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 Under the action of earthquake, the dynamic interaction between the bridge pier and the 

surrounding water has a great impact on the dynamic response of the bridge structure. With 

a continuous sea-crossing beam bridge as an example, this paper studied the stochastic 

optimization of the parameters of nonlinear viscous damper and its damping performance 

under the fluid-solid coupling effect of waves and piers. In this study, a 2-degree-of-

freedom bridge analysis model considering the fluid-solid coupling effect was constructed, 

and a nonlinear viscous damper was set in the model and subject to equivalent linearization 

according to the equivalent energy consumption criterion. Then on this basis, with 

minimizing the variance of the displacement of pier top as the target, this study applied the 

Lyapunov method to optimize the parameters of the damper, and explored its impact on 

the seismic response of the bridge and the damping performance considering the fluid-solid 

coupling effect. The research results showed that the fluid-solid coupling effect changed 

the dynamic characteristics of the bridge and increased its seismic response, and the 

viscous damper can effectively reduce the seismic response of the sea-crossing bridge and 

improve its damping performance. 

 

Keywords: 

continuous beam bridge, fluid-solid coupling 

effect, Morison equation, nonlinear viscous 

damper, stochastic optimization, damping 

performance 

 

 

 
1. INTRODUCTION 

 

In recent years, the construction of sea-crossing bridges has 

shown an unprecedented growth trend. Sea-crossing bridges 

are often constructed in extremely complicated load 

environments. Under the action of earthquake, the fluid-solid 

coupling effect between the sea-crossing bridge piers and the 

surrounding water has a great impact on the dynamic response 

characteristics of the bridge structure [1-4], so the 

development of seismic reduction technology has very 

important engineering significance for improving the safety 

performance of sea-crossing bridges under the combined 

action of earthquakes and waves [5]. 

In the seismic response analysis of sea-crossing bridges, the 

fluid-soil coupling effect of waves and structures should be 

taken into account; under the action of loads such as 

earthquakes and waves, the fluid-solid coupling effect 

between bridge piers and waves would apply hydrodynamic 

pressure on the surface of bridge piers. In terms of 

hydrodynamic pressure calculation, researchers at home and 

abroad mainly use the simplified or the improved Morison 

equation [6-9]. Yamada et al. [10] adopted the modified 

Morison equation to calculate the hydrodynamic pressure and 

analyzed the dynamic response of the offshore pile structure 

under the action of earthquakes and waves. Based on the 

simplified Morison equation, Gao et al. [11] used the attached 

water mass to consider the influence of water. In terms of 

bridge damping, as a kind of damping device with high 

stability and good applicability, viscous dampers could be 

installed at appropriate positions on the bridge to reduce the 

seismic response of the bridge through damping energy 

consumption [12]. The optimization of damper parameters is 

a key link in the aseismic design. The traditional optimization 

method is mainly through the damping calculation of the 

structure under the action of deterministic ground motion, and 

then through the parameter sensitivity analysis to obtain the 

optimal damper parameters [13, 14]. However, in reality, 

earthquake is a random process, and deterministic analysis 

cannot accurately reflect its random characteristics, for this, 

Zhao et al. [15] used the frequency domain method of 

traditional random vibration analysis to simplified single-

degree-of-freedom bridge system and optimized the 

parameters of viscous dampers for continuous beam bridges 

and suspension bridges. But the frequency domain method is 

only suitable for structures with lower degrees of freedom; so, 

in order to make it suitable for the stochastic optimization of 

structures with higher degrees of freedom, the nonlinear 

viscous dampers should be linearized first. Symans and 

Constantinou [16] proposed a damper linearization method 

based on equivalent energy consumption; Di Paola and 

Navarra [17] proposed a stochastic equivalent linearization 

method based on the minimum mean square error; since 

complex iterative operations are often involved in the solution 

process of stochastic equivalent linearization method, which is 

not conductive to application, therefore, this paper adopted the 

equivalent energy consumption linearization method to 

linearize the nonlinear viscous damper [18, 19]. 

This paper took a continuous sea-crossing beam bridge as 

the research object, and used the Morison equation to calculate 

the hydrodynamic pressure applied on the bridge pier by the 
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fluid-solid coupling effect; a simplified analysis model of a 2-

degree-of-freedom bridge considering the hydrodynamic 

pressure was proposed, a nonlinear viscous damper was set in 

the model, and the nonlinear viscous damper was equivalently 

linearized according to the equivalent energy consumption 

criterion; then on this basis, with minimizing the variance of 

the displacement of pier top as the target, the parameters of the 

damper was optimized by the Lyapunov equation method of 

the stochastic vibration analysis, and the impact of 

hydrodynamic pressure on reducing the seismic response of 

bridge and the shock absorption performance was studied. 

This paper mainly consisted of the following contents: 

fluid-solid coupling effect of bridge piers, simplification of 

bridge analysis model, equivalent linearization of nonlinear 

viscous damper, motion equation for bridge damping, analysis 

of stochastic seismic response and derivation of extended state 

equation, optimization of damper parameters, and research of 

the shock absorption performance of bridges, etc.  

2. FLUID-SOLID COUPLING EFFECT

The fluid-solid coupling effect between the bridge piers and 

the waves makes the structure surface subjected to the 

hydrodynamic pressure of the fluid under the action of 

earthquakes, waves and other dynamic forces. In the design of 

sea-crossing bridges, for small-diameter piers with a pier 

diameter / wave wavelength ratio < 0.2, the existence of the 

structure has no significant impact on the wave motion, and 

the Morison equation can be used to calculate the 

hydrodynamic pressure. This equation assumes that the sea 

water is an ideal, non-vortex, incompressible fluid, and that the 

presence of bridge piers in the water does not affect the wave 

motion, that is, the velocity and acceleration of the wave are 

still calculated by the adopted wave theory according to the 

original scale of the wave. The method believes that the force 

of water acting on the structure is mainly caused by the inertial 

force and resistance of the undisturbed acceleration field and 

velocity field acting on the structure along the direction of 

water movement. For cylindrical structures with relatively 

small lateral sizes, the hydrodynamic pressure on per unit 

length is: 

( )

( ) ( )
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where: ρ is the density of water; D is the length of the side of 

the cylinder facing the water; Ap is the projected area of the 

unit length of the cylinder perpendicular to the wave direction; 

u and u  are the velocity and acceleration of the wave; x  and

x   are the relative velocity and relative acceleration of the

structure; gx and gx are the velocity and acceleration of the 

ground; CM and CD are the inertial force coefficient and the 

drag force coefficient of the moving water.  

Assuming the bridge is in still water, at this time u = u =0, 

Formula (1) can be rewritten as: 
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The nonlinear resistance term in Formula (2) can be 

equivalently linearized by the least square method, and the 

obtained linearized Morison equation is: 
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The motion equation of the bridge structure under the action 

of earthquake can be expressed as: 
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Compared with the inertial force, the resistance of the 

moving water is negligible, so Formula (4) can be further 

simplified and written as: 

g g( )x x x x x x+ + = − +−
w

EM C K M M E (5) 

where, 
2

1=( )
4

M

D
C


−

w
M   is the attached moving water 

mass of the structure in the water. 

By transposing the terms and sorting Formula (5) we can 

get: 

g) )( + (+ + = − +
w w

M C KM M EMx x x x (6) 

where, M, C, K are the matrix of the structural mass, damping 

and stiffness, respectively; E is the index vector of the inertial 

force. 

It can be seen from Formula (6) that when considering the 

effect of hydrodynamic pressure, it can be regarded as the 

attached moving water mass that moves with the structure. In 

the formula, the inertial force coefficient of the moving water 

is related to the shape of the structure, for the cylindrical piers, 

it could take CM=2. 

3. BRIDGE ANALYSIS MODEL

For a regular continuous beam bridge, it can be simplified 

to a 2-degrees-of-freedom model shown in Figure 1, the model 

can be used to reflect its dynamic response characteristics well 

under the action of earthquakes [20]. 

Figure 1. A simplified bridge model with viscous dampers 

First, the bridge pier was simplified to a single mass-point 

system; then together with the rigidity and damping of the 

support, and the mass of the beam, they constituted a two 

mass-point system. For the pier which is in a complete elastic 
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state, when both shear deformation and bending deformation 

are taken into consideration, the combined stiffness is:  
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(7) 

 

where, kb is the bending stiffness, kv is the shear stiffness, H is 

the height of the pier, Iz is the inertia moment of the pier section, 

Av is the shear area of the pier, E is the elastic modulus, G is 

the shear modulus. 

When the distributed mass of the pier is equivalent to the 

mass of the pier top, assuming that the deformation of the pier 

conforms to a parabola, then its deformation function is: 
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When distributed mass of the pier is known to be ( )cm z , 

the distributed mass concentrating on the top of the pier forms 

an additional mass on the pier:  
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The hydrodynamic pressure acts on the bridge pier as 

distributed load. First, the distributed hydrodynamic pressure 

on unit pier was converted into the equivalent node load on the 

pier top; then, to facilitate the use of the simplified Morison 

equation, the equivalent node load on the pier top was 

converted into the mass of the additional moving water on the 

pier top [21].  

 

 

4. BRIDGE DAMPING MOTION EQUATION 

 

The damping force of the nonlinear viscous damper can be 

expressed as: 

 

| | sgn( )DF c v v

=  (10) 

 

where, FD is the damping force; cα is the damping coefficient; 

α is the velocity index, its value range is 0.3~0.5; v   is the 

relative velocity at both ends of the damper; sgn( )  is a sign 

function. 

The linearization criterion is that the energy consumed in 

one cycle of nonlinear viscous damping is equal to the energy 

consumed in one cycle of the equivalent damping, then the 

equivalent damping coefficient of the viscous damper could be 

obtained as: 
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  − −=  (11) 

 

where, ce is the equivalent damping coefficient; ω is the 

circular frequency corresponding to the harmonic excitation; 

v0 is the maximum displacement loaded by the damper; then 

the expression of λ is: 

( ) ( )2+ 22 1 / 2 / 2  =  +  +  (12) 

 

where, Γ(⋅) is a gamma function. 

After viscous damper is installed, the motion equation of the 

bridge under the action of earthquake is: 
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where, Ce is the additional damping matrix when viscous 

dampers have been installed. 

Then motion equation (13) could be rewritten in the form of 

the structure’s state space: 
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For the 2-degree of freedom model: 
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where, m1=m* is the additional mass on the pier top, m2 is the 

concentrated mass of the upper structure of the bridge beam, 

mw is the converted mass of additional moving water on the 

pier top; c1 and c2 are respectively the damping coefficient of 

the pier and the damping coefficient of the support; k1 and k2 

are respectively the equivalent stiffness of the pier and the 

equivalent stiffness of the support.

  

 

5. STOCHASTIC SEISMIC RESPONSE 

 

In this paper, the Clough-Penzien model was taken as the 

seismic excitation spectrum for the analysis of the structure’s 

stochastic seismic response. The model treated the ground soil 

layer as two single-degree-of-freedom linear filters. 

According to Lin et al. [22], the filter equation of the Clough-

Penzien model can be expressed as: 
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where, ωg and ξg are parameters of the first filter of the ground 
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soil layer, ug(t) is the response of the first filter, ( )fx t  is the 

corresponding absolute acceleration; ωf and ξf are parameters 

of the second filter of the ground soil layer, w(t) is the white 

noise excitation of the bedrock, ( )gx t  is the ground 

acceleration of the spectral model. 

Above formulas can be combined and written as the state 

space equation of the excitation: 
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The state equation of the excitation (17) and the state 

equation of the structure (14) could be combined and written 

as an extended state space equation: 
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Order the variance matrix of the response to be 

( )T

Y E=E YY , and 
02 T

g S=E B B  is the covariance matrix 

of the input excitation, wherein S0 is the spectral density of the 

bedrock excitation w , then the Lyapunov equation describing 

the response variance can be obtained as: 
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d
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= + +

E
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When the excitation is steady state, the response variance is 

independent of time, and the above formula becomes: 

 

0T

Y Y g+ + =AE E A E  (20) 

 

The response variance of the structure could be obtained by 

solving the above formula. 

 

 

6. PARAMETER OPTIMIZATION OF BRIDGE 

DAMPER 

 

From the calculation formula of damping force (10) we can 

know that when the velocity index α and damping coefficient 

cα of the viscous damper take different values, the influence on 

the response of the structure is also different. Therefore, in the 

damping design, the parameters α and cα of the viscous damper 

installed on the bridge should be optimized; and studying the 

influence of the change of parameters on the response of the 

structure could provide references for the determination of the 

parameters of the damper. 

From the perspective of improving the safety performance 

of the structure, minimizing the squared variance of the 

displacement of pier top was taken as the optimization goal, 

that is: 

 

min max
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where, cαmin and cαmax are the lower limit and upper limit of the 

damping coefficient, respectively; αmin and αmax are the lower 

limit and upper limit of the damping index, respectively. 

Taking a continuous sea-crossing beam bridge as an 

example, two sets of viscous dampers were installed between 

the pier top and the beam body, and the proposed method was 

applied to the damping optimization of the viscous dampers. 

The bridge piers were cylindrical solid piers with a diameter 

of 3.0 m, the height of the piers was 28.2 m, the water depth 

was 20 m. The mass of two adjacent half-spans of the pier 

m2=500,000 kg was taken as the mass of the superstructure, 

which acted on the support in the form of concentrated mass, 

and the elastic modulus of the pier was 3.0×104 MPa, the 

equivalent stiffness was 1.587×107 N/m, the concentrated 

mass of the pier body equivalent to the pier top was 186880 

kg, the equivalent stiffness of the support was 7.69×106 N / m, 

the damping ratio of the structure took 0.05, and the damping 

ratio of the support took 0.10. The seismic precautionary 

intensity of the bridge was 8 degrees, the designed basic 

earthquake acceleration was 0.2g, the site category was 

category II, and the design earthquake group was the second 

group; In the stochastic response analysis, the Clough-Penzien 

spectral parameters were calculated by the method of [23] 

Marano et al. [23]. The one-sided spectral density of the 

bedrock was S0=13.336 cm2/(rad•s3), ωg=15.7 rad/s, ξg=0.72, 

it took ξf=ξg, ωf=0.15ωg rad/s. 

 

 
 

Figure 2. Change of pier top displacement variance with 

damping coefficient cα 
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Figure 3. Change of pier top displacement variance with 

velocity index α 

 

Through the analysis of the stochastic seismic response, the 

relationship between the squared variance of the pier top 

displacement of the bridge and the damping coefficient cα, and 

the relationship between the squared variance of the pier top 

displacement of the bridge and the velocity index α are shown 

in Figures 2 and 3.  

It can be seen from Figure 2 that, with the increase of the 

damping coefficient cα, the variance of the displacement of the 

pier top decreased first and then gradually increased; for 

curves of different α values, they generally approached the 

minimum values around cα=1.5×105. 

From Figure 3, it can be seen that, overall, the variance of 

the displacement of the pier top decreased with the increase of 

the velocity index α. Only the curve with cα=1.5×105 reached 

the minimum value near the velocity index α=0.45. Through 

comprehensive comparison, α=0.45 and cα=1.5×105 were 

selected as the optimal damper parameters of the bridge. 

 

 

7. SEISMIC PERFORMANCE OF THE BRIDGE 

 

In order to analyze the damping effect of viscous dampers 

on the bridge under the coupling of earthquake and 

hydrodynamic pressure, the damping parameters obtained by 

the above optimization method were adopted, and the El 

Centro waves were used to analyze the structure's time-history 

response. The importance coefficient of the structure took 1.7. 

Table 1 lists the first-order and second-order frequencies under 

two conditions: considering the effect of hydrodynamic 

pressure (with water), and doesn’t considering the effect of 

hydrodynamic pressure (without water). It can be seen that, 

after the fluid-solid coupling effect had been taken into 

account, the first-order frequency was reduced by 0.6% and 

the second-order by 9.9%, indicating that the presence of water 

had changed the dynamic characteristics of the structure. 

 

Table 1. Natural vibration frequency of the bridge 

 

Order of the 

frequency 

Frequency 

without water 

(Hz) 

Frequency 

with water 

(Hz) 

Change 

rate (%) 

1 3.152 3.134 -0.6 

2 11.470 10.334 -9.9 

 

In order to analyze the effect of fluid-solid coupling on the 

seismic response of the bridge, for the seismic response of the 

structure without dampers, two situations of with water 

(considering the effect of hydrodynamic pressure) and without 

water (doesn’t considering the effect of hydrodynamic 

pressure) were calculated. Table 2 lists the horizontal 

displacement of the pier top, the displacement of the support, 

the bending moment of pier bottom, and the shear force of pier 

bottom under the two situations and their change rates. Figure 

4 shows the time-history curves of the horizontal displacement 

of the pier top and the bending moment of the pier bottom. It 

can be seen from the figure that: after the fluid-solid coupling 

effect had been taken into account, the pier top displacement, 

the bending moment of pier bottom, and the shear force of pier 

bottom increased by about 10.8%, and the support 

displacement increased by 7.2%. Under the action of 

earthquake, the seismic response of bridge piers in the water 

was obviously affected by the fluid-solid coupling. The 

existence of hydrodynamic pressure amplified the dynamic 

response of the bridge. Therefore, for the sea-crossing bridges, 

it is necessary to consider the fluid-solid coupling effect in the 

seismic design. 

 

Table 2. Seismic response peaks of the bridge with/without 

water 

 

 Without 

water 

With 

water 

Change 

rate (%) 

Pier top displacement 

(mm) 
60.0 66.5 10.8 

Support deformation 

(mm) 
91.1 97.7 7.2 

Bending moment of 

pier bottom (kN.m) 
27255 30170 10.7 

Shear force of pier 

bottom (kN) 
953 1056 10.8 

 

 
(a) Pier top displacement 

 
(b) Bending moment of pier bottom 

 

Figure 4. Time-history curves of seismic response of bridge 

with/without water 
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In order to measure the control effect, the concept of 

vibration reduction rate was introduced, which is defined as 

follows: 

 

max max

max

( ) ( )
= 100%

( )

u c

i i

i u

i

d t d t
R

d t

−
  (22) 

 

where, Ri is the vibration reduction rate of the i-th degree of 

freedom, ( )u

id t   and ( )c

id t  are respectively the seismic 

response of the i-th degree of freedom of the structure under 

earthquake resistance and shock absorption conditions. 

Table 3 lists the displacement of the pier top, the 

displacement of the support, the bending moment of pier 

bottom, and the shear force of pier bottom of the bridge and 

their change rates considering the fluid-solid coupling effect 

under earthquake resistance and damping performance. Figure 

5 gives the corresponding time-history curves. It can be seen 

from the figure that: for bridge with viscous dampers installed 

and fluid-solid coupling effect taken into account, the 

vibration reduction rates of pier top displacement, pier bottom 

bending moment and pier bottom shear force were between 

12.3% and 14.3%, and the vibration reduction rate of support 

displacement was 26.7%. The viscous damper designed in this 

paper had obvious effects on the damping performance of 

bridge piers, and its damping performance effect on the 

support displacement was especially significant. Using 

viscous dampers in the seismic control of sea-crossing bridges 

can effectively reduce the seismic response of the structure and 

improve the seismic safety of the bridge. 

 

Table 3. Comparison of seismic control effects considering 

hydrodynamic pressure 

 

 Without 

damper 

With 

damper 

Vibration 

reduction rate 

(%) 

Pier top 

displacement (mm) 
66.5 58.3 12.3 

Support 

deformation (mm) 
97.7 71.6 26.7 

Bending moment 

of pier bottom 

(kN.m) 

30170 26414 12.4 

Shear force of pier 

bottom (kN) 
1056 905 14.3 

 

 
(a) Pier top displacement 

 

 
(b) Support deformation 

 
(c) Bending moment of pier bottom 

 
(d) Shear force of pier bottom 

 

Figure 5. Time-history curves of seismic response of bridge 

considering the effect of hydrodynamic pressure 

 

 

8. CONCLUSIONS 

 

(1) With the increase of the damping coefficient, the 

variance of the displacement of the pier top decreased first and 

gradually increased later, and the velocity exponential curves 

generally approached the minimum values around cα=1.5×105. 

Overall, the variance of the displacement of the pier top 

decreased with the increase of the velocity index α. Only the 

curve with cα=1.5×105 reached the minimum value near the 

velocity index α=0.45. At last, α=0.45 and cα=1.5×105 were 

selected as the optimal damper parameters of the bridge.  

(2) After the fluid-solid coupling effect was taken into 

account, the first-order frequency of the bridge was reduced 

by 0.6% and the second-order by 9.9%. The presence of water 

had changed the dynamic characteristics of the bridge 

structure. 
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(3) After the fluid-solid coupling effect was taken into 

account, the pier top displacement, the bending moment of pier 

bottom, and the shear force of pier bottom generally increased 

by about 10.8%, and the support displacement increased by 

7.2%. Under the action of earthquake, the seismic response of 

bridge piers in the water was obviously affected by the fluid-

solid coupling. The existence of hydrodynamic pressure 

amplified the dynamic response of the bridge. Therefore, for 

the sea-crossing bridges, it is necessary to consider the fluid-

solid coupling effect in the seismic design. 

(4) For bridge with viscous dampers installed and fluid-

solid coupling effect taken into account, the vibration 

reduction rates of pier top displacement, pier bottom bending 

moment and pier bottom shear force were between 12.3% and 

14.3%, and support displacement was 26.7%. The installation 

of viscous dampers had obvious effects on the damping 

performance of bridge piers, especially on the support 

displacement. Using viscous dampers can effectively reduce 

the seismic response of sea-crossing bridges, and improve the 

seismic safety of the bridges. 
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