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A numerical analysis was performed to study the influence of a magnetic field in free
convection in a cube full with nanofluid. To solve the equation, we appeal to finite volume
method. The SIMPLEC algorithm is used for pressure-velocity coupling. All walls are
adiabatic, except for the left and right walls that are heated differently. The effects of the
Rayleigh and Hartmann numbers, as well as the volume fraction of nanometric particles
were studied. Results are conveyed in the form of isotherms, streamlines, velocity curves
and Nusselt numbers. It has been shown that as the percentage of nanoparticles increases
and the number of Rayleigh increases, heat transfer improves. Hartman number has
considerable influence on hydrodynamic and thermal field.
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1. INTRODUCTION

the volume fraction, the radiation parameter, the aspect ratio
of the heated elements, and the angle of inclination of these
elements (0°, 45° and 90°). Selimefendigil and Oztop [16]
treated heat transfer by convection of carbon nanotube/water
nanofluids in 3D cavity separated by a conductive partition
and having an internal rotating adiabatic circular cylinder.
They analyzed the influence on the heat transfer of various
parameters, Richardson number, the angular rotation velocity
of the inner cylinder, the thickness and the solid fraction φ.
Atashafrooz [17] studied numerically in 3D, the circulation
of nanofluid in an inclined step. He showed that the
nanoparticle volume fraction acts more on the temperature
distribution than on the velocity distribution, and increases the
coefficient of friction, temperature and Nusselt number.
A three-dimensional simulation of the mesoscopic scale of
natural magnetohydrodynamic convection using the Lattice
Boltzmann method has been examined by Sajjadi et al. [18].
The findings show that increasing the Hartmann number
considerably weakens the heat transfer. In addition, the
influence of the Ha increases with the improvement of the
Grashof number, such as the reduction of the average number
of Nusselt. Zhou et al. [19] Also used the method Boltzmann,
they established a three-dimensional model to analyzing the
flow dynamics and heat transfer of mixed convection of Al2O3
fluid in a three-dimensional cavity in the presence of a
magnetic field. Different parameters were taken into
consideration in this study of the flow of nanofluids and heat
transfer such as Rayleigh, Hartmann and Richardson numbers,
nanoparticle volume fraction. The conclusions show that a low
Ra, the addition of particles to water can improve heat transfer
effect. However, at high Rayleigh numbers, this improvement
in heat transfer may weaken or even reverse. In addition, the
conclusions show that the applied outside magnetic field has
the influence of disappearing the convection state of heat
transfer in the enclosure.
Al-Sayegh [20] has numerically analyzed the free
convection of a carbon nanotube (CNT)-nanofluid within an

Conventional liquids used in free convection, for example
water, ethylene glycol or oil have a limited thermal
conductivity, which led to replacing them with a new fluid
named by physicists, nanofluid. Nanofluids are colloidal
solutions composed of nanoparticles suspended in a base
liquid, invented by Choi and Eastman [1]. Nanofluids have an
important thermal conductivity and show significant progress
in convection [2].
Nanofluids can be used everywhere where large heat flows
must be evacuated: heat exchangers, cooling of electrical and
electronic components, radars, automobile ...
Many researchers are concentrating their research on
nanofluids. Khanafer et al. [3] examined Numerically the free
convection of nanofluids. Their results showed that in any
Grashof number, nanoparticles added to the base fluid
significantly increase the heat transfer rate. Abu-Nada and
Oztop [4] have shown that heat transfer is very crucial with
increasing of nanoparticles. Oztop and Abu-Nada [5] carried
out two dimensions investigation of the free convection of
diverse nanofluids in partially heated enclosure, they showed
that the genre of nanoparticles was a key essential in
improving heat transfer. They obtained the best results using
copper nanoparticles.
Other investigators have investigated several nanofluidfilled geometries [6-8], different thermal boundary conditions,
[9-11], and different internal shapes [12, 13] for improvement
and intensification of heat exchange.
Free convection in 3D cavities fulled of nanofluid has been
addressed by few researchers, such as Ravnik et al. [14]
analyzed free convection in a cube fulled with nanofluids
using the Border Element Method (BEM). El Moutaouakil et
al. [15] was investigates the effect of thermal radiation on
natural convection of various nanofluids in a partially heated
cubical cavity. They studied the effect on the dynamic and
thermal fields as well as the heat transfer of several parameters,
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open trapezoidal enclosure under action of an inclination of
the outside magnetic field by the finite volume method. The
analysis took into account several factors, note the Rayleigh
and Hartmann numbers, the solid fraction, and the angle of
inclination of the magnetic force. It has been found that, for
high values of Ra, the heat transfer rate decreases when
Hartmann number is increased, while this heat transfer rate
improves with increasing volume fraction of the nanoparticles
regardless of the angle of inclination of magnetic field.
A numerical analysis of the natural convection of CNT
nanofluids, based on finite volumes is carried by Al-Rashed et
al. [21], they analyzed the influence of adequate factors, such
as the Rayleigh number, the nanoparticles volume fraction,
angle of inclination of the outer magnetic field and the
Hartman number. They show that heat transfer improves with
the addition of CNT particles and Rayleigh number. When Ha
goes from 50 to 100, magnetic repulsion inhibits heat transfer
by 50%.
The objective of this work is to study the flow of a nanofluid
(Cu / water) passing through a cube subjected to a magnetic
field, as well as to quantify convective exchanges. The effects
of nanofluid, the magnetic field as well as the influence of the
nanoparticle concentration on the thermal performance of the
cavity, are analyzed in this study.

𝜕𝑈 𝜕𝑉 𝜕𝑊
+
+
=0
𝜕𝑋 𝜕𝑌 𝜕𝑍
𝜕𝑈

𝜕𝑈

(1)

𝜕𝑈

𝑈( )+𝑉( )+𝑊( )
𝜕𝑋
𝜕𝑌
𝜕𝑍
𝜇𝑛𝑓 𝜕 2 𝑈 𝜕 2 𝑈 𝜕 2 𝑈
𝜕𝑃
=−
+
(
+
+
)
𝜕𝑋 𝜌𝑛𝑓 𝛼𝑓 𝜕𝑋 2 𝜕𝑌 2 𝜕𝑍 2
𝜕𝑉

𝜕𝑉

(2)

𝜕𝑉

𝑈( )+𝑉( )+𝑊( )
𝜕𝑋
𝜕𝑌
𝜕𝑍
𝜇𝑛𝑓 𝜕 2 𝑉 𝜕 2 𝑉 𝜕 2 𝑉
𝜕𝑃
=−
+
(
+
+
) − 𝐻𝑎2 𝑃𝑟𝑉
𝜕𝑌 𝜌𝑛𝑓 𝛼𝑓 𝜕𝑋 2 𝜕𝑌 2 𝜕𝑍 2
𝑈(

𝜕𝑊

𝜕𝑊

(3)

𝜕𝑊

)+𝑉( )+𝑊( )
𝜕𝑌
𝜕𝑍
𝜇𝑛𝑓 𝜕 2 𝑊 𝜕 2 𝑊 𝜕 2 𝑊
𝜕𝑃
=−
+
(
+
+
)
𝜕𝑍 𝜌𝑛𝑓 𝛼𝑓 𝜕𝑋 2
𝜕𝑌 2
𝜕𝑍 2
𝜕𝑋

+

𝑈(

(𝜌𝛽)𝑛𝑓
𝜌𝑛𝑓 𝛽𝑓

(4)

𝑅𝑎 𝑃𝑟 𝜃 −𝐻𝑎2 𝑃𝑟𝑊

𝜕𝜃
𝜕𝜃
𝜕𝜃
)+𝑉( )+𝑊( )
𝜕𝑋
𝜕𝑌
𝜕𝑍
𝛼𝑛𝑓 𝜕 2 𝜃 𝜕 2 𝜃 𝜕 2 𝜃
=
(
+
+
)
𝛼𝑓 𝜕𝑋 2 𝜕𝑌 2 𝜕𝑍 2

(5)

The dimensionless parameters of the previous equations are:
2. MATHEMATICAL MODELLING
𝑋=

The study geometry (Figure 1) is a three-dimensional
enclosure which is full with and Copper nanoparticles with
Pr=6.2 and heated differently (Th > Tc). The other walls are
assumed adiabatic. It is subjected to the influence of a constant
and uniform outer magnetic field in the horizontal direction.
For the modeling of the physical problem described in
Figure 1, we will adopt the following simplifying hypotheses:
the flow is laminar, and the fluid is incompressible and
Newtonian. Apart from the density that evolves according to
the Boussinesq approximation of Bejan [22], all
thermophysical properties (at 300 K) listed in Table 1, are
considered constant.
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Table 2. Thermophysical properties of a nanofluid
Properties
Density

Nanofluid [23]
𝜌𝑛𝑓 = (1 − 𝜑𝑝 )𝜌𝑓 + 𝜑𝜌𝑝
(𝜌𝑐𝑝 )𝑛𝑓 = (1 − 𝜑𝑝 )(𝜌𝑐𝑝 )𝑓 + 𝜑(𝜌𝑐𝑝 )𝑝

Viscosity
Thermal conductivity

Figure 1. Cavity geometry

Thermal diffusivity

Table 1. Thermophysical properties of nanofluid with
T=300K [5]
Water
4179
997.1
0.613
2.761×10-4
1.47×10-7
0.05

𝜈𝑓
𝛼𝑓

𝑣𝐻

Table 2 shows the thermophysical properties of nanofluid
(water-Cu).

Heat capacity
Thermal expansion
coefficient

Thermophysical properties
cp (J kg-1 K-1)
ρ (kg m-3)
k (W m-1K-1)
β (K−1)
α (m2 s-1)
σ(μs/cm)

,𝜃=

,𝑉=

Electrical conductivity

(𝜌β)𝑛𝑓 = (1 − 𝜑𝑝 )(𝜌β)𝑓 + 𝜑(𝜌β)𝑝
𝜇𝑓
𝜇𝑛𝑓 =
2.5
(1 − 𝜑𝑝 )
𝑘𝑛𝑓 𝑘𝑝 + 2𝑘𝑓 − 2𝜑𝑝 (𝑘𝑓 − 𝑘𝑝 )
=
𝑘𝑓
𝑘𝑝 + 2𝑘𝑓 + 𝜑𝑝 (𝑘𝑓 − 𝑘𝑝 )
𝑘𝑛𝑓
𝛼𝑛𝑓 =
(𝜌𝑐𝑝 )𝑛𝑓
𝜎𝑛𝑓 = (1 − 𝜑𝑝 )𝜎𝑓 + 𝜑𝜎𝑝

The Eqns. (1)-(5) obtained are solved with the following
boundary conditions:

Cu
385
8933
401
1.67×10-5
5.96×107

𝑈=𝑉=𝑊=0

Our system of equations, in steady state, of conservation of
mass, conservation of momentum and energy that governs the
configuration studied in its dimensionless form is given by:

(8)

𝜃 = 0.5

with 𝑋 = 0

(9)

𝜃 = −0.5

with 𝑋 = 1

(10)

for the others

(11)

𝜕𝜃 ⁄𝜕𝑛 = 0
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on all the walls

where, n denotes to the normal direction to wall.
The calculation of the average Nusselt number of is based
on the following relation:
1 1

𝑁𝑢𝑎𝑣𝑔 = ∫ ∫ −
0 0

𝑘𝑛𝑓 𝜕𝜃
( )
𝑑𝑍𝑑𝑌
𝑘𝑓 𝜕𝑋 𝑋=0

The second test is still free convection in a threedimensional cavity but with a Cu-water nanofluid. Our results
are compared with those of Ravnik et al. [14] Figure 2 shows
that there is a very good agreement between the average
number of Nusselt obtained by this simulation and that
obtained by Ravnik et al. [14].

(12)

4. RESULTS
3. NUMERICAL METHODE

A numerical study was carried by a finite volume method to
study the free convection heat transfer and the fluid flow in a
cubic cavity exposed to a magnetic field along the x axis, using
Cu-water nanofluid. Isotherms, streamlines, velocity profile
and variation of average Nusselt number are exposed for
different values of Ra (103...107, Ha (0…200), and φ (0…0.05).
Figures 3 and 4 show effect of magnetic field on
temperature distribution and fluid flow in cubic enclosure for
two values of Ra, φ and Ha.
At Ra=105, as shown in Figure 3, the circulating ﬂows
entrained by the buoyancy force in the enclosure are horizontal.
Hartman number increases the cells are elongated vertically
and tighten upper streamlines. When the Ra is increased from
105 to 107, the strength of the circulating flows also increases,
and decreases when the Ha increases from 0 to 200. It should
be noted that for a high Ha, the velocity field is suppressed
considerably and the conduction is dominant. As Rayleigh
number increases Ra=107, as shown in Figure 3, the
convection-dominated regime is strengthened, and still
remains despite the Hartman number increase. Due to the
delaying influence of the Lorenz force generated by the
magnetic field imposed on the enclosure, the intensity of the
convection force has decreased considerably. The maximum
stream function values indicate the reverse effect of the
magnetic field.
In Figure 4, at a Rayleigh number 10 5, for low value of
Hartmann number, convection is still dominant, but as Ha
increases, the horizontal isotherms transformed parallel and
get more and more to the conduction distribution model. For
Ra=107, buoyancy force becomes greater and velocity
increases, the isotherms also deform since we are in the
convection mode which increases the velocity of the flow. We
clearly see in Figure 4 that for Rayleigh number 10 7, the
convection regime remains dominant even for a high
Hartmann number.
The results of the pure fluid (water, φ=0) are also presented
in the same Figures 3 and 4 to make comparisons and highlight
the effect of the addition of nanoparticles on the dynamic and
thermal field. From the values of the current function shown
in Figure 3, the flow of pure fluid is stronger than that of
nanofluid in the presence of the magnetic field (Ha>0) while
in the absence of the magnetic field (Ha=0), the trend is
reversed and the flow of the nanofluid is more intense than that
of the pure fluid. This behavior is due to viscosity and
Archimedes' strength which depends on density, and both of
these factors are important for nanofluids.
Figure 5 shows velocity distribution U at Y=X=0.5 and φ=5%
for Ra=105 and Ra=107 as function of Z for two values of Ha.
We see the significant decrease in velocity due to the Lorenz
force effect when the Hartmann number increases. Whatever
value of Ha, the velocity increases from zero near the side wall
to a maximum value located in the viscous undercoat. In the
heart of the cube, the velocity profile becomes more and more
linear for high Hartmann number. The influence of the
magnetic field is weaker for Ra=105 than Ra=107.

We use the finite volume method to discretize the equations
of the mathematical model. The obtained equations are solved
by the usual iterative method TDMA [24]. The iterative
process takes into account the pressure correction by
implementing the SIMPLEC algorithm [25], and reaches
convergence when the variation of the dependent variables (U,
V, W, P or θ) is no longer significant. A test for stopping the
iterative process at convergence is established at each stretch
according to the following criterion:
𝑖𝑚𝑎𝑥,𝑗𝑚𝑎𝑥,𝑘𝑚𝑎𝑥

∑
𝑖,𝑗,𝑘=1

𝑛
|∅𝑛+1
𝑖,𝑗,𝑘 − ∅𝑖,𝑗,𝑘 |

|∅𝑛𝑖,𝑗,𝑘 |

≤ 10−4

(13)

where, ∅ is one of the field variables (U, V, W, T, P) and i, j
and k the grid positions. n represents the time step number.
To verify the numerical program, the results obtained are
compared with the results already available in the literature.
First comparison is a three-dimensional numerical simulation
of free convection of air and water (Pr = 0.71) at Rayleigh
number values ranging from 10 3 to 106. Table 3 shows
comparisons between our results and those of literature. After
consultation, we see that our numerical results are in good
coherence with those of reference.
Table 3. Comparison our Nusselt number values with [14]
Ra
103
104
105
106

Air
Ravnik et al.
[14]
1,071
2,0564
4,3432
8,6792

Present
1,0607
2,0464
4,2979
8,6461

Water
Ravnik et al.
Present
[14]
1,071
1.0639
2,078
2.0583
4,51
4.5237
9,032
9.3897

Figure 2. Test of our results of average Nusselt number of
with results of Ravnik et al. [14] for Cu-water nanofluid
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Ha = 0

Ha = 50

Ha = 100

Ha = 200

|𝜓|𝑚𝑎𝑥 = 12

|𝜓|𝑚𝑎𝑥 = 3.4

|𝜓|𝑚𝑎𝑥 = 1.1

|𝜓|𝑚𝑎𝑥 = 0.28

|𝜓|𝑚𝑎𝑥 = 13

|𝜓|𝑚𝑎𝑥 = 2.8

|𝜓|𝑚𝑎𝑥 = 0.85

|𝜓|𝑚𝑎𝑥 = 0.2

|𝜓|𝑚𝑎𝑥 = 22

|𝜓|𝑚𝑎𝑥 = 45

|𝜓|𝑚𝑎𝑥 = 28

|𝜓|𝑚𝑎𝑥 = 14

|𝜓|𝑚𝑎𝑥 = 40

|𝜓|𝑚𝑎𝑥 = 40

|𝜓|𝑚𝑎𝑥 = 24

|𝜓|𝑚𝑎𝑥 = 12

Ra = 105
φ=0

Ra = 105
φ = 0.05

Ra = 107
φ=0

Ra = 107
φ = 0.05

Figure 3. Streamlines for different values of Ra, Ha and φ
Ha = 0

Ha = 50

Ha = 100

Ra = 105
φ=0

Ra = 105
φ = 0.05

Ra = 107
φ=0

Ra = 107
φ = 0.05

Figure 4. Isothermal lines for different values of Ra, Ha and φ
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Figure 5. Variation of velocity U at Y = X = 0.5 and φ = 5% with Hartmann number for (a) Ra = 105, (b) Ra =107
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Figure 6. Variation of velocity U at X = Y = 0.5 as a function of φ at different Ra and Ha

Ha = 0

Ha = 50

Ha = 100

Ha = 200

relatively large Hartmann number (Ha = 50), the effect of
nanoparticles on the intensity of the circulating flow is more
marked. Contrarily, at Ra = 107 and Ha = 50, the effect of the
addition of nanoparticles on the intensity of the circulating
flow is negligible.
Figure 7 shows the temperature isosurfaces for different
Hartmann number values. In no the magnetic field (Ha = 0),
the layers are distributed in the middle in the horizontal
direction. As the Ha increases, the stratification is straightened
vertically, and the temperature field distribution is similar to
that by conduction.
The variations of Nuavg in Figure 8 show the effects of
Hartmann number (0 < Ha <200) at φ = 0.05 for different
values of Ra (103…107).
At Rayleigh number Ra = 103 where the heat transfer is
dominated by conduction, Nuavg remains constant whatever the
Hartmann number. For Ra = 104, the Nuavg remains unchanged
beyond Ha = 50. On the other hand, if the Rayleigh number is
high, the Nuavg decreases for high Hartmann numbers because
heat transfer is dominated by convection, and the application
of a magnetic field on convection can cause significant
changes in the structure of the flow.

Figure 7. Isosurfaces of temperature for Ra = 105 and φ=5%
Figure 6 displays the effect of the increase in nanoparticles
on the flow field. At the Rayleigh number 10 5 and with a
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Ra = 103
Ra = 104
Ra = 105
Ra = 106
Ra = 107

24
20

Nuavg

16
12

▪

▪

value of Ha.
In the case of strong magnetic fields, a Ra = 105,
convection is completely replaced by conduction, and
the role of nanoparticles in improving the average
Nusselt number is negligible.
For higher Rayleigh values, where the convective flow
cycle is strengthened, the magnetic field will cause the
heat transfer rate to decrease.

8
4
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Figure 9. Variation of Nuavg with Rayleigh number and
nanoparticle volume fraction with Ha = 50
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NOMENCLATURE

B0
𝐶𝑝
g
h
H
Ha
k
Nu
P
Pr
T
u, v, w
U, V,
W
x, y, z
X, Y, Z

magnetic field strength, T
specific heat, J kg −1 K −1
gravitational acceleration, m. s −2
local heat transfer coefficient, W m−2 K −1
width of the enclosure, m
Hartmann number
thermal conductivity, W m−1 K −1
Nusselt number
Pressure, Pa
Prandtl number
dimensional temperature, °C
dimensional velocity components, m s −1
dimensionless velocity components
dimensional coordinates, m
dimensionless
coordinates,
x⁄H, Y = y⁄H , Z = z/H

X=

Greek symbols
𝛼
𝛽
𝜇
𝜈
𝜃
𝜌
𝜎
φ

thermal diffusivity, 𝑚2 𝑠 −1
thermal expansion coefficient, 𝐾 −1
dynamic viscosity, 𝑃𝑎. 𝑠
kinematic viscosity, 𝑚2 𝑠 −1
dimensionless
temperature,
(T − Tc )⁄(Th − Tc )
density, 𝑘𝑔 𝑚−3
electrical conductivity, Ω−1 𝑚−1
solid volume fraction

Subscripts
avg
c
𝑓
h
𝑛𝑓
p
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average
cold
base fluid
hot
nanofluid
particle

θ=

