International Journal of Heat and Technology
Vol. 36, No. 1, March, 2018, pp. 319-324
Journal homepage: http://iieta.org/Journals/IJHT

Mathematical modeling of two-phase media heat transfer coefficient in air cooled condenser systems
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This paper presents the results of the continuity of the research process carried out at the
Center for Energy Studies, belonging to the Faculty of Technical Sciences of the University
of Matanzas, related to the production of dimensionless models for the determination of the
mean coefficient of heat transfer by condensation in Air Cooled Condenser systems (ACC),
inside straight and inclined tubes. The research consists in analytically obtaining the solution
of the differential equation of the velocity profile, considering that the condensation is of the
film type, finally the Roshenow empirical condition is combined with the theoretical
solution, to generate a numerical expression that allows obtaining with A 15, 2 % deviation
in 692 tests, a mean value of the heat transfer coefficient by condensation very similar to that
obtained with the use of the most referenced model in the literature known and consulted,
Chato's empirical model.
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the consequent danger of condensation stagnation in the
interior of the tube. This drawback is partially eliminated in
inclined pipes, if the normal flow and gravitational forces
coincide. The Chato equation considers that the steam has a
negligible velocity, so it does not influence the heating of the
stratified liquid in the bottom of the tube, nor does it exert
drag on it.
This problem encouraged the authors to create a
calculation methodology that takes into account the effect of
steam trapping and liquid subcooling, and is as precise as the
most recommended and referenced expression in the
specialized literature on the subject [9-12], the Chato
equation. To meet this objective, a combination of the
differential ratio of the velocity profile inside a tube and the
solution of the differential equation of the temperature
distribution were made. The theoretical solution obtained is
subsequently affected by Roshenow's empirical correction.
Although the primary results obtained here are provided, the
authors still continue to refine the model in a futuristic
attempt to reduce correlation errors with respect to available
experimental data and to reduce the mathematical complexity
of the relationship obtained.

1. INTRODUCTION
In a number of heat transfer processes involving saturated
steam, a phase change to the liquid state is experienced by
the condensation mechanism. This phenomenon occurs when
the steam encounters a surface at a lower temperature, [1-5].
It is known from what has been studied in thermodynamics
that when raising the temperature of a liquid to a specific
pressure up to the saturation temperature Tsat boiling occurs.
Likewise, when the temperature of a steam is reduced to Tsat,
condensation occurs.
Because under equilibrium conditions the temperature
remains constant during a phase change process at a fixed
pressure, large amounts of heat can be transferred due to the
high latent heat of vaporization rLV  released or absorbed
during condensation, essentially at constant temperature.
However, in practice it is necessary to maintain some
difference between the surface temperature TP and Tsat to
have an effective transfer of heat. Typically, the heat transfer
coefficients  associated with condensation are much higher
than those found in other forms of convection processes that
relate to a single phase [6-8].
In the overwhelming majority of the available sources
consulted, the unified criterion on the use of the Chato
expression to obtain the mean heat transfer coefficient by
condensation inside of horizontal pipes coincides. However,
the Chato equation has as an inconvenience the fact that in its
generalization experimental points of different fluids were
used, among them water, although the great majority of these
correspond to refrigerants. Another drawback of Chato's
expression is that it is limited by the speed of the working
agent, being valid only for Reynolds numbers less than
35000, thus avoiding operation in the laminated zone, with

2. MATERIALS AND METHODS.
2.1 Deduction of an equation for heat transfer coefficient
determination in ACC systems
Heat exchange is a decisive process in the efficiency of the
cycle. Approximately 90% of the heat extracted in a power
cycle is done through the condensation system. The waste
heat from the steam turbine is released into the atmosphere
from the cooling system, which, depending on the
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𝜕𝑉

environmental conditions, makes this exchange from water
circulation systems or direct cooling with the environment,
[11].
Power plants and in processing industries using ACC
systems, condensation is carried out in a bundle of sloped
pipes. The float force exerted by the liquid on the tube
surface is given by (𝜌𝐿 − 𝜌𝑉 )𝑔 𝑠𝑖𝑛𝜃 this is justified because
the surface of the tube is not flat but curved and this force of
flotation is following the approximation given by a line
tangent to the surface of the tube that arises as a result of the
trajectory of the upper portion to the lower portion, Section,
as shown in figure 1.

𝜕𝑌

=−

(𝜌𝐿 −𝜌𝑉 )𝑔 𝑠𝑖𝑛𝜃
𝜇𝐿

+ 𝐶1 = 0

(5)

Introducing in equation (5) the boundary condition
expressed in expression (4) we have:
0 = −𝛿

(𝜌𝐿 −𝜌𝑉 )𝑔 𝑠𝑖𝑛𝜃
𝜇𝐿

+ 𝐶1

(6)

By pouring in (6) the integration constant C1 and replacing
again we have to:
𝜕𝑉
𝜕𝑌

(𝜌𝐿 −𝜌𝑉 )𝑔 𝑠𝑖𝑛𝜃

=

𝜇𝐿

(𝛿 − 𝑦)

(7)

Integrating again, the differential equation (7) yields:
𝑉=

𝑉 = 𝛿2

Therefore, the angle  is measured from the top of the
tube. The differential equation for the velocity V  y  profile
across the film, for any particular value of x, further
considering that y  0 it is given by the following
expression [13-15]:

 2V
  L  V g  0
y 2

𝜕2 𝑉
𝜕𝑦 2

(𝜌𝐿 − 𝜌𝑉 )𝑔 𝑠𝑖𝑛𝜃 = 0

(1)

;

V
0
y

2

) + 𝐶2

(8)

1 𝑦 2

( − ( ) )
𝛿

𝜇𝐿

(9)

2 𝛿

(𝜌𝐿 −𝜌𝑉 )𝑔 𝑠𝑖𝑛𝜃
2𝜇𝐿

=

𝑔 𝛿 2 𝑠𝑖𝑛𝜃 (𝜌𝐿 −𝜌𝑉 )
2𝜈𝐿

𝜌𝐿

(10)

By establishing a maximum velocity test on the film
surface in an inclined tube with the same maximum speed
condition for a vertical surface, identical solutions are
obtained with the proviso that the first is affected by 𝑠𝑖𝑛𝜃,
caused by the curvature of the surface and the inclination of
the tubes. The mass flows of condensate per unit width of the
film on vertical and inclined surfaces are also identical, [1],
[11] and it are remembered that they must be affected by,
therefore it is satisfied that:

(2)

𝐺=

𝜌𝐿 (𝜌𝐿 −𝜌𝑉 )𝑔 𝛿 3 𝑠𝑖𝑛𝜃
3𝜇𝐿

=

𝜌𝐿 (𝜌𝐿 −𝜌𝑉 )𝑔 𝛿 3 𝑠𝑖𝑛𝜃
3𝜈𝐿

(11)

Therefore the number of Re of film is given by:

(3)

𝑅𝑒 =

At the surface of the film it is assumed that the steam drag
is minimal. If taken  x  as the thickness of the film, the
required contour condition will then be given by:

y 

(𝜌𝐿 −𝜌𝑉 )𝑔 𝑠𝑖𝑛𝜃 𝑦

𝑉𝑚𝑎𝑥 = 𝛿 2

The differential equation (2) is a differential equation of
velocity profile, in this case velocity V  y  across the film for
any particular value of x. To solve this, two boundary
conditions are required. On the wall the non-slip condition of
the actual fluid is taken, therefore:

y  0 and V  0

𝑦2

The relation (9) indicates that the velocity profile V  y  is
parabolic. The speed will reach a maximum on the surface of
the film when y   . Substituting this condition into (12),
the maximum speed can be determined, which is given by
[2], [4], [6]:

The differential equation (1) is now affected by the term
𝑠𝑖𝑛𝜃 by the presence of the inclination already mentioned in
the pipe wall, therefore the expression (4) is transformed and
remains as follows [16-17]:
𝜇𝐿

𝜇𝐿

(𝛿𝑦 −

Taking the boundary conditions given in (4), by applying
them in (8) we obtain that C2  0 . Reordering the equation
(8) we arrive at:

Figure 1. Angle and approximation taken in the present
material for the curvature of the tube surface

L

(𝜌𝐿 −𝜌𝑉 )𝑔 𝑠𝑖𝑛𝜃

4 (𝜌𝐿 −𝜌𝑉 )𝑔 𝛿 3 𝑠𝑖𝑛𝜃
3

𝜌𝐿 𝜈𝐿2

(12)

Considering that the length of the tube is much larger than
its diameter, and that the process is assumed to be stationary,
then the temperature distribution can be treated in a
simplified way as one-dimensional, therefore, according to
what is stated in [18-20], the differential equation of
temperature distribution is reduced to.

(4)

The thickness of the film   x  is a function yet to be
determined. The negligible or negligible entrainment
condition of steam is valid on many occasions when the
steam velocity is not too great. Integrating the differential
equation (2) gives:

𝛿(𝜕 2 𝑇 ⁄𝜕𝑦 2 )

(13)

Two boundary conditions are required to integrate the
differential equation (16). The continuity of the temperature
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Integrating in (22) with Re  0 in   0 and Re  Re in
   , we obtain that:

at the surface of the film requires that T  TSat (𝑇𝑠𝑎𝑡 ) is the
saturation temperature corresponding to the vapor pressure),
therefore the first boundary condition is given by:

y 

; T  TSat

𝑅𝑒𝜋 =

(14)

4 2𝜆𝐿 (𝑇𝑆𝑎𝑡 −𝑇𝑆𝑎𝑡 )𝑑 4 (𝜌𝐿 −𝜌𝑉 )𝑔

[( )

𝜇𝐿(𝑟𝐿𝑉 )

3

As a second contour condition, it is assumed that the wall
is isothermal at temperature TP , therefore:
y  0 ; T  TP

Integrating twice the differential equation (13) is given
above:
(16)

y



TSat  TP 

T
y



(17)

P

T  TP 
Q
 L Sat

F

4

3𝜋

𝜋

∫0 𝑠𝑖𝑛𝑛 𝑥𝑑𝑥 =

(19)

P

L TSat  TP 
dG
 rLV 

dx

𝑛

√𝜋 Γ( 2 +0.5)
2 Γ(𝑛+1)

𝑅𝑒

(26)

(27)

n 
  1  0,92771933
2 

(28)

∫0 𝑠𝑖𝑛𝑛 𝑥𝑑𝑥 =

𝑛

√𝜋 Γ( 2 +0.5)
2 Γ(𝑛+1)

= 1.293554

2

then:
𝜋⁄2

∫0 𝑠𝑖𝑛1⁄3 𝜃𝑑𝜃 = 2 ∫0

(21)

4 (𝜌𝐿 −𝜌𝑉 )𝑔 𝑠𝑖𝑛𝜃

𝑓𝑜𝑟 𝑛 > −1

2

𝜋

𝜌𝐿 𝜈𝐿2

(25)

Substituting (27) and (28) into (26) yields:

(20)

Specifying the boundary condition on the wall gives the
expression for an isothermal wall a TP. Dipping the thickness
 in equation (20):
3 3

𝜈𝐿 (𝑇𝑆𝑎𝑡 −𝑇𝑝 )𝑑

1⁄4

)

n

  0,5   1,35411793
2


𝜋

𝛿=√

(𝜌𝐿 −𝜌𝑉 )𝑔(𝑟𝐿𝑉 )𝜆3
𝐿

(

In Eq. (26)  n  0,5  and  n  1 are gamma functions,
2

2 
with their particularities and special properties. For n  1 3

In equation (21), q it has been assumed positive for the
condensation, therefore the energy balance can be written as:



2

3⁄4

𝜋

(∫0 𝑠𝑖𝑛1⁄3 𝜃𝑑𝜃 )

The integral present in equation (25) can be solved by the
known integration techniques, obtaining:

L

T
y

1 1⁄4

𝛼̅ = ( ) ( )

The local heat transfer coefficient  is defined as the
quotient that exists between the heat flux per unit area and
the temperature difference across the film, therefore [8], [10],
[11]:

q  L

(24)

Substituting the value of Re in equation (23) and
rearranging gives:

(18)

T
y P
q


 L

TSat  TP  TSat  TP  

(23)



The ratio (17) is a linear temperature profile, since the
problem is identical to that of conduction through a flat plate.
Therefore, the heat flow per unit area towards the wall is
simply the flow per unit area through the film:

L

𝜌𝐿 𝜈𝐿2

3⁄4
𝜋
∫0 𝑠𝑖𝑛1⁄3 𝜃𝑑𝜃 ]

 r  Re
 d 
TSat  TP   G rLV   L LV
4
 2 

Introducing in (16) the given boundary conditions (14) and
(15) gives:

T  TP 

3

1⁄3

)

A curious and important observation. It was given
preference to use Re instead of thickness  as an independent
variable, the explanation is simple. Re  0 in   0 because,
by symmetry, the velocity of the mass flow is zero at the top
of the tube, while the thickness of the film in   0 is finite
and unknown [1], [3], [5], [7]. A global energy balance on
the middle of the tube provides the average coefficient of
heat transfer, so that:

(15)

T  y  C1  C2

(

𝑠𝑖𝑛 1⁄3 𝜃𝑑𝜃 = 2.5871095

(29)

Substituting (29) into (25) yields:
Substituting equations (11) and (12) into (20), we obtain
that:
2𝜆𝐿(𝑇𝑆𝑎𝑡 −𝑇𝑆𝑎𝑡 )𝑑 4 (𝜌𝐿 −𝜌𝑉 )𝑔
𝜇𝐿 (𝑟𝐿𝑉 )

(

3

𝜌𝐿 𝜈𝐿2

1⁄3

)

3

𝑠𝑖𝑛1⁄3 𝜃𝑑𝜃 = √𝑅𝑒𝑑𝑅𝑒

(𝜌𝐿 −𝜌𝑉 )𝑔(𝑟𝐿𝑉 )𝜆3
𝐿

𝛼𝐻𝑜𝑟𝑖𝑧 = 0, 923 (

𝜈𝐿 (𝑇𝑆𝑎𝑡 −𝑇𝑝 )𝑑

1⁄4

)

(30)

The latent heat rLV  in (30) is replaced by the Roshenow

(22)

correction rLV " , which states that when there is a possibility
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of subcooling the liquid, the latent heat should be affected as
follows [20-26]:

rLV "  rLV   3 CpL TSat  TP 

(31)

8

Substituting (31) into (30) yields:

𝛼𝐻𝑜𝑟𝑖𝑧 = 0, 923 (

3
8

𝜆3𝐿 (𝜌𝐿 −𝜌𝑉 )𝑔(𝑟𝐿𝑉 + 𝐶𝑝𝐿(𝑇𝑆𝑎𝑡 −𝑇𝑝 ))
𝜈𝐿 (𝑇𝑆𝑎𝑡 −𝑇𝑝 )𝑑

1⁄4

)

(32)

Finally, as it is a sloped surface, since the acceleration of
gravity is present in the denominator is affected in the form
of product by 𝑠𝑖𝑛𝜙 (the sine of the angle formed with the
horizontal), being in final:

𝛼 = 0, 923 (

3
8

𝜆3𝐿 (𝜌𝐿 −𝜌𝑉 )𝑔𝑠𝑖𝑛𝜙(𝑟𝐿𝑉 + 𝐶𝑝𝐿(𝑇𝑆𝑎𝑡 −𝑇𝑝 ))
𝜈𝐿 (𝑇𝑆𝑎𝑡 −𝑇𝑝 )𝑑

Figure 2. Graphic representation of the correlation errors of
the expressions (34)

4. CONCLUSIONS

1⁄4

)

(33)

A model for the determination of the mean condensation
heat transfer coefficient in ACC systems has been obtained
analytically, which is valid for straight horizontal and
inclined tubes, and has a higher adjustment to the model of
greater diffusion in the known literature, The Chato equation,
in the intervals 3.55 ≤ 𝐿𝑜𝑔(𝑅𝑒 ∙ 𝑃𝑟 ∙ 𝑓⁄8) ≤ 3.7 and 4.14 ≤
𝐿𝑜𝑔(𝑅𝑒 ∙ 𝑃𝑟 ∙ 𝑓⁄8) ≤ 4.22 , but not in the interval 3.8 ≤
𝐿𝑜𝑔(𝑅𝑒 ∙ 𝑃𝑟 ∙ 𝑓⁄8) ≤ 4.05 in which equation (34) presents a
better fit to the available experimental data.
The new model obtained is valid for a larger range of the
Re number 103  Re L  2,5 105 , unlike Chato equation which

Transforming mathematically expression (33) we arrive at:
4

𝑁𝑢 = 0, 923 √𝑑 3

3

(𝜌𝐿 −𝜌𝑉 )𝑔𝑠𝑖𝑛𝜙(𝑟𝐿𝑉 + 𝐶𝑝𝐿(𝑇𝑆𝑎𝑡 −𝑇𝑝 ))
8
𝜈𝐿 𝜆𝐿(𝑇𝑆𝑎𝑡 −𝑇𝑝 )𝑑

(34)

3. EXPERIMENTAL VALIDATION
3.1 Experimental validation of the new model

is only valid for Re L  3,5 10 4 , and generally correlates
with a mean order error  15,2% for 84.12% of the available
experimental samples, Surpassing the 18.2% error attributed
to the Chato model given for his author, which coincides with
the initial criterion of the investigation, considering that the
objectives of the investigation are met. The authors consider
that possible adjustments with new experimental quantities
can reduce the correlation error in the interval 3.8 ≤
𝐿𝑜𝑔(𝑅𝑒 ∙ 𝑃𝑟 ∙ 𝑓⁄8) ≤ 4.05.

All experimental data were taken from references [1, 4, 6,
10] which included data from water in diferent operational
conditions for ACC systems. The pipe diameters considered
range from 20 to 50 mm; with mass fluxes from 2 to 75
kg/m2s, and reduced pressures PR  P PC from 0.0008 to
0.11. In all cases of subcooling the temperature of the liquid
Tsubc has been included in the intervals 0,72  TSat  Tsubc  TSat ,
while the friction factor is evaluated for the two-phase by
Martinelli equation [27-31].
In the model validation, the wall temperature is taken as
the arithmetic mean of the temperatures at the entrance and
the exit of the tube. With the professional software TkSolver
5.0, a comparative function can be executed, establishing a
tolerance (permissible error) equal to 10 6 and using for the
determination of the physical properties of water. The model
IAPWS Formulation 1995 for the Thermodynamic Properties
of Ordinary Water Substance For General and Scientific
Use. The results obtained are plotted in Cartesian
coordinates, taking as the axis of the ordinates the complex
𝐿𝑜𝑔(𝑅𝑒 ∙ 𝑃𝑟 ∙ 𝑓⁄8) and the quotient %error 150 in Y
ordinates.
The error committed with the use of equation (34) tends to
decrease as the value of the complex 𝐿𝑜𝑔(𝑅𝑒 ∙ 𝑃𝑟 ∙
𝑓⁄8) increases, with a mean error equal to 12.86% for
𝐿𝑜𝑔(𝑅𝑒 ∙ 𝑃𝑟 ∙ 𝑓⁄8) = 3.5 and a mean error equal to 8.75% to
𝐿𝑜𝑔(𝑅𝑒 ∙ 𝑃𝑟 ∙ 𝑓⁄8) = 5.08
The tests performed also allow the expression (36) to
correlate generally with an average order error  15,2% for
84.12% of the available experimental samples, as shown in
figure 2, itself was represented the Chato equation (37) by a
red solid line.
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Latent heat of vaporization, J. kg-1. K-1

Tsat
TP
N

Saturation temperature, 0C
Wall temperature, 0C
Numbers of experimental points.

Greek symbols





T
θmed
µ
µL
µV
ρL
ρV
λ
νL
∆T

NOMENCLATURE
G
Cp
d
g
Re
Nu
Pr
PrL
P
x

rLV 

Mass flux, kg. m-2.s-1
Specific heat, J. kg-1. K-1
Inner equivalent tube diameter, m
gravitational acceleration, m.s-2
Reynolds number
Nusselt number
Prandtl number
Prandtl number for single-phase
Fluid pressure, kg. m-1.s-2
Steam quality

two-phase heat transfer coefficient, kg.m-2.s-3.K-1
Mean heat transfer coefficient, kg.m-2.s-3.K-1
Thickness film, m
Two-phase heat transfer coefficient, kg.m-2.s-3.K-1
Inscript pipe angle,
Dynamic viscosity, kg. m-1.s-1
Liquid dynamic viscosity, kg. m-1.s-1
Steam dynamic viscosity, kg. m-1.s-1
Density of liquid, kg.m-3
Density of vapor, kg.m-3
Fluid thermal conductivity, W.m-1. K-1
Liquid kinematic viscosity, m2.s-1
Temperature difference across the condensate film, K

Subscripts
Eq.
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