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In this present flow model we study the MHD flow, heat and mass transfer of an 
electrically conducting nanofluid past a semi-infinite vertical flat plate subject to 
convective boundary condition, energy dissipation, heat source/sink and chemical 
reaction. Using similarity transformations, we derive a set of non-linear ordinary 
differential equations governing the flow which are solved numerically by fourth order 
Runge-Kutta method with shooting technique. The velocity, temperature, concentration 
and nanoparticle volume fraction profiles are affected by a number of thermo-physical 
parameters are presented graphically. The shearing stress at the plate, rate of heat and 
mass transfer are also studied. The outcome of the present analysis is to regulate the Biot 
number to control the cooling or heating mechanism at the plate i.e. to increase/decrease 
the rate of heat transfer.   
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1. INTRODUCTION

A nanofluid is a blend of base fluid and nanometer sized
particles uniformly suspended in the fluid. Typically 
conductive fluids such as water, ethylene glycol and mineral 
salts are used as base fluid. The nanoparticles are made of 
metals (Al, Cu), carbides (SiC), oxides (Al2O3), nitrides (AlN, 
SiN), or nonmetals (carbon nanotubes, graphite).  The 
nanofluids are of enormous use in many manufacturing and 
engineering applications such as melt polymers, electronics 
cooling, solar collectors, biological solutions, food mixing, 
nuclear applications. Nanofluid first coined by Choi [1]. Choi 
et al. [2] noticed that the effect of a small amount of 
nanoparticles added to any ordinary fluid (less than one 
percent by volume) enhances approximately twice the thermal 
conductivity of the base fluid. Buongiorno [3] derived a 
nanofluid model in which Brownian diffusion and 
thermophoresis slip mechanism are used to augment thermal 
property of the base fluid. Researches reveal that the slip flow 
exists for small characteristic size of the flow system or flow 
with very low pressure. The part of the slip may occur on a 
stationary and moving boundary when the fluid is particulate 
such as emulsions and suspensions. Navier [4] comprised a 
boundary condition which states that the component of 
tangential fluid velocity to the boundary walls is directly 
proportional to tangential stress. An analytical solution on the 
natural convective boundary layer nanofluid flow past a 
vertical plate was described by Kuznetsov and Nield [5]. They 
found that Brownian motion of nanoparticles plays a key role 
on nanoscale mechanism augmenting the heat transfer 
properties. 

The MHD flow on boundary layer over a stretching surface 
has wide applications in chemical, mechanical, industrial and 
manufacturing processes such as aero dynamics, polymer 
production, metal casting etc. Hussain et al. [6] have studied 

the thermal radiation effect on magneto-nanofluid over an 
exponentially stretching sheet. Nayak [7] studied the MHD 
flow and heat transfer on stretched vertical permeable surface 
considering thermal radiation and chemical reaction. Swain et 
al. [8] have studied the MHD heat and mass transfer on 
stretching sheet with variable viscosity as well as thermal 
conductivity. The thermo-diffusion has also been taken care of. 
The diffusion of mass because of temperature gradient is 
called Soret or thermo-diffusion effects and this effect is 
considerable for large density differences between the fluid 
layers of diffusing species and surrounding fluid medium. The 
Soret and Dufour effect on mixed convection heat and mass 
transfer are studied by Pal and Chatterjee [9]. Makinde and 
Aziz [10] studied numerically boundary layer flow of a 
nanofluid past a stretching sheet subject to a convective 
thermal boundary condition. Further, RamReddy et al. [11] 
studied the effects of mixed convection flow taking a vertical 
plate subject to a convective boundary condition. They solved 
the modeled equations numerically by applying implicit 
iterative finite difference method. Nayak et al. [12] 
investigated the Soret and Dufour effects in the hydro-
magnetic unsteady flow by a mixed convection past a 
stretching sheet in a porous medium in the presence of 
chemical reaction. Swain et al. [13] have studied the impact of 
heat source and chemical reaction on MHD flow of 
viscoelastic nanofluid over a stretching sheet in a porous 
medium. Rama and Goyal [14] investigated non-Newtonian 
nanofluid flow over a permeable sheet with heat generation 
and velocity slip in presence of magnetic field. Barik et al. [15] 
analyzed the effect of chemical reaction and heat source on 
MHD flow of visco-elastic fluid past an exponentially 
accelerated vertical plate embedded in a porous medium. 
Nayak et al. [16] examined the flow and mass transfer analysis 
of a micropolar fluid in a vertical channel with heat source and 
chemical reaction. 
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In the present study we have investigated the impact of 
thermal radiation, volumetric heat source/ sink on viscous 
dissipative boundary layer flow of MHD nanofluid over a 
vertical plate embedded in a porous medium with thermal slip 
and most importantly chemical reaction. The no-slip boundary 
condition is commonly used in flow problems of viscous fluids. 
However, there are some cases the slip may occur on the 
boundary when the fluid is particulate such as emulsions, 
suspensions foams and polymer solutions. The fluid flow 
behaviour subject to the slip flow regime greatly differs from 
the conventional flow. 

 
 

2. MATHEMATICAL MODEL AND FLOW ANALYSIS 
 
Consider the steady laminar two dimensional flow of a 

viscous incompressible nanofluid over a semi-infinite vertical 
plate embedded in a porous medium. Cartesian co-ordinate 
system, as shown in Figure 1 is chosen such that ,x y axes, 
respectively, are in the vertical upward and perpendicular 
directions on the plane of the vertical plate-surface. The 
ambient temperature, concentration and volume fraction are 
mentioned in the Figure 1 as T∞, C∞, and φ∞, respectively. The 
plate is heated/cooled depending upon Tf<T∞/Tf>T∞, where Tf 
is the fluid temperature. 

 

 
 

Figure 1. Flow configuration 
 
By employing Oberbeck-Boussinesq approximation, 

making use of standard boundary layer approximations and 
eliminating pressure, the equation of continuity, motion, heat 
energy, volume fraction and concentration for the nanofluid 
following RamReddy [11], Kandasamy et al. [17], and Das et 
al. [18] are given by 
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From the momentum transport Eq. (2), it is evident that the 

base fluid is a Newtonian viscous fluid, the term 𝜇𝜇 𝜕𝜕2𝑢𝑢
𝜕𝜕𝑦𝑦2 , 

presents the contribution due to viscosity. Hence, thin liquid, 
liquid of low viscosity may be preferred to act as a base fluid 
for example water, kerosene, ethyl benzene and any 
metallic/non-metallic oxides etc. which exhibit the Newtonian 
characteristics. 

The boundary conditions following Aziz [19] as 
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By using the following similarity transformations 
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with stream function 𝜓𝜓(𝑥𝑥, 𝑦𝑦) such that 𝑢𝑢 = 𝜕𝜕𝜕𝜕
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the Eqns. (2) - (5) reduce to  
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Physical significance of Eq. (9): Buongiorno [3] concluded 

that for laminar flow thermophoresis and Brownian diffusion 
are important mechanism in nanofluid analysis. Based on this 
the continuity Eq. (4), non-dimensional form of Eq. (9), is 
derived for nanoparticles. The Eq. (10) represents the solutal 
concentration. This gives rise to solutal concentration 
boundary layer and needs separate analysis. 

The corresponding boundary conditions (6) reduce to 
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where, non-dimensional variables and parameters are 
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And 𝐵𝐵𝐵𝐵 = 𝑐𝑐
𝑘𝑘 �2𝜐𝜐

𝑢𝑢∞
 is the Biot number. This boundary 

condition will be free from the local variable x by choosing 
ℎ𝑓𝑓 = 𝑐𝑐𝑥𝑥

−1
2 . 

The most important physical quantities for the problem are 
shearing stress, local heat, local nanoparticle mass and local 
regular mass fluxes which can be obtained from 
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The non-dimensional shear stress coefficient 𝐶𝐶𝑓𝑓 = 𝜏𝜏𝑤𝑤
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3. METHOD OF SOLUTION 

 
The non-dimensional governing Eqns. (7)-(10) are non-

linear and coupled with fifteen physical/material parameters 
with four flow variables such as velocity, temperature, volume 
fraction and solutal concentration. Intricacies of the solutions 
of the boundary value problem lie with the interlocking of four 
flow variables, particularly, four in the linear momentum 
equations whereas other are of three. The difficulty is 
furthered due to unbounded flow domain and convective 
initial conditions. The difficulties are successfully addressed 
with effective Runge-Kutta method with shooting technique, a 
formidable technique for boundary value problem with 
inadequate initial conditions.  The unknown initial values of 
𝑓𝑓ʺ(0), 𝜃𝜃 ʹ(0), 𝛾𝛾 ʹ(0)  and 𝑁𝑁 ʹ(0)  are obtained by shooting 
technique to start the process. Further, these initial guess 
values are corrected with the help of Secant method by 
considering step size 0.001 and error tolerance 10−6. 

 
 

4. RESULTS AND DISCUSSION 
 
To check the accuracy of the numerical method, 

computations for −𝜃𝜃 ′(0) is carried out for various values of 
𝐵𝐵𝐵𝐵, 𝜆𝜆, 𝑃𝑃𝑃𝑃 and compared with the results of Kandasamy et al. 
[17] in Table 1 and they are found to be good in agreement. 
From Figure 2 it is seen that the numerical solution obtained 
by Runge-Kutta method agrees well with RamReddy et al. 
[11]. This proves the consistency of the numerical method 
used for the solution of the governing equations.   
 

Table 1. Comparison of -θ’(0) for various values of Bi, λ and 
Pr 
 

Bi 𝝀𝝀 Pr RamReddy  
et al. [11] 

Kandasamy 
 et al. [17] 

Present 
Study 

0.1 0.1 0.72 0.07505 0.075047829 0.075041589 
1.0 0.1 0.72 0.23746 0.237496592 0.237382563 
0.1 1.0 0.72 0.07700 0.077043179 0.077154527 
0.1 0.1 3.00 0.08301 0.083038649 0.083250156 
0.1 0.1 7.10 0.08670 0.086717792 0.086532704 

 

 
 

Figure 2. Comparison of temperature profiles for Bi and Nr 
with RamReddy et al. [11] 

 
Figure 3 exhibits the effect of magnetic parameter (M), 

porosity parameter �𝐾𝐾𝑝𝑝�and chemical reaction parameter (Kc) 
on velocity distribution. The interaction of magnetic field with 
an electrically conducting flowing fluid induces a voltage 
across the magnetic field. The current generated by the 
induced voltage interacts with magnetic field and producing a 
resistive force to slow down the motion of the fluid. Therefore, 
an increase in M leads to decrease the velocity profiles in the 
flow domain. Further, porous medium resists the fluid flow 
also. It is also seen that the velocity increases with an 
increasing values of constructive chemical reaction parameter 
Kc (𝐾𝐾𝑐𝑐 < 0)  whereas reverse effect is observed is case of 
destructive chemical reaction parameter Kc(𝐾𝐾𝑐𝑐 > 0). 

  

 
 

Figure 3. Velocity profiles for various values of M, Kp and 
Kc with λ=Nr=Nc=Bi=Pr=ST=1.0, Nt=Nb=0.45, Sc=0.6, 

Le=5.0, Q=R=Ec=0.1 
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Figure 4 reveals the influence of nanoparticle buoyancy 
ratio (Nr) and regular buoyancy ratio (Nc) on velocity 
distribution. It is observed that thermal boundary layer 
decreases with an increasing value of Nr and increases with 
increasing values of Nc.  

 

 
 

Figure 4. Velocity profiles for various values of Nc and Nr 
with M=Kp=0.5, λ=Bi=Pr=ST=1.0, Nt=Nb=0.45, Sc=0.6, 

Le=5.0, Q=R=Ec=Kc=0.1 
 

 
 

Figure 5. Velocity profiles for various values of Bi and λ 
with M=Kp=0.5, Nc=Nr=Pr=ST=1.0, Nt=Nb=0.45, Sc=0.6, 

Le=5.0, Q=R=Ec=Kc=0.1 
 

 
 

Figure 6. Temperature profiles for various values of Nb and 
Nt with M=Kp=Q=R=Ec=Kc=0.1, 

λ=Bi=Pr=ST=Nr=Nc=1.0, Sc=0.6, Le=10.0 
 

Figure 5 exhibits the impact of Biot number (Bi) and mixed 
convection parameter (λ) on velocity profiles. It is observed 
that both the parameters enhance the velocity. The Biot 
number is the ratio of momentum diffusivity through v and 
thermal diffusivity through k. Here, momentum diffusivity is 
accelerated overriding the thermal conductivity of nanofluid, 
resulting accelerated fluid motion. 

From Figure 6 it is clear that Brownian motion (Nb) and 
thermophoresis parameter Nt increase the temperature 
indicating more dispersion of thermal energy into flow domain. 
It is also revealed that thermal energy is dissipated into flow 
due to concentration and temperature differences between 
boundary layers and corresponding ambient conditions as well 
as Brownian diffusion coefficient and thermophoresis rather 
than kinematic viscosity (υ) of the base fluid responsible for 
momentum diffusivity.  

 

 
 

Figure 7. Temperature profiles for various values of M, Q 
and Kc with Nb=Nt= 0.45, λ=Bi=Pr=ST=Nr=NC=1.0, 

Sc=0.6,Le=10.0, R=Ec=KP=0.1 
 

 
 

Figure 8. Temperature profiles for various values of R and 
Ec with M=Kp=Q=KC=0.1,λ=Bi=Pr ST=Nr=Nc=1.0, 

Nb=Nt= 0.45, Sc=0.6, Le=10.0 
 

Figure 7 depicts the influence of magnetic parameter (M), 
heat source/sink parameter (Q) and chemical reaction 
parameter (Kc) on temperature distributions. It is noticed that 
an increase in the value of magnetic parameter enhances the 
temperature of the fluid. The temperature profiles increase 
with heat source parameter Q(Q>0) on the contrary, the 
temperature decreases with heat sink parameter Q(Q<0). It is 
also seen that the temperature increases with an increase in the 
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destructive chemical reaction parameter Kc(Kc>0) and 
decreases in case of constructive chemical reaction parameter 
Kc(Kc<0). It is natural in the process of exothermic reaction; 
the heat energy is evolved that enhances the fluid temperature. 
The reverse thermo-physical conditions is observed for 
endothermic reaction.  

Figure 8 presents the effect of thermal radiation parameter 
(R) and Eckert number (Ec) on the temperature profiles. The 
effect of radiation parameter near the bounding surface 
(0<η<0.65) is to decrease the temperature and beyond, the 
reverse effect is observed.  The point of intersection of the 
profiles drifted away from the boundary with higher value of 
Ec. 

 

 
 

Figure 9. Volume fraction profiles for various values of Nb 
and Nt with M=Kp=Q=KC=R=Ec=0.1, λ=Bi=Pr 

ST=Nr=Nc=1.0, Sc=0.6, Le=10.0 
 
Figure 9 is plotted to explain the effects of Brownian motion 

(𝑁𝑁𝑁𝑁) and thermophoresis parameter (𝑁𝑁𝑁𝑁) on volume fraction 
profiles. A sharp fall in volume fraction is seen with the 
variation of Nb and Nt except some anomalies in case of 
slightly increased value of Nt equals to 0.5, 0.9 where, for 
which the fall slows down when0.6 < 𝜂𝜂 < 1.9. This indicates 
that increase in Brownian motion resulting higher energy 
exchange is prevented. 

 

 
 

Figure 10. Volume fraction profiles for various values of Le 
and Kc with M=Kp=Q= R=Ec=0.1, Nb=Nt= 0.45, Bi=Pr 

ST=Nr=Nc=1.0, Sc=0.6,  

 
 

Figure 11. Concentration profiles for various values of Kc 
and 𝑁𝑁𝑇𝑇 with M=Kp=Q=R=Ec=0.1, Nb=Nt= 0.45, λ=Bi=Pr 

Nr=Nc=1.0, Sc=0.6, Le=10.0 
 

Figure 10 presents the effects of Lewis number (Le) and 
chemical reaction parameter (Kc) on volume fraction profiles. 
A sharp fall in volume fraction occurs due to higher value of 
Lewis number. One remarkable feature is that the volume 
fraction increases under the influence of exothermic reaction 
(Kc>0) and decreases for endothermic reaction (Kc<0). 

Figure 11 depicts the effects of chemical reaction parameter 
(Kc) and Soret number (ST) on concentration profiles. It is 
observed that destructive chemical reaction parameter Kc 
(Kc>0) decreases the concentration profiles while 
concentration increases with increasing values of generative 
chemical reaction parameter Kc (Kc<0). It is also seen that an 
increase in the Soret number results in a significant increase in 
the concentration distributions within the solutal boundary 
layer.   

Figure 12 displays the results of Schmidt number (Sc) and 
mixed convection parameter (λ) on concentration profiles.  
The higher Sc representing heavier species lowers down the 
concentration level at all the layers when λ<1, whereas reverse 
effect is observed in case of λ>1. 

 

 
 

Figure 12. Concentration profiles for various values of Sc 
and 𝜆𝜆 with M=Kp=Q=R=Ec=Kc=0.1, Nb=Nt= 0.45, 

Bi=Pr= Nr=Nc=1.0, Le=10 
 
Table 2 exhibits the values of skin-friction coefficient f’’(0), 

heat transfer coefficient -θ’(0), regular Sherwood number -

0 0.5 1 1.5 2 2.5 3 3.5 4
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

η

γ

 

 

Nt = 0.1, 0.5, 0.9

Nb = 0.1

Nb = 0.9

0 0.5 1 1.5 2 2.5 3 3.5 4
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

η

γ

 

 

Kc = -0.3, -0.1, 0, 0.1, 0.3

Le = 1.0

Le = 5.0

0 0.5 1 1.5 2 2.5 3 3.5 4
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

η

S

 

 

Kc = -0.2, -0.1, 0, 0.1, 0.2

ST = 0.2

ST = 1.0

47



S’(0) and nanoparticle Sherwood number -γ’(0). It is found 
that all these surface criteria increase with increasing values of 
mixed convection parameter and Biot number whereas reverse 
effect is observed in case of magnetic parameter. Further, it is 
noticed that Nusselt number increases with increase in 
radiation parameter while skin-friction coefficient, regular 
Sherwood number and Sherwood number decrease with 
increase in thermal radiation parameter. On careful 
observation, it is seen that a significant reduction in heat 
transfer rate at the plate increases with Eckert number. On the 
other hand the skin friction coefficient, regular Sherwood 
number and Sherwood number increase with the increasing 
values of Eckert number. It is also noted that for destructive 
chemical reaction parameter Kc (Kc>0), the regular Sherwood 
number increases with an increase in Kc but skin friction 

coefficient, Nusselt number and nanoparticle Sherwood 
number increase with increase in constructive chemical 
reaction parameter Kc (Kc<0). One interesting result is that the 
rate of heat transfer at the wall decreases significantly with an 
increase in the heat source parameter Q (Q>0) whereas the 
reverse effect is observed in presence of heat sink parameter 
(Q>0). The temperature at the plate is θ’(0)=-Bi[1-θ(0)]. For 
Ec=0.1, θ(0)=0.8. Hence θ’(0)<0 when Bi>0. This indicates 
that due to higher value of Bi (Bi=5), the negative temperature 
at the plate could not be compensated due to the presence of 
heat source. Therefore, it is suggested that the value of Biot 
number to be reduced so that rate of heat transfer at the plate 
will increase. 

 
Table 2. Variation of skin friction coefficients, heat transfer, nanoparticle mass transfer and regular mass transfer rates when 

Nr=Nc=Pr=ST=1.0, Kp=Nb=Nt=0.5, Sc=0.6, Le=10 
 

M R λ Bi Q Kc Ec f’’(0) -θ’(0) -S’(0) -γ’(0) 
0.1 0.1 0.1 1 0.1 0.1 0.1 0.329590 0.128360 0.624443 0.962640 
0.3       0.273681 0.111787 0.614570 0.904510 
0.5       0.234912 0.098765 0.607985 0.859474 

 0.2      0.232762 0.118282 0.601947 0.849437 
 0.3      0.230929 0.137876 0.596791 0.840844 
  0.3     0.578370 0.178131 0.640187 1.091452 
  0.5     0.903096 0.198248 0.680273 1.260740 
   3    0.971418 0.223829 0.692468 1.297981 
   5    0.987150 0.229749 0.695277 1.306450 
    -0.1   0.935168 0.366736 0.635465 1.220796 
    0.2   1.017921 0.150520 0.729244 1.353885 
    0.3   1.052848 0.061865 0.766710 1.405225 
     -0.1  1.104324 0.159304 0.421675 1.397041 
     -0.2  1.166114 0.164769 0.219907 1.426968 
     0.2  0.986830 0.147087 0.852206 1.338019 
     0.3  0.961036 0.144160 0.961592 1.324746 
      0.2 1.007067 0.097796 0.872340 1.370280 
      0.3 1.028604 0.044253 0.894157 1.404843 

 
 

5. CONCLUSION 
 
From the present analysis the following conclusions are as 

follows: 
The Lorentz force due to induced electromagnetic force 

reduces the thickness of momentum boundary layer whereas 
opposite effect is observed on the thermal boundary layer. 

An increase in mixed convection parameter enhances the 
velocity profiles whereas it reduces the nanoparticle volume 
fraction as well as concentration profiles.  

Heat transfer rate increases with increase in thermal 
radiation parameter, Biot number and mixed convection 
parameter.  

Concentration profiles reduce with increasing Schmidt 
number for mixed convection parameter λ<1 but increase in 
case of λ>1. 

A sharp fall in volume fraction is indicated for higher value 
of Lewis number. 

The concentration decreases and volume fraction increases 
under the influence of exothermic reaction (Kc>0) while 
concentration increases and volume fraction decreases for 
endothermic reaction (Kc<0). 
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NOMENCLATURE 
 

x, y co-ordinates along and normal to the plate 

u, v velocity components in x and y directions 
respectively 

J 
ratio between the effective heat capacity of 
the nanoparticle material and heat capacity 
of the fluid 

c constant 
k thermal conductivity 
Bi Biot number 
M magnetic parameter 
Pr Prandtl number 
Le Lewis number 
Ds solutal diffusivity 
DCT Soret diffusivity 
ST Soret number 
Ec Eckert number 
Q heat source/sink parameter 
R radiation parameter 
Kp porosity parameter 
Kc chemical reaction parameter 
𝐶𝐶∞ ambient solutal concentration 
C solutal concentration 
𝜙𝜙𝑤𝑤 nanoparticle volume fraction at the wall 
S dimensionless concentration 
𝜙𝜙 nanoparticle volume fraction 
𝜙𝜙∞ ambient nanoparticle volume fraction 
g acceleration due to gravity 
𝑁𝑁1 internal heat generation/absorption 
Nb Brownian motion parameter 
DB coefficient of Brownian diffusivity 
DT thermophoretic diffusion coefficient 
Hf convective heat transfer coefficient 
Sc Schmidt number 
Grx local Grashof number 
Nux local Nusselt number 
NC regular buoyancy ratio 
η similarity variables 
Nr nanoparticle buoyancy ratio 
Nt thermophoresis parameter 
λ mixed convection parameter 
μ dynamic viscosity 
v kinematic viscosity 
ψ steam function 
f dimensionless steam function 
T temperature 
θ dimensionless temperature 
Tf temperature of the hot fluid 
ρ density of the fluid 
T∞ ambient temperature 
ρf∞ density of the base fluid 
u∞ characteristics velocity 
αm thermal diffusivity of nanoparticle 
βT volumetric thermal expansion coefficient 
βc volumetric solutal expansion oefficient 
ρp mass density of the nanoparticle 
(ρc)f heat capacity of the fluid 
Rex local Reynolds number 
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shx local Sherwood number local Sherwood 
number 

qn mass flux of nanoparticle at the wall 
qm regular mass flux at the wall 
qw heat flux at the wall 
τw shear stress at the wall 
(ρc)p effective heat capacity of the nanoparticle 

NShx local nanoparticle Sherwood number 
 

Superscripts 
 

‘differentiation with respect to 𝜂𝜂 
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