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Received:15 May 2018 Hall andlon-slip effects on unsteady MHD Bingham fluid flow through femmducting
Accepted: 30 July 2018 parallel plates with uniform suction has been studiatherically. The fluid motion is
subjected to uniform suction and external uniform magnetic field is applied perpenc
to the plates. The lower plate is stationary while upper plate moves with a constant ve
Both plates are kept at different babnstant temperatures. The governing -fioear
coupled partial differential equations have been transformed into partiatedifd
equations by usual transformations. The obtained equations have been solved nun
by the explicit finite differencenethod under the stability and convergence analysis.
effects of some important parameters on shear stress, Nusselt rasnbelf as Primary
Velocity, Secondary Velocity and Temperature distributions have been disc
graphically by MATLAB R2015a ath Studio Developer FORTRAN 6.6a both. Final
qualitative and quantitative comparisons of the present study with publistuts tes/e
been discussed
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1. INTRODUCTION [13] also considered the unsteady thermal boundayer
flows of a Bingham fluid in a porous medium following a
Bingham fluid is a special class wviscoelasticfluid that sudden change in surface heat flii4] investigated théuid

exhibit a linear behavior of shear stress versus sh&aonce flow through parallel plates in the presence of Hall current

the fluid begins to flow. It behaves as a rigid body at low stress with inclined magnetic field in a rotating systeRecently the

but flows as a viscous fluid at high stress. The MHD Bingham comparison of the obtained results and the published results

fluid flow is used in many geological and industngterials as has been reported pHy5].

a common mathematical model of mud flow in drilling Hence our aim is to study the Hall and {slip effects on

engneering, and in the handling of slurries, lava, cement etc. unsteady MHD Bingham fluid flowhrough parallel plate with

A common example is toothpaste, which will not be extruded uniform suction. The explicit finite difference tedhune has

until a certain pressure is applied to the tube. been used to solve the dimensionless -liogar partial
Bingham fluid is naed after [1] who proposed its differential equations. The obtained results have been

mat hemati cal f olnuwestigation dfthesLavesr t discussed graghically.

of Pl astic Flowo. An exact description of friction | os:

Bingham plastics in fully developed laminar pipe flow has

been first considered Hy]. [3] describecthe rheology and 2. MATHEMATICAL FORMULA TION

flow of viscoelastic materials. The stability ofiBeuille flow

of a Bingham fluid has been considered[#}; The explicit The laminar, incompressible Bingham fluid is assumed to
calculation of the friction factor in pipeline flow of Bingham be flowing between two infité horizontal norconducting
plastic fluids: a neural network approach has beesstigated parallel plates, which are locatedvat planes and extend

by [5]. [6] studied the effects of Hall current on ety MHD from 0 mOD and fromU mED.1 The fluid motion is
Couette flow and heat transfer on Bingham fluid with suction subjected to a uniform suctiofthe upper plate moves with a
and injection.[7] investigated the numerical simulation of uniform velocity™ and the lower plate is stationary. Both the
Taylor Couette flow of Bingham fluids. The explicit eqoats lower and upper plates are taken at two constantémnges
for laminar flow of Bingham plastic fluids has been considered “YA T "X respectively, wher€Y “Y. In the Xdirection, a
by [8]. [9] studied the effect of Hall current on unsteady MHD - ¢onstant pressure gradient is applied along the fluid flow
free connective Couette flow of Bingham fluid with thermal
radiation. Theunsteady MHD Bingham fluid flow with Hall
current ad suction has been considered [0]. [11]
investigated the Hall &cts on unsteady MHD flow of a Nen . .
Newtonian fluid through a Porous medium with uniform humber. D“e_ to consideration Of Hall effec_t, @‘Tmpor_‘e”t
suction and injection[12] studied the unsteady thermal for the velocity is expected to arise. For theferm suction,
boundary layer flows of a Bingham fluid inporous medium. ~— T and the continuity equatior- — T gives that

also a uniform magnetic field is acted perpendicular to the
X-direction which is undisturbed #% induced magnetic field
is neglected by assuming a very small magnetic Reynolds



— T thus the ¥component of the velocity is constant. ><=E,Y % u Di,W Uw P rL'fQ £ IUT% q 1E*m’£ ®)
Hence the fluid velocity vector is given ds 6 afp'Q
LQ U o Q The obtained dimensionless differential equations are given
as follows:
yv=hau=U, T, l B,  Uniform Suction
8 . o o U S W _dP 1¢ A Uw H2
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WS W _1¢ g Wip HI
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Figure 1. The physical configuation of the problem et t
aw o, W
Within the framework ofthe above assumptions, the fv 2 F (12)
equations related to the unsteasiyo-dimensionalproblem
governed by the following system of coupled #imear And the dimensionless initial and boundary conditions can
partial differential equations under the boundeyer be written as follows:
approximationsare given as follows:
Continuity equation:
yea £¢0, U OW 8, ¢ Ceverywhere (13)
L U=O0W g 6 atX 6
HY 1) £>0, U OW 8 g G aty
U=1W 0g tatY I (14)

Momentum equations:

. <8 The nondimensional parameters are given as follows:
7‘1 = lﬂj iFal u w 1 € o

[ . . : .
n Vo W7 Ox ryg"?Fy;?- 77 a qu @ t  — (Bingham number or dimensionless yield st
'Y ——(Reynolds number)) —— (Prandtl number);
wooow 1§ wipl SB :
—-V,— ———( aw éb O ——— (Eckert number);Qn —— (Hartmann
TR E y lE ra g? 3)
number squared)Y — (Suction Parameter)
Energy equation:
W, B kAR O, Al ﬁJZH%L 58 i W) 3. SHEAR STRESS AND NUSELT NUMBER
i 0 oS Sy T g calh _
4) The effects of various parameters on shear stress have been
studied from the velocity profile. The shear stress in X
. direction for stationary wall is T Kk
0 (5) -
- — ‘e — — and for moving wall ist Kk
whereand the corresponding initial and boundanditions ‘e — —

for the problem are as follows: _
Also, the effectof various parameters on Nusselt number

o m 1y THY “Yeverywhere (6) have been studied from the temperature profile. Nusselt

u=0,w 0T ¥ atx=0 number in Xdirection for stationary wall i§ k

t>0, u Ow BT T= aty k
u=Uy,w HT F aty F @)

and for moving wall is0 k , Where"Y is the

dimensionless mean ftlitemperature and is given by

wheref is the Hall parameter, is the ionslip parameter,

P 1T -
Since the solution of the goveng equation (1) (5) under

the initial conditions (6) and boundary conditions (7) will be

based on the finite difference method for numerical solution,

it is required to make the equations into dimensionless

equatons. The dimensionless quantities areegias follows:

4. CALCULATION TECHNIQU E

To solve the dimensionless partial differential equations (9)



- (12) by the explicit finite difference method subject to the finite difference sckme are discussed. For the constant mesh

boundary conditions, a set of finite difface equations is
required. For which, the gion within the boundary layer is
divided into a grid or mesh of lines perpendicular t@xs
where Y-axis is normal to the plate as shown inUf&p.

i+l
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j=0 j=1 j=2 j=3 j=4 j=n

Figure 2. Finite difference space grid

sizes the stability and convergence criteria finally can be
written as follows:

Dt H? S D¢

Rai+ R (19)

2Dt SDt
2
R (DY) RDY (20)
Usingw & 18T &ot 18t 1T Tapd the initial conditions,
the above equations (19) and (20) gi'\)eSvTISIﬁf)
i  phO pAT™M px EIOE mp AT A
T8t p

6. RESULTS AND DISCUSSION

To investigate the physical conditions of the deped

Here it is assumed that the maximum length of boundary mathematical model it has been obtained the numerical values

layer is® ¢ as corresponding t@© bi.e. Y varies
from O to 2. The number @fridsspacinge p T @long the
Y-directions. It is assumed thatds constant meshize Y-
direction and taken as follows:

WO ™Mr¢n w p T with the smaller timestep,
wt Tinup

Let "Wjw Njnd—Njlenote the values &Y, & and—at the
end of a timestep respectively. Using the explicit finite
difference approximation,the following appropriate set of
finite difference equations are obtained as follows:

Ui-U sy 4., _dpP

sy U, _dp
Dr R DO dX
i%gfﬂ-’m WAL, BU, A Ur 0 H
RE OV T = (D)’ 02z gl M)
(15)
W-W SW-W _
Dr R O
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‘REov IF "B oy 8a G D)
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9:-4 S i ¢.91 @ 4 q
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\/éui “Uiy 6_,_ VW,
X ~v O &y
¢ DY hs ¢y (18)

And the boundary conditions with the finite difference
scheme are given as follow® Tt Th— TAD

pY pho mh— pA® p Here the subscriptd
designate the grid points WitM coordinates.

5. STABILITY AND CONVERGENCE ANALYSIS

Since an explicit procedure li@ing used, the analysis will

of the primary velocity™y, secondary velocityy and
temperature—within the boundary layer for the laminar
boundary layer flow. The effect of Hall paraméter lon-slip
parametef , where| p T 1 , Hartmann numbeiO

and Suction parametefY on velocity and temperature
distributions as well as local shrestress and local Nusselt
number at both stationary and moving plates are discussed. For
brevity, the effect of other parameters such as Reynolds
number'Y , Prandtl numberd) , Eckert numberO and
Bingham numbetf are not shown.

6.1Validation

To verify the effects of grid space far AT &, the
computations have been carried oot three different grid
spacessuchas 1 f& @11 & p mare shown in Fig.3.
But a negligible changehas seen among these curves.
According to this situation, the results of primary velocity,
secondary velocity and temperature distributions have been

caried out for =100,

Iy

09t -

Figure 3. Justifying grid space; Whe@  p8t fi
o8tfio o8tfi ¢8O TP pSrTHE B
TRO® QAQ I MY QDWW 6 Q

The verification of the ihite difference solutions by
MATLAB R2015a is achieved with the finite difference
solutions by Studio Developer FORTRAN (SDF) 6.6a. The
same results are obtained from the abmantioned tools. The

remain incomplete unless the stability and convergence of theComputations for Primary velogitYand local shear stse



T with respect to dimensionless timi@t moving plate have
been shown in Fig.4 for different values of suction parameter.

MATLAB R2015a (Tool) SDF 6.6a (Tool)

(@)

Figure 4. Effect of Suction parameter (S) on (a) Primary
velocity at moving plate (MATLAB R205a); (b) Primary
velocity at moving plate (SDF 6.6a); (c) local shear stress at
moving plate (MATLAB R2015a); (d) Local shear stress at
moving plate (SDF 6.6a); where o8t 'O o8t fi
™ Y ¢8ho ™ pdoEi N

6.2 Steady state solutbn

In order to verify the effects of time step sige} the
computations have been carried out for six diffetené step
sizes such at 0.20, 0.70, 1.20, 3.00, 4.00 and 5.00. It is
observed that, the result of computations Solb A A
however shows so little changes after3.00 also shows a
negligible changeafter t 4.00. Thus the solutions of all
variables fort  4.00 are essemtlly the steadystate solutions,
which are shown in Fig.5. Hence the further computations
have bee carried out fod =4.00.

¥
()

Figure 5. lllustration of time Variation for (a) Primary

velocity, (b) Secondary velocity and (c) Temperature
distributions, wher@  p8tfi o8t fi0 o8t fi

™ HY ¢80 ™ pHqHiN

It is seen from Fig.5 it is clear that tipeimary velocity,

secondary velocity and temperature profiles reach their steady
state  monotonically. It also should be mentioned that
temperature profileeeachthe stady state faster than both the
primary velocity and secondary velocity. Again theseaary
velocity reaches steady state briskly in the comparison with
primary velocity and temperature both.

6.3 Effect ofparameters

In order to get the clear conceptpbfysical properties of the
problem, the effects of four parameters namely Hall parameter
T, lonslip parameter , Hartmann numbéO and Suction
parameteiYn the presence of Reynolds numb&r a8t m,
Prandtinumber 0  p8t 11, Eckert numberO 18t p and
Bingham numbert 1@ Tt are represented graphically
through Figs.6 17. For brevity, the effect of other parameters
such as Reynolds numbaf , Prandtl numbeD , Eckert
numberO and Bingham number are not shown.

The effects of Hartmann numb@& on primary velocity,
secondaryvelocity and temperature distributions as well as
local shear stress, and local Nusselt number at both stationary
and moving plates are presented in Figs.®. From Fig.
6(a,b,c,d), it is observed that the primary velocity and the local
shear stress demases with the increase @ at both
stationary and moving plates. It is observed from Fig.7(a,b)
that the secondary velocity increases with the increa%e of
at bothstationary and moving plates. From Fig.8(a,b,c,d), itis
shown that the temperature decreases whileated Nusselt
number increases with the increaséat stationary plate.
Again,the temperature and the local Nusselt number decreases
with the incease ofO at moving plate.

Again, the effects of Hall parameter on primary velocity,
seondary velocity and temperature distributions as well as
local shear stress, and local Nusselt number at both stationary
and moving plates are presented in Figs.41l. From
Fig.9(a,b,c,d), it is observed that the primary veloagywell
as the local shesstress increases with the increasé oft
both stationary and moving plates. It is shown from Fig.10(a,b)
that the secondary velocity decreases with the increase of
I 1 at both stationary and moving plates. From
Fig.11(a,b,c,d), it is detected that the temperature increases
with the increase ¢f at both stationary and moving plates.
Again, the local Nusselt number decreases with the increase of
1 at both stationary and moving plates. This is due to the fact

an ircrease i decreases effective conductivity— ,

hence magnetic dumping force Bt

Further the effects of leslip parametef on primary
velocity, secondary velocity and temperature distributions as
well as local shear stress, and local Nusselt number at both
stationary and moving plates are presented in Figs.12.
From Fig.12(a,b,c,d), it is observed that the primary vejocit
as well as the local shear stress increases with the increase of
{ at both stationary and moving plates. It is shown from
Fig.13a,b) that the secondary velocity decreases with the
increase of at both stationary and moving plates. It is
observedfrom Fig.14(a,b,c,d) that the temperature increases
with the increase ¢f at both stationary and moving plates.
Again,thelocal Nusselt number decreases with the increase of
{ at both stationary and moving plates.

The effects of Suction paramet&fon primary velocity,
secondary velocity and temperature distributions as well as
local shear stress, and local Nusselt bamat both stationary
and moving plates are presented in Figs:137. From



Fig.15(a,b,c,d), it is observed that the primary vé&joand the
local shear stress decreases with the increa¥aistationary
plate while at moving plate the primary velycand the local
shear stress increases with the increa8¥ lvfis realized from
Fig.16(a,b) that the secondary velocity decesawith the
increase of'Yat stationary plate while at moving plate it
increases with the increase ©of. It is observed fim
Fig.14(a,b,c,d) that the temperature decreases with the
increase ofYat both stationary and moving platégain, the
local Nusselt number increases with the increaséyaf both
stationary and moving plates.

(Moving Plate)

(Stationary Plate)

(c)

Figure 6. Effect of Hartmann numibg€O ) on (a) Primary
velocity (stationary plate); (b) Primary velocity (moving
plate); (c) local shear stress (stationary plate); (d) Local shear
stress (moving plate); wheBe  p8tfi o8t fif
™Y ¢8ifio0 @ pHED ™

Fig. 6 shows that the primary velocity as well as the local

shear stress decreases with the increase of Hartmann number

O at both stationary and moving plates.
The primary velocity at moving plate is more than the
primary velodty at stationary plate whilde local shear stress

at moving plate is fewer than the local shear stress at stationary

plate.

(Stationary Plate) (Maoving Plate)

(a)

Figure 7. Effect of Hartmann numbefd ) on (a) Secondary
velocity (stationary plate); (b) Secondary velocity (moving
plate); where3  p8tfi o8t hf ™ fiy
Brfio M pSEN

(Stationary Plate)

(Moving Plate)
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(¢) (d)
Figure 8. Effect of Hartmann numbeid ) on (a)
Temperature (stationary plate); (b) Temperature velocity
(moving plate)|c) local Nusselt number (stationary plate
(d) Local Nusselt number (moving plate); evh3
p8tfi o8tfif mHY &0 mWe
pErTHE N ™

Fig.8 shows that the temperature decreases while the local
Nusselt number increases with the increase oftritamn
numberO at stationary plateAlso, the temperature and the
local Nusselt number decreases with the increase of Hartmann
numberO at moving plate.

The temperature and local Nusselt number at moving plate
is more than the temperature armtdl Nusselt number at
stationary plate.

(Stationary Plate) (Moving Plate)

Il parameter=001
parameter=005

T
d)

Figure 9. Effect of Hall parametef () on (a) Primary
Velocity (stationary plate); (b) Primary Velocity (moving

Fig.7 shows that the secondary velocity increases with the Plate);(c) local shear stress (stationary plate); (d) Local shear

increase of Hartmann numbé@ at both stationary and
moving plates.

The secondaryelocity at moving plate is more than the
secondary velocity at stationary plate.

par i o8t 'O
perTHE ™

stress (moving plate); vere3
oty ¢&h0 M

Figure9 shows that the primary velocity as well as the local



shear stress increases vittle increase of Hall parameter at
both stationary and miing plates.

The primary velocity at moving plate is more than the
primary velocity at stationary plate while the local shear stress
at moving plate is fewer than the local shear stress airstayi
plate.

(Stationary Plate) (Moving Plate)

Figure 10. Effect of Hall parametef () on (a)Secondary
velocity (stationary plate); (b$econdary velocitymoving
plate);where3  p8tfi o8t 'O o8t fiY
o M pHEN ™

Figure 10 shows that the secondary velocity decreases with
the ingease of Hall parametér at both stationary and
moving plates.

The secondary velocity at moving plate is more than the
secondary velocity at stationary plate.

(Stationary Plate) (Moving Plate)
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Figure 11. Effect of Hall parametef () on (a) Temperature
(stationary platg (b) Temperature (moving platd};) Local
Nusselt number (stationary plate); (d) Local nusselt number
(moving plate); wher€  p&tfi o8t 'O
ogtfiy ¢8tfi0 ™ pSEN T

I

The temperature and local Nusselt numdtemoving plate
is more than the temperature and local Nusselt number at
stationary plate.

(Moving Plate)

T
(d

Figure 12. Effect of lonslip parameterf () on (a) Primary
velocity (stationary plate); (b) Primawelocity (moving
plate);(c) Local shear stress &ionary plate); (d) Local

shear stress (moving plate); wh&e  p8t fio
o3t iy mphHY ¢hi0 mrp pSime N
Q)

Fig. 12 shows that the primary velocity as well as the local
shea stress increases with the inase of lorslip parameter
at both stationary and moving plates.
The primary velocity at moving plate is more than the
primary velocity at stationary plate while the local shear stress
at moving plate is fewer thahe local shear stress at statigna
plate.

(Stationary Plate) (Moving Plate)

Figure 13. Effect of lonslip parameteff () on (a) Secondary
velocity (stationary plate); (b) Secondary velocity (moving
plate);where3  p8tfi0 o8tfi ™ fiy
o M pHHEN ™

Fig.13 shows that the secondary velocity decreases with the

Fig.11 shows that the temperauincreases with the increase of losslip parametef at both stationary and
increase of Hall parameter at both stationary and moving ~Moving plates. . _ .
plates while the local Nusselt number decreases with the The secondary velocity at moving plate is more than the
increase of Hall parameter at both stationary and moving ~ Secondary velocity at stationary plate.
plates.



(Stationary Plate)

(Moving Plate)
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(c)

(d)

Figure 14. Effect of Ion-slip parameteff () on (a)
Temperaturdstationary plate); (b emperaturémoving
plate);(c) LocalNusselt numbefstationary plate); (d) Local

Nusselt numbegmoving plate); wher&
¢80 18Tt

o8t fi T fiY

p8t fi0
PETTHE N

Fig. 15 shows that the primavelocity and the local shear
stress decreases with the increase of Suction paraivater
stationary plate Again, the primary velocity and the local
shear stress increases with the increase of Suction parawheter
at moving plate.

The primary velocityat moving plate is more than the
primary velocity at stationary plate while the local shear stress
at moving plate is fewer than the local shear stress at stationary
plate.

(Stationary Plate) (Moving Plate)

T
(a) (b)

Figure 16. Effect of Suctiorparameter (S) on (&econdary
velocity (stationay plate); (b) Secondary velocity (moving
plate);wheref ™ fi o8tho o8t fi'Y
o MW pImEN ™

Fig.16 shows that the secondary velocity decreases with the
increase b Suction parametéivat stdionary plate while at

Figure 14 shows that the temperature increases with the moving plate it increases with the increase of Suction

increase of losslip parameteff

at both stationary and

parametetY

moving plates while the local Nusselt number decreases with The secondary velocity at moving plate is fewer than the
the increase of loslip parameter at bah stationary and

moving plates.

secondary velocity at stationary plate due to Suction parameter
"y

The temperature and local Nusselt number at moving plate
is more than the temperature and local Nusselt number at

stationary plate.

(Stationary Plate)

(Moving Plate)

(c)

Figure 17. Effect of Suction pameter (S) on (a)
Temperature (stationary plate); (B@mperature (moving

plate);(c) Local Nusselt number (stationary plate); (d) Local

Figure 15. Effect of Suctiorparameter (S) on (a) Primary !
Nusselt number (moving plate); where 1 fi

velocity (stationary plate)lb) Primary velocity (moving

plate);(c) Local shear stress (stationary plate); (d) Local o8t fi0 o8tfiY ¢80 ™M pSTIE D
shear stress (moving plate); where 1@ 1 T
o8ti0O o8thY ¢8H0O m8r@w pdrme ) .
) Figure 17 shows that the temperature decreases with the

increase of Suction paramet&at both stationary and moving



