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ABSTRACT 

  

 Hall and Ion-slip effects on unsteady MHD Bingham fluid flow through non-conducting 

parallel plates with uniform suction has been studied numerically. The fluid motion is 

subjected to uniform suction and external uniform magnetic field is applied perpendicular 

to the plates. The lower plate is stationary while upper plate moves with a constant velocity. 

Both plates are kept at different but constant temperatures. The governing non-linear 

coupled partial differential equations have been transformed into partial differential 

equations by usual transformations. The obtained equations have been solved numerically 

by the explicit finite difference method under the stability and convergence analysis. The 

effects of some important parameters on shear stress, Nusselt number as well as Primary 

Velocity, Secondary Velocity and Temperature distributions have been discussed 

graphically by MATLAB R2015a and Studio Developer FORTRAN 6.6a both. Finally, 

qualitative and quantitative comparisons of the present study with published results have 

been discussed.  
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1. INTRODUCTION  

 

Bingham fluid is a special class of viscoelastic fluid that 

exhibit a linear behavior of shear stress versus shear rate once 

the fluid begins to flow. It behaves as a rigid body at low stress 

but flows as a viscous fluid at high stress. The MHD Bingham 

fluid flow is used in many geological and industry materials as 

a common mathematical model of mud flow in drilling 

engineering, and in the handling of slurries, lava, cement etc. 

A common example is toothpaste, which will not be extruded 

until a certain pressure is applied to the tube. 

Bingham fluid is named after [1] who proposed its 

mathematical form in the article ñAn Investigation of the Laws 

of Plastic Flowò. An exact description of friction loss for 

Bingham plastics in fully developed laminar pipe flow has 

been first considered by [2]. [3] described the rheology and 

flow of viscoelastic materials. The stability of Poiseuille flow 

of a Bingham fluid has been considered by [4]. The explicit 

calculation of the friction factor in pipeline flow of Bingham 

plastic fluids: a neural network approach has been investigated 

by [5]. [6] studied the effects of Hall current on unsteady MHD 

Couette flow and heat transfer on Bingham fluid with suction 

and injection. [7] investigated the numerical simulation of 

Taylor Couette flow of Bingham fluids. The explicit equations 

for laminar flow of Bingham plastic fluids has been considered 

by [8]. [9] studied the effect of Hall current on unsteady MHD 

free connective Couette flow of Bingham fluid with thermal 

radiation. The unsteady MHD Bingham fluid flow with Hall 

current and suction has been considered by [10]. [11] 

investigated the Hall effects on unsteady MHD flow of a Non-

Newtonian fluid through a Porous medium with uniform 

suction and injection. [12] studied the unsteady thermal 

boundary layer flows of a Bingham fluid in a porous medium. 

[13] also considered the unsteady thermal boundary layer 

flows of a Bingham fluid in a porous medium following a 

sudden change in surface heat flux. [14] investigated the fluid 

flow through parallel plates in the presence of Hall current 

with inclined magnetic field in a rotating system. Recently the 

comparison of the obtained results and the published results 

has been reported by [15]. 

Hence our aim is to study the Hall and Ion-slip effects on 

unsteady MHD Bingham fluid flow through parallel plate with 

uniform suction. The explicit finite difference technique has 

been used to solve the dimensionless non-linear partial 

differential equations. The obtained results have been 

discussed graphically. 

 

 

2. MATHEMATICAL FORMULA TION  

 

The laminar, incompressible Bingham fluid is assumed to 

be flowing between two infinite horizontal non-conducting 

parallel plates, which are located at ώ  planes and extend 

from ὼ πÔÏÐ and from Ú πÔÏÐ. The fluid motion is 

subjected to a uniform suction. The upper plate moves with a 

uniform velocity Ὗ  and the lower plate is stationary. Both the 

lower and upper plates are taken at two constant temperatures 

ὝÁÎÄὝ respectively, where Ὕ Ὕ. In the X-direction, a 

constant pressure gradient   is applied along the fluid flow 

also a uniform magnetic field ὄ is acted perpendicular to the 

X-direction which is undisturbed as the induced magnetic field 

is neglected by assuming a very small magnetic Reynolds 

number. Due to consideration of Hall effect, a Z-component 

for the velocity is expected to arise. For the uniform suction, 

π and the continuity equation π gives that 
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π thus the Y-component of the velocity is constant. 

Hence the fluid velocity vector is given as ή όώȟὸὭ
ὺὮ ύώȟὸὯ. 

 

 
 

Figure 1. The physical configuration of the problem 

 

Within the framework of the above assumptions, the 

equations related to the unsteady two-dimensional problem 

governed by the following system of coupled non-linear 

partial differential equations under the boundary-layer 

approximations, are given as follows:  

Continuity equation:  
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Momentum equations: 
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Energy equation: 
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where and the corresponding initial and boundary conditions 

for the problem are as follows: 
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where ‍ is the Hall parameter, ‍ is the ion-slip parameter, 

‌ ρ ‍‍. 

Since the solution of the governing equation (1) - (5) under 

the initial conditions (6) and boundary conditions (7) will be 

based on the finite difference method for numerical solution, 

it is required to make the equations into dimensionless 

equations. The dimensionless quantities are given as follows: 
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The obtained dimensionless differential equations are given 

as follows: 
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And the dimensionless initial and boundary conditions can 

be written as follows: 
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The non-dimensional parameters are given as follows: 

†  (Bingham number or dimensionless yield stress); 

Ὑ  (Reynolds number); ὖ  (Prandtl number); 

Ὁ  (Eckert number); Ὄὥ  (Hartmann 

number squared); Ὓ  (Suction Parameter)  

 

 

3. SHEAR STRESS AND NUSSELT NUMBER  

 

The effects of various parameters on shear stress have been 

studied from the velocity profile. The shear stress in X-

direction for stationary wall is † ḳ

‘ȇ  and for moving wall is † ḳ

‘ȇ . 

Also, the effects of various parameters on Nusselt number 

have been studied from the temperature profile. Nusselt 

number in X-direction for stationary wall is ὔ ḳ  

and for moving wall is ὔ ḳ , where Ὕ is the 

dimensionless mean fluid temperature and is given by Ὕ
᷿

᷿
.  

 

 

4. CALCULATION TECHNIQU E 

 

To solve the dimensionless partial differential equations (9) 



 

- (12) by the explicit finite difference method subject to the 

boundary conditions, a set of finite difference equations is 

required. For which, the region within the boundary layer is 

divided into a grid or mesh of lines perpendicular to Y-axis 

where Y-axis is normal to the plate as shown in Figure 2.  

 

 
 

Figure 2. Finite difference space grid 

 

Here it is assumed that the maximum length of boundary 

layer is ὣ ς  as corresponding to ὣᴼÐi.e. Y varies 

from 0 to 2. The number of grids spacing ὲ ρππ along the 

Y-directions. It is assumed that ῳὣ is constant mesh size Y-

direction and taken as follows: 

ῳὣ πȢπςπ ὼ ρππ; with the smaller time-step, 

ῳ† πȢπππρ. 

Let Ὗǋ, ὡǋ and —ǋ denote the values of Ὗ, ὡ and — at the 

end of a time-step respectively. Using the explicit finite 

difference approximation, the following appropriate set of 

finite difference equations are obtained as follows: 
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And the boundary conditions with the finite difference 

scheme are given as follows: Ὗ πȟὡ πȟ— πÁÔὒ

ρ Ὗ ρȟὡ πȟ— ρÁÔὒ ρ Here the subscripts i  

designate the grid points with 
y

 coordinates. 

 

 

5. STABILITY AND CONVERGENCE ANALYSIS  

 

Since an explicit procedure is being used, the analysis will 

remain incomplete unless the stability and convergence of the 

finite difference scheme are discussed. For the constant mesh 

sizes the stability and convergence criteria finally can be 

written as follows: 
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Using ῳὣ πȢπςȟῳ† πȢπππρ and the initial conditions, 

the above equations (19) and (20) givesὙ πȢπφȟὖ
πȢφȟ‍ ρȟὌ ρπÁÎÄὛ ρ×ÉÔÈ‍ πȢρπȟÁÎÄὉ
πȢπρ. 

 

 

6. RESULTS AND DISCUSSION 

 

To investigate the physical conditions of the developed 

mathematical model it has been obtained the numerical values 

of the primary velocity Ὗ, secondary velocity ὡ  and 

temperature — within the boundary layer for the laminar 

boundary layer flow. The effect of Hall parameter ‍, Ion-slip 

parameter ‍, where ‌ ρ ‍‍ , Hartmann number Ὄ  

and Suction parameter Ὓ on velocity and temperature 

distributions as well as local shear stress and local Nusselt 

number at both stationary and moving plates are discussed. For 

brevity, the effect of other parameters such as Reynolds 

number Ὑ , Prandtl number ὖ , Eckert number Ὁ  and 

Bingham number † are not shown. 

 

6.1 Validation 

 

To verify the effects of grid space for ά ÁÎÄ ὲ, the 

computations have been carried out for three different grid 

spaces such asὲ τπȟὲ ψπ ÁÎÄ ὲ ρππare shown in Fig.3. 

But a negligible change has seen among these curves. 

According to this situation, the results of primary velocity, 

secondary velocity and temperature distributions have been 

carried out for =100n . 

 

 
 

Figure 3. Justifying grid space; Where 3 ρȢππȟ‍
σȢππȟὌ σȢππȟ‍ ςȢππȟὉ πȢπρȟὖ ρȢππ ὥὲὨ †

πȢρ ὥὸ ὸὭάὩ † τȢππ ὛὸὩὥὨώ ὛὸὥὸὩ 

 

The verification of the finite difference solutions by 

MATLAB R2015a is achieved with the finite difference 

solutions by Studio Developer FORTRAN (SDF) 6.6a. The 

same results are obtained from the above-mentioned tools. The 

computations for Primary velocity Ὗ and local shear stress 



 

†  with respect to dimensionless time † at moving plate have 

been shown in Fig.4 for different values of suction parameter.  

 

 

 
 

Figure 4. Effect of Suction parameter (S) on (a) Primary 

velocity at moving plate (MATLAB R2015a); (b) Primary 

velocity at moving plate (SDF 6.6a); (c) local shear stress at 

moving plate (MATLAB R2015a); (d) Local shear stress at 

moving plate (SDF 6.6a); where ‍ σȢππȟὌ σȢππȟ‍
πȢρπȟὙ ςȢππȟὉ πȢπρ ὖ ρȢππ ὥὲὨ † πȢρ 

 

6.2 Steady state solution 

 

In order to verify the effects of time step size ῳ†, the 

computations have been carried out for six different time step 

sizes such as † 0.20, 0.70, 1.20, 3.00, 4.00 and 5.00. It is 

observed that, the result of computations for 5ȟ ὡ ÁÎÄ —, 

however shows so little changes after † 3.00 also shows a 

negligible change after † 4.00. Thus the solutions of all 

variables for † 4.00 are essentially the steady-state solutions, 

which are shown in Fig.5. Hence the further computations 

have been carried out for t=4.00. 

 

 

 
 

Figure 5. Illustration of time Variation for (a) Primary 

velocity, (b) Secondary velocity and (c) Temperature 

distributions, where 3 ρȢππȟ‍ σȢππȟὌ σȢππȟ‍
πȢρπȟὙ ςȢππȟὉ πȢπρ ὖ ρȢππ ὥὲὨ † πȢρ  

 

It is seen from Fig.5 it is clear that the primary velocity, 

secondary velocity and temperature profiles reach their steady 

state monotonically. It also should be mentioned that 

temperature profiles reach the steady state faster than both the 

primary velocity and secondary velocity. Again the secondary 

velocity reaches steady state briskly in the comparison with 

primary velocity and temperature both. 

 

6.3 Effect of parameters 

 

In order to get the clear concept of physical properties of the 

problem, the effects of four parameters namely Hall parameter 

‍, Ion-slip parameter ‍, Hartmann number Ὄ  and Suction 

parameter Ὓin the presence of Reynolds number Ὑ σȢππ, 
Prandtl number ὖ ρȢππ, Eckert number Ὁ πȢπρ and 

Bingham number † πȢρπ are represented graphically 

through Figs.6 - 17. For brevity, the effect of other parameters 

such as Reynolds number Ὑ , Prandtl number ὖ, Eckert 

number Ὁ and Bingham number † are not shown. 

The effects of Hartmann number Ὄ  on primary velocity, 

secondary velocity and temperature distributions as well as 

local shear stress, and local Nusselt number at both stationary 

and moving plates are presented in Figs.6 - 8. From Fig. 

6(a,b,c,d), it is observed that the primary velocity and the local 

shear stress decreases with the increase of Ὄ  at both 

stationary and moving plates. It is observed from Fig.7(a,b) 

that the secondary velocity increases with the increase of Ὄ  

at both stationary and moving plates. From Fig.8(a,b,c,d), it is 

shown that the temperature decreases while the local Nusselt 

number increases with the increase of Ὄ at stationary plate. 

Again, the temperature and the local Nusselt number decreases 

with the increase of Ὄ at moving plate.  

Again, the effects of Hall parameter ‍ on primary velocity, 

secondary velocity and temperature distributions as well as 

local shear stress, and local Nusselt number at both stationary 

and moving plates are presented in Figs.9 - 11. From 

Fig.9(a,b,c,d), it is observed that the primary velocity as well 

as the local shear stress increases with the increase of ‍ at 

both stationary and moving plates. It is shown from Fig.10(a,b) 

that the secondary velocity decreases with the increase of 

‍ ‍  at both stationary and moving plates.  From 

Fig.11(a,b,c,d), it is detected that the temperature increases 

with the increase of ‍ at both stationary and moving plates. 

Again, the local Nusselt number decreases with the increase of 

‍ at both stationary and moving plates. This is due to the fact 

an increase in ‍  decreases effective conductivity , 

hence magnetic dumping force on Ὗ.  

Further the effects of Ion-slip parameter ‍ on primary 

velocity, secondary velocity and temperature distributions as 

well as local shear stress, and local Nusselt number at both 

stationary and moving plates are presented in Figs.12 - 14. 

From Fig.12(a,b,c,d), it is observed that the primary velocity 

as well as the local shear stress increases with the increase of 

‍ at both stationary and moving plates. It is shown from 

Fig.13(a,b) that the secondary velocity decreases with the 

increase of ‍ at both stationary and moving plates. It is 

observed from Fig.14(a,b,c,d) that the temperature increases 

with the increase of ‍ at both stationary and moving plates. 

Again, the local Nusselt number decreases with the increase of 

‍ at both stationary and moving plates. 

The effects of Suction parameter Ὓ on primary velocity, 

secondary velocity and temperature distributions as well as 

local shear stress, and local Nusselt number at both stationary 

and moving plates are presented in Figs.15 - 17. From 



 

Fig.15(a,b,c,d), it is observed that the primary velocity and the 

local shear stress decreases with the increase of Ὓ at stationary 

plate while at moving plate the primary velocity and the local 

shear stress increases with the increase of Ὓ. It is realized from 

Fig.16(a,b) that the secondary velocity decreases with the 

increase of Ὓ at stationary plate while at moving plate it 

increases with the increase of Ὓ. It is observed from 

Fig.14(a,b,c,d) that the temperature decreases with the 

increase of Ὓ at both stationary and moving plates. Again, the 

local Nusselt number increases with the increase of Ὓ at both 

stationary and moving plates. 

 

 

 
 

Figure 6. Effect of Hartmann number (Ὄ ) on (a) Primary 

velocity (stationary plate); (b) Primary velocity (moving 

plate); (c) local shear stress (stationary plate); (d) Local shear 

stress (moving plate); where 3 ρȢππȟ‍ σȢππȟ‍
πȢρπȟὙ ςȢππȟὉ πȢπρ ὖ ρȢππ ὥὲὨ † πȢρ 

 

Fig. 6 shows that the primary velocity as well as the local 

shear stress decreases with the increase of Hartmann number 

Ὄ  at both stationary and moving plates. 

The primary velocity at moving plate is more than the 

primary velocity at stationary plate while the local shear stress 

at moving plate is fewer than the local shear stress at stationary 

plate. 

 
 

Figure 7. Effect of Hartmann number (Ὄ ) on (a) Secondary 

velocity (stationary plate); (b) Secondary velocity (moving 

plate); where 3 ρȢππȟ‍ σȢππȟ‍ πȢρπȟὙ
ςȢππȟὉ πȢπρ ὖ ρȢππ ὥὲὨ † πȢρ 

 

Fig.7 shows that the secondary velocity increases with the 

increase of Hartmann numberὌ  at both stationary and 

moving plates.   

The secondary velocity at moving plate is more than the 

secondary velocity at stationary plate. 

 

 
 

Figure 8. Effect of Hartmann number (Ὄ ) on (a) 

Temperature (stationary plate); (b) Temperature velocity 

(moving plate); (c) local Nusselt number (stationary plate); 

(d) Local Nusselt number (moving plate); where 3
ρȢππȟ‍ σȢππȟ‍ πȢρπȟὙ ςȢππȟὉ πȢπρ ὖ

ρȢππ ὥὲὨ † πȢρ 
 

Fig.8 shows that the temperature decreases while the local 

Nusselt number increases with the increase of Hartmann 

number Ὄ  at stationary plate. Also, the temperature and the 

local Nusselt number decreases with the increase of Hartmann 

number Ὄ  at moving plate. 

The temperature and local Nusselt number at moving plate 

is more than the temperature and local Nusselt number at 

stationary plate. 

 

 

 
 

Figure 9. Effect of Hall parameter (‍) on (a) Primary 

Velocity (stationary plate); (b) Primary Velocity (moving 

plate); (c) local shear stress (stationary plate); (d) Local shear 

stress (moving plate); where 3 ρȢππȟ‍ σȢππȟὌ
σȢππȟὙ ςȢππȟὉ πȢπρ ὖ ρȢππ ὥὲὨ † πȢρ 

 

Figure 9 shows that the primary velocity as well as the local 



 

shear stress increases with the increase of Hall parameter ‍ at 

both stationary and moving plates. 

The primary velocity at moving plate is more than the 

primary velocity at stationary plate while the local shear stress 

at moving plate is fewer than the local shear stress at stationary 

plate. 

 

 
 

Figure 10. Effect of Hall parameter (‍) on (a) Secondary 

velocity (stationary plate); (b) Secondary velocity (moving 

plate); where 3 ρȢππȟ‍ σȢππȟὌ σȢππȟὙ
ςȢππȟὉ πȢπρ ὖ ρȢππ ὥὲὨ † πȢρ 

 

Figure 10 shows that the secondary velocity decreases with 

the increase of Hall parameter ‍  at both stationary and 

moving plates.   

The secondary velocity at moving plate is more than the 

secondary velocity at stationary plate. 

 

 

 
 

Figure 11. Effect of Hall parameter (‍) on (a) Temperature 

(stationary plate); (b) Temperature (moving plate); (c) Local 

Nusselt number (stationary plate); (d) Local nusselt number 

(moving plate); where 3 ρȢππȟ‍ σȢππȟὌ
σȢππȟὙ ςȢππȟὉ πȢπρ ὖ ρȢππ ὥὲὨ † πȢρ 

 

Fig.11 shows that the temperature increases with the 

increase of Hall parameter ‍ at both stationary and moving 

plates while the local Nusselt number decreases with the 

increase of Hall parameter ‍ at both stationary and moving 

plates. 

The temperature and local Nusselt number at moving plate 

is more than the temperature and local Nusselt number at 

stationary plate. 

 

 

 
 

Figure 12. Effect of Ion-slip parameter (‍) on (a) Primary 

velocity (stationary plate); (b) Primary velocity (moving 

plate); (c) Local shear stress (stationary plate); (d) Local 

shear stress (moving plate); where 3 ρȢππȟὌ
σȢππȟ‍ πȢρπȟὙ ςȢππȟὉ πȢπρ ὖ ρȢππ ὥὲὨ †

πȢρ 
 

Fig. 12 shows that the primary velocity as well as the local 

shear stress increases with the increase of Ion-slip parameter 

‍ at both stationary and moving plates. 

The primary velocity at moving plate is more than the 

primary velocity at stationary plate while the local shear stress 

at moving plate is fewer than the local shear stress at stationary 

plate. 

 

 
 

Figure 13. Effect of Ion-slip parameter (‍) on (a) Secondary 

velocity (stationary plate); (b) Secondary velocity (moving 

plate); where 3 ρȢππȟὌ σȢππȟ‍ πȢρπȟὙ
ςȢππȟὉ πȢπρ ὖ ρȢππ ὥὲὨ † πȢρ 

 

Fig.13 shows that the secondary velocity decreases with the 

increase of Ion-slip parameter ‍  at both stationary and 

moving plates. 

The secondary velocity at moving plate is more than the 

secondary velocity at stationary plate. 



 

 

 
 

Figure 14. Effect of Ion-slip parameter (‍) on (a) 

Temperature (stationary plate); (b) Temperature (moving 

plate); (c) Local Nusselt number (stationary plate); (d) Local 

Nusselt number (moving plate); where 3 ρȢππȟὌ
σȢππȟ‍ πȢρπȟὙ ςȢππȟὉ πȢπρ ὖ ρȢππ ὥὲὨ †

πȢρ 
 

Figure 14 shows that the temperature increases with the 

increase of Ion-slip parameter ‍  at both stationary and 

moving plates while the local Nusselt number decreases with 

the increase of Ion-slip parameter ‍ at both stationary and 

moving plates. 

The temperature and local Nusselt number at moving plate 

is more than the temperature and local Nusselt number at 

stationary plate. 

 

 

 
 

Figure 15. Effect of Suction parameter (S) on (a) Primary 

velocity (stationary plate); (b) Primary velocity (moving 

plate); (c) Local shear stress (stationary plate); (d) Local 

shear stress (moving plate); where ‍ πȢρπȟ‍
σȢππȟὌ σȢππȟὙ ςȢππȟὉ πȢπρ ὖ ρȢππ ὥὲὨ †

πȢρ 

Fig. 15 shows that the primary velocity and the local shear 

stress decreases with the increase of Suction parameter Ὓ at 

stationary plate. Again, the primary velocity and the local 

shear stress increases with the increase of Suction parameter Ὓ 
at moving plate. 

The primary velocity at moving plate is more than the 

primary velocity at stationary plate while the local shear stress 

at moving plate is fewer than the local shear stress at stationary 

plate. 

 

 
 

Figure 16. Effect of Suction parameter (S) on (a) Secondary 

velocity (stationary plate); (b) Secondary velocity (moving 

plate); where ‍ πȢρπȟ‍ σȢππȟὌ σȢππȟὙ
ςȢππȟὉ πȢπρ ὖ ρȢππ ὥὲὨ † πȢρ 

 

Fig.16 shows that the secondary velocity decreases with the 

increase of Suction parameter Ὓ at stationary plate while at 

moving plate it increases with the increase of Suction 

parameter Ὓ. 
The secondary velocity at moving plate is fewer than the 

secondary velocity at stationary plate due to Suction parameter 

Ὓ. 
 

 

 
 

 

Figure 17. Effect of Suction parameter (S) on (a) 

Temperature (stationary plate); (b) Temperature (moving 

plate); (c) Local Nusselt number (stationary plate); (d) Local 

Nusselt number (moving plate); where  ‍ πȢρπȟ‍
σȢππȟὌ σȢππȟὙ ςȢππȟὉ πȢπρ ὖ ρȢππ ὥὲὨ †

πȢρ 
 

Figure 17 shows that the temperature decreases with the 

increase of Suction parameter Ὓ at both stationary and moving 


