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This paper designs a novel least squares (LS) meshless method for the three-dimensional
(3D) problem of multi-component high-speed non-equilibrium reaction jet. Specifically,
the space derivative was solved by the LS method, and the artificially upstream flux
vector splitting (AUFS) scheme was introduced to compute the convection term in the
control equation. Considering the possibility of chemical reactions, the flow field
parameters were updated by the finite-rate reaction model; the rigidity of chemical
reactions was solved by the time splitting method. In addition, the 3D computational
domain was discretized into simple weighted points with clear physical meanings. On
this basis, the complex problems of the steady flow around the high-speed flying
projectile with the angle of attack, and the 3D muzzle flow field with brake were
calculated. The results prove that the proposed LS meshless method is a feasible way to
capture the shock structure in complex flow fields. The proposed method provides a new
solution to multi-component high-speed non-equilibrium reaction jets.
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1. INTRODUCTION

calculated the multi-component high-speed non-equilibrium
reaction jet using a model based on a variable flame surface;
the chemical model used three scalar equations, performing
well in large eddy simulation calculations. Mei et al. [8]
studied the chemical reaction of the reentry flow field of a
supersonic aircraft, established a gas phase chemical reaction
model and a wall reaction model, and achieved the calculation
results of different combinations. Santillana et al. [9]
conducted research on atmospheric chemistry models,
verifying the influence of the order of operator splitting on the
accuracy of decoupling methods. Bussing and Murmanl [10]
first applied the point implicit algorithm to unify the time steps
of chemical reactions and convection terms to pseudo time
steps for solving the rigidity problem of the equation. Lee et
al. [11] simulated the non-equilibrium supersonic flow based
on a Cartesian grid in the same method. Sussman [12]
introduced a scale factor to modify the chemical reaction
source term, and adopted a point-hidden algorithm to simulate
the shock-induced oscillating combustion flow field. Shuen
and Yoon [13] put forward the LU-SSOR format, and
conducted implicit computation of convection terms and
reaction source terms, while explicitly processing the viscosity
terms to reduce the amount of calculation. Sun et al. [14]
combined the dynamic multi-time scale of Gou et al. [15] with
the dynamic adaptive chemical process to form the
HMTS/CDAC method, thereby improving the computational
efficiency significantly.
In traditional computational fluid dynamics (CFD), gridbased finite difference method (FDM), finite element method
(FEM), and finite volume method (FVM) are more widely
used, but the existence of grids leads to certain limitations in
the use of certain flow fields [16-18]. To solve this, Perrone
and Kao [19]; Liszka and Orkisz [20] established the prototype

Multi-component high-speed non-equilibrium reaction jets
are widely used in aviation, aerospace, weapons, and other
fields. The non-equilibrium flow formed by the external high
temperature environment of hypersonic aircraft, the
supersonic combustion flow in the propulsion system of
aircraft, the re-entry of aircraft into the atmosphere, and
gunpowder gas flow of gun muzzle, etc., have always been the
focus and difficulty in computational fluid dynamics. The
difficult points in the multi-component high-speed nonequilibrium reaction jet mainly include the complex physical
process, the rigidity of chemical reaction [1-3] and the huge
amount of calculation.
The rigidity problem of chemical reaction calculation is the
most difficult to solve. The chemical reaction rate is extremely
sensitive to the thermodynamic state function, resulting in a
large difference in the characteristic time scale between
different reactions; the reaction characteristic time scale is also
several orders of magnitude smaller than the flow
characteristic time scale. Splitting and non-splitting are
currently the two mainstream methods to solve the decoupling
of flow and chemical reaction. Non-splitting method can be
divided into point implicit algorithm and fully implicit
algorithm. Fedkiw et al. [4] used the second-order Strange
splitting method to solve the N-S equation with reaction source
terms, and Newton-Raphson iteration to update the
temperature. da Silva et al. [5] adopted the time splitting
method to simulate the oblique detonation wave stationary on
the wedge. Liu et al. [6] proposed a new time splitting method
to solve the non-equilibrium chemical reaction flow, and used
a gradient formula to solve the chemical reaction source term,
with a high calculation efficiency. Saghafian et al. [7]
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of a meshless algorithm in the 1970s. The meshless algorithm
[21-23] breaks through the limitations of grid division, and
adopts the discrete nodes distributed in the boundary or within
the computational domain, showing a huge advantage in
analyzing the extremely large deformations and serious
deformities of the multi-media, fluid-solid coupling, etc.
Löhner et al. [24] and Ortega et al. [25], based on the finite
point method, used Taylor–Galerkin format to successfully
solve 2D and 3D compressible flows. Erhart et al. [26]
developed a localized and virtual radial basis function, and
then proposed a local meshless method based on the Cartesian
grid, which successfully solved the problem of supersonic
flow around flat plat. Munikrishna and Balakrishnan [27]
applied a hybrid meshless-Cartesian grid method to calculate
turbulent flow using the RANS turbulence model coupled with
the zero equation of the meshless solver LSFD-U. Gargari et
al. [28, 29] proposed a mixed discrete least squares meshless
(MDLSM) method for the incompressible Navier-Stokes
equation and ALE equation, enjoying higher accuracy than the
DLSM method.
This paper attempts to present a LS meshless method for
numerical simulation of 3D multi-component high-speed nonequilibrium reactive jets. First, the 3D multi-component
control equations and numerical methods used were briefly
introduced, and then the flow field was discretized using the
weighted points. Finally, numerical simulation was conducted
on the steady flow around the high-speed flying projectile with
the angle of attack, and the 3D muzzle flow field with brake.
The results are in good agreement with the experiment and
two-dimensional calculation results, proving the effectiveness
of the algorithm.
2. CONTROL
METHODS
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Given that the coefficient matrix of the above formula is A,
generally, the number of satellite points of a node is over 4, so
the above is a contradiction equation. The space derivative at
any node i is obtained by the LS method:
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In the point-cloud structure of any node i, the flow variables
of the center point i and its satellite points j(j=1,2,…,N) all
satisfy the equation above, and then the following matrix can
be given as:
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In the 3D case, it’s assumed that the flow variable satisfies
the following linear function relationship:

(1)
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2.1 Space derivative

where, U is a conserved variable, F1, F2, and F3 are convective
fluxes, and S is a chemical reaction source term. Specifically,
they’re expressed as:

(

(3)

Among them, At is thepre-exponential factor, bt is the
temperature factor, Et is the activation energy, Ru is the general
gas constant, and T is the mixed gas temperature. The reverse
reaction rate constant can be calculated from the reaction
equilibrium constant, and the chemical reaction source term is
processed by the finite rate reaction model [30].

In the 3D non-equilibrium chemical reaction flow, the flow
field can be described by the 3D Euler equation with the
reaction source term. It’s expressed in the rectangular
coordinate system as:

U = 1
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R
it

In the formula (3), 𝜈𝑖𝑡𝐿 , 𝜈𝑖𝑡𝑅 are the equivalent coefficients of
the chemical reaction on the left and right side of the
component i under the reaction t; Mi is the molar mass of the
component i; RN is the total number of chemical reactions in
the model; Kft is the forward and reverse reaction rate constant,
calculated by the Arrhenius formula:
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where, ρi is the mass density of component i, NR is the total
number of components, ρ is the mass density of the mixed gas,
u, v, and w are the velocity components in the x, y, and z
directions of the mixed gas, p is the pressure of the mixed gas,
ωi is the mass production rate of component i caused by
chemical reaction, and ρE is the total energy per unit volume.
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The coefficients bij, cij, and cij are the first row, second row,
and third row of the matrix (𝑨𝑇 𝑨)−1 𝑨𝑇 , and the convection
term of Euler equation at any node i can be expressed as:
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Among them, γ is the gas specific heat ratio.
The time term used the fourth-order Runge-Kutta method
for explicit advancement. To ensure the stability of the
calculation, the minimum value of the local time step was used
as the global time step. Using split algorithm [4], chemical
reaction and flow decoupling calculation to handle the
"rigidity" problem of chemical reaction, the chemical reaction
time step was further subdivided. For the boundary, the mirror
points were constructed outside the flow field, and the flow
variable value of the mirror point was determined according to
the boundary type. The wall used the normal non-penetration
boundary condition, and the far field adopted the nonreflective boundary condition.
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2.2 AUFS scheme
The AUFS (artificially upstream flux vector splitting)
scheme was proposed by Sun and Takayama [31]. This
scheme is not only simple in calculation form to accurately
distinguish contact discontinuities, but also has no carbuncle
instability in many dimensions with good robustness [32, 33].
The 3D multi-component AUFS scheme applied to the
meshless algorithm is shown in the form as:

WijAUFS = (1 − M )W1 + MW2

3. MESHLESS POINT-CLOUD GENERATION

(9)

In this paper, the meshless method [30] using the weighted
points was extended to 3D case. This method is mainly to
assign each discrete node with a real-number weight. Its
physical meaning can be understood as a sphere with the point
as the center and the weight as the radius. The distribution of
weighted points means filling spheres with the same or
different radius into the calculation area. In order to enhance
the flexible usability of this method in actual operation, the
tangency in a strict sense is not required between two adjacent
virtual spheres, that is, partial intersection or separation is
allowed. The points are specifically distributed in the
following steps:
(1) According to the actual situation, the boundary was
distributed with points uniformly or non-uniformly according
to a certain rule; the weight of each boundary point i is

where, the fluid vectors W1, W2, and the constant M are defined
as:

1
W1 = [ ( P i + P j ) +  U ]
2

(10)

W2 = [U (un − S2 ) + P ]
M = S1 / (S1 − S 2 )

In the formula, the pressure component P and the artificial
viscosity term δU are defined as:
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adjacent node j, and N is the number of adjacent points;
(2) The boundary triangle was used as the initial front, and
the weighted points were filled inside. Taking front ABC as an
example, the weight rD of the best advancing weighted point
D is the average of the weights of the three endpoints A, B, C.
Considering that the virtual where the node D is located is
tangent to that of the nodes A, B, and C, the coordinates of the
weighted point D were obtained, i.e., (xD, yD, zD). And 𝛽 r is the
weight coefficient; since two adjacent virtual points allow
partial intersection or separation, it can also achieve the
purpose of non-uniform distribution.
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Then, existing weighted points were found around point C
to form a linked list of candidate points, which can delete
invalid weighted points through geometric judgments such as
penetration and intersection. Finally, determine the optimal
advancing point according to the overlap coefficient between
the existing weighted points and the ideal advancing point.
The overlap coefficient is defined as:

where, u* and c* are the intermediate wave velocity and
intermediate sound velocity derived from the isentropic
relationship, specifically expressed as:

u =
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Figure 2 compares the experimental results with the
calculated results. The proposed method in this paper can
correctly capture the shock waves on the upper and lower side
of the projectile, which are asymmetric under the angle of
attack. Figure 3(a) shows the vorticity distribution and partial
streamline around the projectile. There was a low-pressure
vortex area at the tail of the projectile, with the lowest pressure
reaching 10,342Pa. Figure 3(b) shows the temperature and
pressure distribution curves of the projectile around the flow
field at the z=0 section at the upper and lower walls of the
projectile head. It’s found that due to the existence of the angle
of attack, the temperature and pressure of the upper wall were
higher than those of the lower wall, but in the same change
trend. The mixed gas was compressed at the tip of the
projectile's head, increasing the temperature and pressure, up
to 1,200K. After bypassing the tip of the projectile's head, the
temperature and pressure first dropped rapidly within a small
distance, the pressure then started to rise and the temperature
slowly dropped.

)

(15)

)

where, ri and rj are the weights of weighted points i and j,
respectively, and dij is the distance between the two points. The
overlap coefficients βij of all candidate points were calculated,
and the maximum candidate point was selected as the best
advancing point.
4. EXAMPLE ANALYSIS
4.1 Steady flow around the high-speed flying projectile
with the angle of attack
In this example, the high-speed flight process of a projectile
in a methane/air premixed gas with an equal stoichiometric
ratio was simulated, with an angle of attack of -4°. Figure 1(a)
and 1(b) show the structure of the projectile, with the head
cone angle of the projectile 60°, the flight speed v 0 1837m/s,
the premixed gas temperature T0 298K, and the pressure p0
101325Pa. The chemical reaction adopts a 13-component 19step reaction mechanism of methane/air. Figure 1(c) shows the
node distribution of the flow field around the high-speed
projectile; the outer boundary is a cylinder with a radius of
0.07m and a length of 0.16m, with a total of 809,580 flow
fields.

Figure 2. Comparison of experimental shadow photos (left)
and density cloud images (right)

(a) Front view

(a)

(b) Three-dimensional view

(b)
Figure 3. The distribution of vorticity at the x=0 and z=0
sections of the projectile (a), and the temperature and
pressure distribution near the upper and lower walls of the
head of the projectile at the z=0 section (b)

(c) The layout of the projectile surrounding points
Figure 1. The structure of the projectile
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Figure 4 shows the temperature distribution cloud diagram
at z=0 section and y=0. It can be seen that due to the small cone
angle , low flight speed v0, and angle of attack  of the
projectile, the shock wave on the head of the projectile was
weaker, and the highest gas temperature after the wave was
about 1,200K. Located in a small area on the top of the
projectile, the chain branching reaction of the chemical
reaction cannot be self-accelerated, and thus cannot ignite the
methane/air premixed gas to form a stationary oblique
detonation.

in the jet boundary area in the external flow field, reflecing in
the H distribution and temperature distribution. In addition, the
shock wave of the bullet hole interacted with that of the side
hole, to suppress the bullet hole shock wave, reduce the
diameter of the Mach disk, and restrict the middle flame of the
muzzle to a certain extent. Over time, a large amount of
gunpowder gas mixed and burned with the entrained
atmosphere in the side hole jet area. As the gas was evacuated,
the size of the bottle-shaped shock structure decreased in the
later stage. Figure 9 shows the OH mass fraction distribution
and partial streamline of muzzle flow field at x=1.13 and z=0.
It can be seen that there was a symmetrical vortex structure in
the jet area of the bullet hole and the side hole, forming an
entrainment effect. This can promote the progress of chemical
reactions and provide more atmosphere. Figure 10 shows the
distribution curves of velocity, pressure, temperature, and OH
mass fraction on the axis at three times. Due to the existence
of the brake, the pressure of the fluid after the bullet hole was
reduced, the pressure peaked at the baffle, while the speed
dropped to the lowest, and then the speed increased. Then,
tthrough the Mach disc, it decreased again, and the Mach disc
was shrinking. In addition, the temperature and OH mass
fraction distribution curves indicate that the violent chemical
reaction area is moving forward, but weakening.

Figure 4. The temperature distribution cloud diagram at z=0
section (left) and the temperature distribution cloud diagram
at y=0 section (right)
4.2 3D muzzle flow field with brake
The brake can reduce the recoil kinetic energy of the gun,
and inhibits the muzzle flame to certain degree. In this paper,
a meshless method was used to calculate the muzzle flow field
of a 12.7mm anti-aircraft machine gun. The muzzle of the
machine gun was equipped with an impact brake, ignoring the
influence of the moving projectile temporarily in the
calculation. The structure of the impact brake mainly includes
two orthogonal cylindrical cavities and a baffle, as shown in
Figure 5 (a). Considering the symmetry of the flow field, 1/2
flow field was used for calculation. To ensure the accuracy of
simulation results, more meshless nodes should be generated
around the axis, for a total of 3,285,882 points in the flow field,
as shown in Figure 5 (b). The mass fractions of CO, CO2, H2,
N2, and H2O in the initial flow field in the muzzle weree
0.4475, 0.26125, 0.0125, 0.12625, and 0.1525, respectively,
the pressure was 77.51Mpa, the temperature was 1825.0K, the
velocity was 809.5m/s, and the outflow field was static
atmosphere.
Figure 6 shows the shadow photo of the muzzle flow field
with the brake and the corresponding density cloud map
through numerical simulation, which are basically consistent.
The flow field structure of the muzzle with a brake was
obviously different from that without a brake. The gunpowder
gas was discharged through the side hole to form an
independent gas jet structure. Its shock wave intersected the
jet shock wave of bullet hole to form the muzzle shock wave.
Figures 7 and 8 show the H mass fraction and temperature
distribution of the z=0 section at three times t1=185.8μs,
t2=380.1μs, and t3=559.9μs, and vorticity distribution diagram
of the muzzle flow field at z=0 and x=1.13. From the figures,
it can be found that the gunpowder gas has leaked from the
bullet holes and side hole; based on the distribution of H mass
fraction, a violent chemical reaction occurred first in the brake,
forming a secondary combustion in the chamber. At t1, a
complete Mach disc, incident shock wave structure and sidehole jet structure were formed. After the oxygen inside the
brake was exhausted, the chemical reaction mainly occurred

(a)

(b)
Figure 5. Structure and flow field of the impact brake

Figure 6. Shadow photo of the flow field of the machine gun
muzzle and numerically simulated density cloud map
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Figure 7. The H mass fraction in the muzzle flow field at z=0
(top) and temperature distribution (bottom)
(a)

(b)
Figure 10. The distribution curve of velocity, pressure,
temperature, and OH mass fraction on the axis of the flow
field at different times

Figure 8. Vorticity distribution diagram of the muzzle flow
field at the z=0 and x=1.13 section

5. CONCLUSIONS
Multi-component high-speed non-equilibrium reaction jets
are widely available in practical engineering. This paper
proposes the LS meshless method for calculating multicomponent high-speed non-equilibrium reaction jets. The
multi-component AUFS scheme was used to calculate the
convection term, and the finite-rate reaction model updated the
flow field parameters under chemical reactions. To solve the
rigidity of the chemical reaction in the calculation, the time
splitting method was introduced to decouple the items in the
governing equation. The 3D flow field was discretized into
weighted points with clear meaning and great development
potential. In addition, the proposed meshless method was first
used to calculated the steady flow around a high-speed flying
projectile with an angle of attack. The calculation results were
consistent with the experimental results, proving the
effectiveness of this algorithm. Then, through a detailed
calculation of the 3D muzzle flow field with brakes, it
successfully gave the formation process of the complex wave
system structure of the muzzle flow field, described the change
of the gunpowder gas composites in the time period from the
inside of the muzzle to near the muzzle in detail, and explain
the influence of the muzzle pressure and the external
environment on the formation process of the muzzle flow field
and the product composition of the muzzle gas. The research
findings provide a new calculation method for the problem of
multi-component high-speed non-equilibrium reaction jets.

(a)

(b)
Figure 9. OH mass fraction distribution diagram and partial
streamline diagram of the muzzle flow field at x=1.13 and
z=0
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