 100s is stated in 

the first plot (Figure 6a). For all plots of Figure 6, the curve for 

t=0 is labeled and curves for increasing time t are given in the 

direction of the arrow. This approach of plotting will be 

employed for all remaining figures to avoid overcrowding the 

figures with labels. Plotted in Figure 6a is the deposit thickness 

along the pipe. Solution from a mesh of 200CVs with 𝛥𝑡 =
5 × 10−3 s is considered mesh independent. There is no 

deposit for x<0.5m due to Eq. (17). Deposit only forms 

downstream. 

 

   
 (a) deposit layer thickness (b) water volume fraction (c) kerosene volume fraction 

   
 (d) pressure (e) water velocity (f) kerosene velocity 

   
 (g) superficial concentration (h) water superficial velocity (i) kerosene superficial velocity 

 

Figure 7. Transitional flow with deposition 

 

Eqns. (8) and (9) infer that the actual amount of deposit 

formation rate is proportional to α1C, i.e. the superficial 

particle concentration plotted in Figure 6g. Note that 

additional plots at t=2 and 4s are included as dashed lines. 

Deposition occurs only after t=1.08s when particles carried by 

water actually reach x=0.5m. For t at least up to 40s, the 

superficial particle concentration is highest at x=0.5m, i.e. 

inducing the highest particle deposition rate and therefore 

forming the thickest deposit layer. With particles continuously 

consumed in the deposition process, there are less particles 

flowing downstream. As a result, the superficial particle 

concentration reduces along the pipe and so does the particle 

deposition rate. Therefore, the deposit layer is thinner along 

the pipe. In addition, over time, the deposit layer grows and 

the pressure drop along the pipe increases (Figure 6d). After 

t>40s, particle concentration downstream can be higher than 

that of the upstream as the amount of particles replenished by 

those from the upstream is more than that deposited. 

As deposit forms, the deposit volume fraction increases 

along the pipe and over time (reflected by  in Figure 6a). As 

constrained by Eq. (4), both water and kerosene volume 

fractions decrease (Figure 6b and 6c). Accordingly, the 

available flow area (α1+α2) decreases. Thus, along the pipe, a 

sharp increase appears in the water and kerosene velocities 

immediately downstream of x>0.5m and followed by a gradual 

decrease downstream where the deposit layer becomes thinner 

(Figure 6e and 6f). 

The actual flowrate is more appropriately reflected by the 

superficial velocity (Figure 6h and 6i). Near the inlet where 

there is no deposit, the superficial velocity for both water and 

kerosene remains constant. Deposit formation affects minutely 

the superficial velocity over time and along the pipe. 

0=t

x (m)


(m

m
)

0 0.5 1 1.5 2 2.5

0

1

2

3

4

5

6

200CVs, t=5.0E-3s
400CVs, t=2.5E-3s

= 0s, 30s, 60s, 90s, 120s, 150s

= 0

increasest

t

t

x (m)


1

0 0.5 1 1.5 2 2.5
0.1

0.2

0.3

0.4

0.5

0.6

t increases

t = 0

x (m)


2

0 0.5 1 1.5 2 2.5

0.1

0.15

0.2

0.25

0.3

0.35

0.4

t increases

= 0t

x (m)

p
(P

a
)

0 0.5 1 1.5 2 2.5
-45000

-40000

-35000

-30000

-25000

-20000

-15000

-10000

-5000

0

t increases

x (m)

u
1
(m

/s
)

0 0.5 1 1.5 2 2.5

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

2.2

t increases

= 0t

x (m)

u
2
(m

/s
)

0 0.5 1 1.5 2 2.5
0.5

1

1.5

2

2.5

t increases

t = 0

x (m)


1
C

(k
g
/m

3
)

0 0.5 1 1.5 2 2.5

0

5

10

15

20

25

30

t increases

= 0t

= 6st

t = 2s = 4st

x (m)


1
u

1
(m

/s
)

0 0.5 1 1.5 2 2.5

0.2485

0.249

0.2495

0.25

0.2505

0.251

t = 2s

t = 0

t

90s

= 4st

= 6s
150s

120s

30s

60s

x (m)


2
u

2
(m

/s
)

0 0.5 1 1.5 2 2.5

0.25

0.2505

0.251

0.2515

0.252

0.2525

0.253

t increases

= 0t

t = 6s

= 2st

t = 4s



79



 

For transitional flow, with the same pipe configuration, the 

initial conditions are now set to steady-state fully-developed 

flow with α1=0.6052, α2=0.3948, u1=0.4131m/s and 

u2=0.6332m/s (correspond to superficial velocities of 

α1u1=0.25m/s and α2u2=0.25m/s, note that 0.502211 =+ uu 

m/s, i.e. the total volumetric flowrate is maintained). The 

particle concentration at the inlet is maintained as C=50kg/m3 

but the superficial concentration becomes α1C=30.26kg/m3.  

The mesh independent solutions obtained using 200CVs 

with 𝛥𝑡 = 5 × 10−3 s are plotted in Figure 7. The deposit 

profile is similar to that of bubbly flow, and thus so are the 

general trends of α1, α2, u1, u2, p and C. The deposit is thickest 

at x=0.5m, i.e. the same location as that of bubbly flow, then 

progressively thinner downstream. However, at a given time, 

it is thinner than that of bubbly flow (see Figures 6a and 7a for 

example at t=60s) as the amount of particles injected at the 

inlet is now smaller (given a smaller water volume fraction α1) 

and therefore the deposit grows slower. With a thinner deposit 

layer formed at a given time, the pressure drop is of course 

smaller (see comparison between Figures 6d and 7d).  

The initial conditions are now varied such that the flow now 

is of an annular nature (Figure 1c) with fluid 2 (kerosene) 

flowing in the core and a fluid 1 (water) layer flowing attached 

to the wall. Initially, the pipe is clean (αd=0) with steady-state 

fully-developed annular flow of α1=0.1819, α2=0.8181, 

u1=0.2748m/s and u2=0.55m/s (correspond to superficial 

velocities of α1u1=0.05m/s and α2u2=0.45m/s, again the total 

volumetric flowrate is maintained). The particle concentration 

at the inlet is maintained as C=50kg/m3 but the superficial 

concentration becomes α1C=9.095kg/m3. 

With even smaller amount of particles injected at the inlet 

(Figure 8g) compared to that of bubbly flow (Figure 6g), the 

deposit layer now grows even much slower (Figure 8a). 

It requires a much longer time to achieve a deposit layer of 

similar thickness. For example, to attain a maximum deposit 

thickness of around mm (at x=0.5m), it requires 80s for 

bubbly flow (Figure 6a) and 500s for annular flow (Figure 8a). 

With this deposit layer thickness, the pressure drop incurred in 

annular flow (Figure 8d) is lower than that of bubbly flow 

(Figure 6d). For annular flow, there is not direct interaction 

between the more viscous kerosene and the deposit surface. 

Only the less viscous water is in contact with the deposit 

surface giving a smaller frictional pressure drop. Besides, 

there are more less dense kerosene than the denser water in the 

pipe in annular flow, resulting in a smaller gravitational 

pressure drop. Both of these lead to a smaller total pressure 

drop. 

 

   
 (a) deposit layer thickness (b) water volume fraction (c) kerosene volume fraction 

   
 (d) pressure (e) water velocity (f) kerosene velocity 

   
 (g) superficial concentration (h) water superficial velocity (i) kerosene superficial velocity 

Figure 8. Annular flow with deposition 
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 (a) deposit layer thickness (b) water volume fraction (c) kerosene volume fraction 

   
 (d) pressure (e) water velocity (f) kerosene velocity 

   
 (g) superficial concentration (h) water superficial velocity (i) kerosene superficial velocity 
 

Figure 9. Deposition in a converging pipe 

 

5.5 Deposition in two-phase flow in pipes of varying 

cross section 

 

In this section, the model is applied for deposition in two-

phase flow in pipes of varying cross section. The first scenario 

considered is a converging pipe with diameter varies linearly 

along the pipe according to: 

 

 (18) 

 

where, the maximum and minimum diameters are respectively 

set to Dmax=20×10-3m and Dmin=15×10-3m. This pipe geometry 

is conveniently achieved in the present model by assuming that 

the pipe has already have a pseudo "initial deposit layer" 

varying along the pipe formed as: 
 

 (19) 

 

The steady-state solution for the pipe with pseudo "initial 

deposit layer" of Eq. (19) (with emphasis that the deposit is 

not growing by temporarily setting k=0 for , i.e. 

physically, the pipe is "clean") with the inlet conditions of the 

above bubbly flow enforced (α1=0.9186, α2=0.0814, 

u1=0.4626m/s and u2=0.9218m/s) is first obtained, i.e. plots for 

t=0s in Figure 9. The pseudo "initial deposit layer" mimicking 

the desired converging pipe geometry is obvious in Figure 9a. 

Because of the converging nature of the pipe, this steady-state 

solution has both water and kerosene velocities increase along 

the pipe, but with both volume fractions of water and kerosene 

decrease along the pipe for continuity to be maintained, i.e. 

constant flowrate for water and kerosene at a given axial 

location. This steady-state solution is then used as the initial 

condition for the actual study of deposition in two-phase 

bubbly flow in a converging pipe. 

Plotted in Figure 9 is the mesh independent solution. Note 

that the actual deposit thickness formed is given by 𝛿 − 𝛿|𝑡=0. 

The deposit thickness growth over time is very similar to that 

of a bubbly flow in pipe of constant cross section (comparison 

with Figure 6a), e.g. similar deposit thickness formed from 80s 

to 100s along the pipe for the two scenarios. Do note that 

because of the circularity of the pipe cross section, a larger 

amount of deposit is actually formed for the scenario of pipe 

of constant cross section, even though the actual deposit 
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thickness at a given axial location is comparable. For the 

converging pipe, because the flow area is now smaller (𝛼1 +
𝛼2), the pressure drop incurred becomes significantly larger 

initially and for all time (Figures 6d and 9d). For the 

converging pipe, as the deposit grows over time,  becomes 

increasing constant downstream of x=0.5m (flattening of  

downstream in Figure 9a) because of the pseudo "initial 

deposit layer". As a result, the flow area becomes more 

constant downstream of x=0.5m, incurring a particularly 

constant pressure gradient at t=100s in stark contrast to that in 

pipes of constant cross section where pressure gradient 

decreases gradually downstream of x=0.5m (Figure 6d). 

The superficial particle concentration upstream of x=0.5m 

is interesting. For a pipe of constant cross section, it is constant 

both spatially and temporally (Figure 6g). However, for a 

converging pipe, although remains temporally unchanged, 

decreases spatially along the pipe prior to x=0.5m (Figure 9g). 

This is because in the converging pipe, water flows faster 

downstream and therefore can transport the same amount of 

particles with a lower superficial concentration. In the early 

stage of deposition, the superficial concentration decreases 

along the pipe. With more particles available upstream, the 

deposit growth is faster upstream and therefore consuming 

more particles. Over time, the superficial concentration then 

decreases faster upstream. Eventually, the superficial 

concentration becomes almost constant along the pipe 

downstream of x=0.5m, e.g. at 80s and 100s. 

Sinusoidal pipes are now considered. The pipe diameter 

varies sinusoidally along the pipe as: 

 

 (20) 

 

where, for the second scenario: l=L (Figure 10a) and third 

scenario: l=L/4 (Figure 11a). Again the inlet conditions of the 

above bubbly flow (α1=0.9186, α2=0.0814, u1=0.4626m/s and 

u2=0.9218m/s) are enforced. The initial conditions for these 

scenarios are obtained using the same approach as in the above 

scenario of a converging pipe. 

 

   
 (a) deposit layer thickness (b) water volume fraction (c) kerosene volume fraction 

   
 (d) pressure (e) water velocity (f) kerosene velocity 

   
 (g) superficial concentration (h) water superficial velocity (i) kerosene superficial velocity 

 

Figure 10. Deposition in a sinusoidal pipe with l=L 
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 (a) deposit layer thickness (b) water volume fraction (c) kerosene volume fraction 

   
 (d) pressure (e) water velocity (f) kerosene velocity 

   
 (g) superficial concentration (h) water superficial velocity (i) kerosene superficial velocity 
 

Figure 11. Deposition in a sinusoidal pipe with l=L/4 
 

The solutions are shown respectively in Figure 10 and 11. 

Generally, the pipe geometry affects the deposition process 

closely. For a sinusoidal pipe with l=L, the pipe first converges 

reaching a minimum cross section at x=L/2 then diverges 

downstream to a maximum cross section at x=L. Because of 

the pipe geometry, location of smallest flow area (α1+α2) after 

formation of deposit layer is no longer at x=0.5m where 

deposition starts to occur. It is shifted instead downstream to 

x=L/2. Both water and kerosene velocities first increases prior 

to x=L/2 and then decreases downstream (Figures 10e and 10f) 

with a profile associated very closely to that of the available 

flow area variation (see the plot of  in Figure 10a).  

Pressure gradient is distinctly different in the range of 

,  and . For the range 

of , the pressure gradient does not change with time 

as no deposit is formed there. For the range of , 

even with deposit formed, the flow area decreases along pipe 

resulting in a increasingly larger pressure gradient. However, 

at t=100s the flow area is almost constant along the pipe, 

giving an almost constant pressure gradient. For the range of 

, the flow area increases along the pipe. The 

pressure gradient then becomes smaller than that in the range 

of . 

For sinusoidal pipe with l=L/4 (Figure 11), the pipe 

becomes wavy. Familiar features found in sinusoidal pipe of 

l=L are observed. The flow area varies sinusoidally along the 

pipe (Figure 11a) and generally increasing downstream as 

thinner deposit is formed downstream. This is consistent as 

less particles are transported downstream because of 

deposition. Pressure drop along the pipe responses closely to 

the flow area of distinct wavy features (Figure 11d).  

 

 

6. CONCLUSIONS 

 

A model is developed for particle deposition in two-phase 

flow in vertical pipes. There are three modules with each 

accounting for different physical phenomenon in this model: 

Fluid Transport, Particle Transport and Particle Deposition, 

each tightly coupled to the others. A limiting case with 

analytical solutions and two experimental works are employed 

to respectively verify and validate the capability of the model. 

The model is then demonstrated for deposition in two-phase 

flow in pipe of constant cross section. The model is also shown 

to be easily adaptable to pipe of varying cross section. The 

results demonstrate the importance of fully-coupling the three 
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modules.  

In the current model, particles are carried into the pipe at the 

inlet. Comparatively, particle concentration is higher upstream. 

For pipes of constant cross section, the deposit layer grows 

very fast upstream and it is thickest at the axial location where 

deposition starts to occur. This is also observed in two-

dimensional modeling, although the location is slightly 

downstream of where deposition starts to occur as particles 

needs to transported to the wall while simultaneously travel 

over finite axial distance downstream.  

In addition to be carried into the pipe at the inlet, particles 

can actually be generated thermodynamically (or chemically) 

within the pipe. Then, in addition to the above three modules, 

a module modeling thermodynamics (or chemistry) of the 

particle generation process is required. An additional source 

term to account for particle generation is then added to Particle 

Transport governing equation, i.e. Eq. (8). Under this 

condition, location of thickest deposit layer is generally not the 

axial location where deposition starts to occur. 
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NOMENCLATURE 

 

 cross-sectional area, m2 

 interfacial area concentrations, m-2 

 particle concentration, kg/m3 

 virtual mass coefficient, - 

 interfacial friction factor, - 

 drag coefficient for a single bubble, - 

 pipe diameter, m 

 bubble diameter, m 

 bubble maximum diameter, m 

 hydraulic diameter, m 

 wall shear forces, N 

 interfacial drag force, N 

 friction coefficient, - 

 superficial velocity, m/s 
 gravitational acceleration, m/s2 

 deposition rate constant, s-1 

 deposition generation rate, kg/(m3∙s) 

 reaction order for deposition, - 
 pressure, Pa 

 Reynolds number, - 

 bubble Reynolds number, - 

 wetted diameter, m 

 source term, - 

 time, s 
 fluid velocity, m/s 

 velocity vector, - 

 volume, m3 
 axial location along the flow direction, m 

 

Greek symbols 

 

 volume fraction, m3/m3 

 relative volume fraction, m3/m3 

 deposit thickness, mm 
 dynamic viscosity, Pa∙s 
 density, kg/m3 

 appropriate ‘density’, - 

 shear stress, N/m2 
 surface tension, N/m 
 variable of interest, - 

 

Subscripts 

 

A annular flow 

B bubbly flow 

B-T bubbly flow to transitional flow 

A

wka

C

C

FIC

DC

D

BD

max,BD

hD

wkF

12F

wkf

J
g

k

DM

m
p

kRe

BRe

S

S

t

u

u


V

x










~
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d deposit 

i flow cross section 

k fluid 1 or 2 

m mixture 

r relative 

T-A transitional flow to annular flow 

w water 

1 fluid 1 

2 fluid 2 

 

 

APPENDIX: CALCULATION OF INTERFACIAL 

FORCES 

 

Interfacial Forces between the Wall and Fluid k 

The interfacial forces between the wall and fluid k are given 

by [60] as: 

 

 (A-1) 

 

where, the wall shear stress  can be calculated as 

 

 (A-2) 

 

In the above equation, the friction coefficient fwk is 

determined as: 

 

 (A-3) 

 

Both interfacial area concentration  and Reynolds 

numbers  are flow pattern specific. Only three flow 

patterns are considered: bubbly, transitional and annular flows. 

These flow patterns are demarcated using the fluid 2 relative 

volume fraction  as: 

 

 (A-4) 

 

where, 

 

 (A-5) 

 

The relative volume fraction for the transition from bubbly 

to transitional flow is set to . For the transition of 

transitional to annular flow, . Note the subscripts 

,  and  for respectively bubbly, transitional and 

annular flows. 

For bubbly flow, 

 

 (A-6a) 

 

 (A-6b) 

 

where, hydraulic diameter  is given by 

 

 (A-6c) 

 

The flow area A and wetted diameter S are given 

respectively by: 

 

 (A-6d) 

 

 (A-6e) 

 

where, the pipe diameter D. 

For annular flow, the wall shear force Fw2 is negligible [61]. 

For fluid 1: 

 

 (A-7a) 

 

 (A-7b) 

 

where, hydraulic diameters Dh1 is defined by: 

 

 (A-7c) 

 

The flow area A1 and perimeter of fluid 1-wall interface Sw1 

are given respectively by: 

 

 (A-7d) 

 

 (A-7e) 

 

For transitional flow, interfacial area concentrations and 

shear stresses are interpolated respectively as: 

 

 (A-8a) 

 

 (A-8b) 

 

 (A-8c) 

 

Interfacial Drag Force F12 

The interfacial drag force between the two fluids F12 is 

modeled as [57]: 

 

 (A-9) 

 

where, the virtual mass coefficient C' is given by: 
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(A-10) 

The interfacial friction factor CFI for bubbly and annular 

flows is given by: 

(A-11a) 

Note that for bubbly flow, the drag coefficient for a single 

bubble CD is defined as: 

(A-11b) 

with, 

(A-11c) 

(A-11d) 

(A-11e) 

(A-11f) 

(A-11g) 

where, ReB, DB, DB,max, um and  are respectively bubble 

Reynolds number, mean gas bubble diameter, bubble 

maximum diameter, averaged two-phase flow velocity and 

two-phase mixture density.  

For transitional flow, CFI is the interpolated linearly as: 
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