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A numerical study based on the analysis of laminar natural convection in a concentric
cylindrical annulus heat exchanger is investigated. The operating fluid is confined between
two horizontal concentric cylinders which are maintained at different uniform temperatures.
The governing equations the flow (of continuity, momentum and energy) are numerically
solved via finite volume method (FVM). The investigation is performed for Rayleigh
number and volume fraction of nanoparticles in the range of 10 3-105 and 0-12%,
respectively. The effective thermal conductivity and viscosity of the nanofluids mixture are
calculated via Maxwell-Garnett model (MG-model) and Brinkman model, respectively. The
results are presented in terms of isotherms, fluid flow patterns and Nusselt number
distribution function of Rayleigh number and the volume fraction of silver nanoparticles.
The results are also discussed in detail. Results are discussed in detail. It is found that a very
good agreement exists between the present results and those from the literature. It is found
that fluid flow intensity and heat transfer rate increase with the increase of the nanoparticles
volume fraction and Rayleigh number, Also, the thermal effectiveness depends on the
Rayleigh number and the volume fraction of the nanoparticles.
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1. INTRODUCTION

thus it’s related to our study. Sheikholeslami and Chamkha
[23] have examined natural convection heat transfer of a
Fe3O4–ethylene glycol nanofluid in a semi-annulus enclosure
with a sinusoidal wall in the presence of an electric field.
Dawood el al. [25] conducted a numerical study for laminar
mixed convection heat transfer flow for different types of
nanofluids (Al2O3–water, CuO-water, SiO2-water, and ZnOwater) in an 3D elliptic annular passage with constant heat
flux. The numerical study was carried out via the finite volume
method (FVM) using of the SIMPLE algorithm. They
mentioned that SiO2–water nanofluid has the highest heat
transfer rate followed by Al2O3-water, ZnO-water, CuO-water,
and pure water, in this order. The heat transfer rate in the
annulus increased by increasing both nanoparticle
concentration and Reynolds number, and decreased by
increasing the nanoparticle size. A numerical study of steadystate laminar natural convective heat transfer and fluid flow in
an annulus between two horizontal eccentric cylinders filled
with copper-water nanofluid is presented by Tayebi et al. [26].
They reported that the addition of Cu nanoparticles affected
the temperature gradient around the hot inner cylinder wall
except in the plume region for high values of Rayleigh
number. In addition, the mean Nusselt number and the
intensity of the flow increase by increasing the nanoparticles
concentration. Tayebi and Chamkha [24, 28]. numerically
investigated heat transfer by natural convection in an annular
space between two eccentric horizontal cylinders [24] and

Natural convection in enclosures has been the subject of
several studies which justifies its involvement in many
industrial applications such as heat exchangers, furnaces, solar
collectors, building design, cooling of electronic components,
etc. The references of these studies can be classified according
to their character: experimental [1-3], theoretical [4, 5] or
numerical [3, 6-34]. In this last case, solutions are in the steady
[6-31] or unsteady state [32-34] and the space is twodimensional [6-19, 23-34] or tridimensional [20-22, 25]. The
enclosures have various geometries, rectangular or cubical [621, 32, 34], cylindrical [33], spherical [22] or also in the form
of cylindrical annulus [23-26] and elliptical [27-30].
The need to improve the heat transfers in such applications
has given birth to the development of nanofluids which are
colloidal solutions containing nanoparticles in suspension with
a base fluid. For more information, readers are referred to the
work of Menni et al. [35], who presented a review of numerical
studies on the modeling of convection heat transfer in
nanofluids in the complex geometries.
The annular cavity, in particular, is often used as an
exchanger in energy conversion. Examples of applications
include industrial water heating and medical sterilization. In
the following, a literature review of the principal
investigations is carried out that focused on the convection in
annular passages using the nanofluids as a working fluid and

566

confocal elliptic cylinders [28] ﬁlled with water-based hybrid
nanoﬂuid. The inner cylinder is heated isothermally while the
outer one is cooled. They noticed that the use of CuAl2O3/water hybrid nanoﬂuids granted higher heat transfer
rates compared to the Al2O3/water nanoﬂuids with the same
volume fractions. Dogonchi et al. [31] have examined
numerically MHD natural convection heat transfer of Cuwater nanofluid in a porous region between hot inner
rectangular cylinder and cold outer circular cylinder. Natural
convection and Cu-water nanofluid flow in an annular region
among confocal elliptic cylinders was examined by Tayebi et
al. [29]. In another study [30], they have explored free
convection in an annulus between confocal elliptical cylinders
using CNT-water nanofluid.
This paper is an additional contribution to the study of the
impact of pertinent parameters on natural convection in a
concentric cylindrical annulus heat exchanger filled with a
nanofluid. The finite volume method is chosen to simulate this
problem. Effect of nanoparticles volume fraction, Rayleigh
number on heat transfer and fluid flow are examined in detail
and illustrated graphically. This present configuration can be
seen in many practical industrial and engineering applications,
such as in solar thermal collector’s design, thermal building
design, air conditioning, chemical processing equipment,
drying technology, lubrication, etc.

Table 1. Thermophysical properties of the water and Silver
nanoparticles [38]


Pure
Water
Silver



Cp
(J.kg1K1)

K
(W.m-1 K-1)

997.1

4179

0.613

21×10-5

10500

235

429

1.89×10-5

(kg.m-3)

(K-1)

2.2 Governing equations
The equations of the 2D laminar steady natural convection
under Boussinesq approximation, are written as following:
✓ Continuity equation:
𝜕𝑈
𝜕𝑥

+

𝜕𝑉
𝜕𝑦

=0

(1)

✓ Momentum equations:
𝑈

𝜕𝑈
𝜕𝑥

+𝑉

𝜕𝑈
𝜕𝑦

=−

1 𝜕𝑃
𝜌𝑛𝑓 𝜕𝑥

+𝜈𝑛𝑓 (

𝜕2 𝑈

𝑈
(𝜌𝛽)𝑛𝑓
𝜌𝑛𝑓

(𝑇 − 𝑇𝑐 ) + 𝜈𝑛𝑓 (

+

𝜕𝑥 2
𝜕𝑉
𝜕𝑥

𝜕2 𝑉
𝜕𝑥 2

𝜕2 𝑈
𝜕𝑦 2

+𝑉
+

)

𝜕𝑉
𝜕𝑦

𝜕2 𝑉
𝜕𝑦 2

(2a)
=−

1 𝜕𝑃
𝜌𝑛𝑓 𝜕𝑦

)

+

(2b)

2. MATHEMATICAL FORMULATION
✓ Energy equation:
2.1 Problem description
𝑈

The geometry adopted in this study is an annular formed by
two horizontals and coaxial (concentric) cylinders with a radii
ratio C=R2/R1=2 filled with Ag-water based nanofluid. The
inner and the outer cylindrical walls are maintained isotherm
at the temperature Tc and Tf, respectively with Tc> Tf. The base
ﬂuid (water) and the solid spherical nanoparticles (Silver) are
in thermal equilibrium. The thermophysical properties of the
nanoﬂuid are considered constant with the exception of the
density which varies according to the Boussinesq
approximation. The viscous dissipation in the heat equation
and the work of the pressure forces are negligible, the radiation
is not considered (the emissive properties of the two walls of
the cylinder are neglected). We assume that the problem is
two-dimensional, steady-state and laminar. The schematic
view of the annulus right section is shown in Figure 1.
The thermo-physical properties of the base fluid and
different types of nanoparticles used for code validation are
given in Table 1.

𝜕𝑇
𝜕𝑥

+𝑉

𝜕𝑇
𝜕𝑦

= (𝛼)𝑛𝑓 (

𝜕2 𝑇
𝜕𝑥 2

+

𝜕2 𝑇
𝜕𝑦 2

)

(3)

✓ Vorticity equation:
𝑈

𝜕𝜔
𝜕𝑥

+𝑉

𝜕𝜔
𝜕𝑦

=𝑔

(𝜌𝛽)𝑛𝑓 𝜕𝑇

( ) + 𝜈𝑛𝑓 (

𝜌𝑛𝑓

𝜕𝑥

𝜕2 𝜔
𝜕𝑥 2

+

𝜕2 𝜔
𝜕𝑦 2

)

(4)

with:
𝜔=

𝜕𝑉
𝜕𝑥

𝜕𝑈

−

(5)

𝜕𝑦

By introducing the current function 𝜓 such that:
𝑈=

𝜕𝜓

{

𝜕𝑦
𝜕𝜓

𝑉=−

(6)

𝜕𝑥

We deduce:
𝜔 = −(

𝜕2 𝜓
𝜕𝑥 2

+

𝜕2 𝜓
𝜕𝑦 2

)

(7)

The adimensionalisation has the advantage of facilitating
the simplification of the equations and generalizing the results.
By making the following dimensionless quantities:
𝑦
𝑈(𝑅2 − 𝑅1 )
; 𝑈∗ =
; 𝑉∗
(𝑅2 − 𝑅1 )
𝛼𝑓
𝑉(𝑅2 − 𝑅1 )
=
;
𝛼𝑓
2
(𝑅2 − 𝑅1 )2
(𝑇 − 𝑇𝑓 )
𝑝(𝑅2 − 𝑅1 )
𝜓
𝑃∗ =
; 𝑇∗ =
; 𝜓 ∗ = . 𝜔∗ = 𝜔
2
𝜌𝑓 𝛼𝑓
(𝑇𝑐 − 𝑇𝑓 )
𝛼𝑓
𝛼𝑓
𝑋∗ =

𝑥
;
(𝑅2 − 𝑅1 )

𝑌∗ =

The above equations are written in the dimensionless form
as:

Figure 1. Geometry with boundary conditions
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𝜕𝑈 ∗

+

𝜕𝑋 ∗

𝑈∗

𝜕𝑈 ∗
𝜕𝑋 ∗

+ 𝑉∗

𝜕𝑉 ∗

=0

𝜕𝑌 ∗

𝜕𝑈 ∗
𝜕𝑌 ∗

=−

𝜌𝑓 𝜕𝑃∗
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𝜕𝑋 ∗

+ 𝑉∗

𝜕𝑉 ∗
𝜕𝑌 ∗

=−

𝜌𝑓 𝜕𝑃∗

𝑈∗

𝜕𝑇 ∗
𝜕𝑋 ∗

𝜕𝑇 ∗

+ 𝑉∗

𝜕𝑌 ∗

𝜔∗ = − (

+ 𝑃𝑟

𝑣𝑛𝑓 𝜕2 𝑈 ∗
𝑣𝑓

𝜕2 𝜓∗
𝜕𝑋 ∗ 2

𝛼𝑛𝑓
𝛼𝑓

𝑣𝑛𝑓

+ 𝑃𝑟

+

(

𝜕2 𝑇 ∗

+

𝜕𝑋 ∗ 2

𝜕2 𝜓∗
𝜕𝑌 ∗ 2

𝜕𝑋 ∗ 2

+

2.3 Evaluation of Nusselt number

(9)
(

𝜕2 𝑉 ∗

+

𝜕2 𝑉 ∗
𝜕𝑌 ∗ 2

𝑇

𝜌𝑛𝑓 𝛽𝑓

=

(

)

𝜌𝑛𝑓 𝜕𝑌 ∗
𝑣𝑓 𝜕𝑋 ∗ 2
(1−𝜑)𝜌
𝛽
+𝜑𝜌
𝑠 𝛽𝑠
𝑓
𝑓
2
∗

𝐺𝑟𝑃𝑟

𝑇 ∗ = 0, at the outer boundary
𝑇 ∗ = 1, at the inner boundary

(8)

The local Nusselt number along the heat inner and outer
cylinders based on the hydraulic diameter of the annulus and
by using the definition of the dimensionless temperatures is
evaluated from the following relation:

) +
(10)

𝑁𝑢𝑙𝑜𝑐 =
𝜕2 𝑇 ∗
𝜕𝑌 ∗ 2

)

)

(11)

𝜐𝑓
,
𝛼𝑓

(12)
𝑁𝑢𝐴𝑣𝑔 =

𝑔𝛽𝑓 (𝑅2 − 𝑅1 )3 (𝑇𝐻 − 𝑇𝑐 )
𝜐𝑓 2
𝑎𝑛𝑑 𝑅𝑎 = 𝐺𝑟 × 𝑃𝑟

(13)

Thermal diffusivity of the nanofluid is:
𝐾𝑛𝑓

(14)

(𝜌𝐶𝑝 )

𝑛𝑓

The heat capacitance of the nanofluid given as:
(𝜌𝐶𝑝 )𝑛𝑓 = 𝜑(𝜌𝐶𝑝 )𝑝 + (1 − 𝜑)(𝜌𝐶𝑝 )𝑓

(15)

Ra=103

(16)

Ra=104

The effective dynamic viscosity of the nanofluid given by
Brinkman [36] is:
𝜇

𝑓
(𝜇)𝑛𝑓 =
(1−𝜑)2.5

)

(21)

∑𝑛œ𝑢𝑑 𝑁𝑢𝑙𝑜𝑐

(22)

number of nodes

Table 2. Study of the mesh effect

The thermal expansion coefficient of the nanofluid can be
determined by:
(𝜌𝛽)𝑛𝑓 = 𝜑(𝜌𝛽)𝑝 + (1 − 𝜑)(𝜌𝛽)𝑓

𝜕𝑛

The equations governing the convective flow are solved via
the ﬁnite volume method based on the SIMPLE algorithm. The
standard discretization scheme is used for the pressure
equation of and the second-order upwind scheme is performed
for momentum and energy equations by using under relaxation
coefficients in order to control the convergence of the solution.
To verify the effect of the mesh on the numerical results,
several uniforms meshes have been used arbitrarily. In Table
2 we present the mean Nusselt number values and the
maximum values of stream function depending on the number
of nodes for two Rayleigh number cases 104 and 105 using the
pure water. the results allowed us to choose the mesh with
13200 nodes.

The effective density of the nanofluid is:
(𝜌)𝑛𝑓 = 𝜑𝜌𝑝 + (1 − 𝜑)𝜌𝑓

(

3. NUMERICAL PROCEDURE AND VALIDATION

𝐺𝑟 =

(𝛼)𝑛𝑓 =

𝐾𝑓

The mean Nusselt number is expressed from the following
relation:

Pr and Gr are the following dimensionless numbers:
𝑃𝑟 =

−𝐾𝑛𝑓 𝜕𝑇 ∗

Number
of nodes
̅̅̅̅
𝑁𝑢
𝝍∗ 𝒎𝒂𝒙
̅̅̅̅
𝑁𝑢
𝝍∗ 𝒎𝒂𝒙

900

3400

13200

32000

2.869
0.537
5.56
3.086

2.836
0.495
5.20
2.89

2.803
0.484
5.09
2.48

2.798
0.481
5.08
2.477

(17)

In Eq. (14), Knf is the effective thermal conductivity of the
nanofluid, which for low dense mixtures with micro-sized
spherical particles, according to Maxwell [37], is:
𝐾𝑛𝑓 = 𝐾𝑓

(𝐾𝑝 +2𝐾𝑓 )−2𝜑(𝐾𝑓 −𝐾𝑝 )
(𝐾𝑝 +2𝐾𝑓 )+𝜑(𝐾𝑓 −𝐾𝑝 )

(18)

✓ Boundary conditions formulation
The corresponding boundary conditions take the following
form:
At the both cylinders surface:
𝑈∗ = 𝑉 ∗ =
∗

𝜕2 𝜓∗
𝜕𝑋 ∗ 2

𝜔 = −(

𝜕2 𝜓∗
𝜕𝑋 ∗ 2

=
+

𝜕2 𝜓 ∗
𝜕𝑌 ∗ 2
𝜕2 𝜓∗
𝜕𝑌 ∗ 2

=0
)

(19)
Figure 2. Comparison between our work results and those of
Abu-Nada et al. [38], Tayebi et al. [26] et Kuhen and
Goldstein [2]

(20)
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For a natural convection flow between two cylinders where
the annulus is filled with water, there are several numerical and
experimental studies, which have been used in this work to
check our numerical results. In this fact, our numerical results
are compared with the numerical study of Abu-Nad et al. [38],
Tayebi et al. [26] and experimental works of Kuhen and
Goldestein [2]. These works are carried out for a Rayleigh
number Ra=47000 and a radii ratio C=R2/R1=2.6. We observe
that, for the four results, the change in temperature is
comparable.

Figure 3 shows the evolution of average Nusselt number
along the inner cylinder in function of the volume fraction of
silver nanoparticles at different values of Rayleigh number.
According to this figure, we observe that the average Nusselt
increases with the increase of the volume fraction for all
Rayleigh numbers. Also, for a given concentration, , the
mean Nusselt values for Ra=105 are always greater than those
of 103 and 104. The variation of average Nusselt, at the hot wall
according to Rayleigh number for different nanoparticles
concentrations of silver, is shown in Figure 4. It’s clear that for
all the values of the volume concentration, the average Nusselt
number increases with the increase of Rayleigh number. This
is because as Rayleigh number and volume fraction increase,
the flow intensity increases and the temperature gradients near
the active wall increase as well.

4. RESULTS AND DISCUSSION
The numerical simulation treats the problem of natural
convection nanofluid flow in an annular space delimited by
two horizontal cylinders and filled with silver-water nanofluid.
We consider two horizontal coaxial cylinders characterized by
a radii ratio C=2, the outer cylindrical wall is maintained
isotherm under a cold temperature Tf and the inner cylindrical
wall is maintained isotherm under a temperature T c (Tc>Tf).
The simulation is done for a range of the Rayleigh number of
103 to 105 and the following values of the volume fraction of
the nanoparticles:  = 0, 0.03, 0.06, 0.09 and 0.12.
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Figure 3. Average Nusselt number on the hot wall versus 𝜑
for different Rayleigh number
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Figure 5. Variation of local Nusselt number along inner wall
(a) and outer wall (b) for different concentrations and for
Ra=105

4

The Figure 5 shows the profiles of local Nusselt numbers
variation along the inner and the outer walls for different
values of 𝜙 at Ra=105. We notice, in these figures, that the
mean Nusselt number values on the inner wall are minimal at
the plume region that corresponds to the angular position =0°
(between the two contra-rotating vortices), while taking its
maximum values at this region on the outer one.

2
103

104

Ra

105

Figure 4. Average Nusselt number on the hot wall versus
Rayleigh number for different concentrations
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the angular position=0). In addition, by increasing the
Rayleigh, the density of the isotherms at the level of the walls
increases (temperature gradient increases) and therefore, the
mean Nusselt number increases (see Figure 4). Moreover, it’s
observable that by increasing the Rayleigh number, the main
central vortex se deforms from an oval shape to a stretched
form (aerodynamic profile), the inner vortex center moves
upward because of the buoyancy effect and the lower half of
our space becomes a quasi-static area (inert area). The
amplitudes of the streamlines increase by increasing the
volume concentration of the silver nanoparticles and this
increase becomes more considerable for the high values of the
Rayleigh number.

Figure 6 illustrates the evolution of the maximum stream
function with respect to the volume fraction of Ag
nanoparticles at different Rayleigh number. As it’s expected,
∗
there is a linear relationship between 𝜓𝑚𝑎𝑥
and  if 
∗
increases, 𝜓𝑚𝑎𝑥
also increases. For a low value of Rayleigh
number of about (103), the heat transfer inside the cavity is
mainly done by conduction when the maximum absolute
values of the stream function are small and increase slightly
with the volume concentration. The heat transfer mechanism
becomes dominant by the increase of Rayleigh number and the
flow intensity increases considerably by increasing the volume
concentration
Ra=103
Ra=104
Ra=105

14
12

1,0

0,8

10
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Ra=103
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=  = 

8

0,6
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4
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Figure 6. Variations of the maximum stream function with
respect to the concentrations of different Rayleigh number
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1,6
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Figure 7. Dimensionless temperature Profile along the
middle section = for different Rayleigh number and for
=

The Figures 7 and 8 above show the dimensionless
temperature profiles inside the cavity at the position = in
presence of the silver nanoparticles. It’s observed that the
maximum values of the temperature are near the inner wall and
low values are in the vicinity of the outer one corresponding
the thermal boundary conditions. In the case of Ra=103, we see
that the distribution of the temperature is a straight line of
negative slope corresponding to a purely conductive regime
where the fluid behaves like a solid that transmits heat by
thermal conduction from the hot wall to the cold wall (Figure
7). For a given value of Rayleigh number: Ra=105, the
temperature profiles remain substantially unchanged with
respect to the concentration, 𝜑 (Figure 8).
Figures 9-11 display the streamlines (right side) and the
isotherms (left side), for different values of Rayleigh number
(Ra=103-105) and for different volume concentrations of silver
nanoparticles (=−) These figures show that for all
cases, the flow is symmetrical and is organized in two cells.
On the left side, the flow rotates in the trigonometric direction
and on the right side; it’s in contrary direction (the fluid
particles move upward under the action of the gravitational
forces and cool on the cold wall). For low values of Rayleigh
number (Ra=103), the isotherms are almost parallel and fit
quite well the wall profiles. In this case, the temperature
distribution is just decreasing from the hot wall to the cold wall
and the values of the streamlines which are given on these
figures are very small. We can say that heat transfers are
mainly done by conduction. For Ra=104 et 105, the isotherms
change substantially and the streamlines values mentioned in
the same figures also increase substantially, which translates a
transformation from conductive transfer to convective transfer.
A plume region appears on the top of the hot inner cylinder (at

1,0

Ra = 105

 = 0%

=

 = 3%

0,8

 = 6%
 = 9%
 = 12%
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0,2

0,0
1,0
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2,0

Figure 8. Temperature profile along the middle section
= for different concentrations and for Ra=105
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Figure 10. Isotherms (left) and streamlines (right) for Ra=104
and different volume concentrations 

Figure 9. Isotherms (left) and streamlines (right) for
Rayleigh number Ra=103 and for different volume
concentrations

571

5. CONCLUSION
The main conclusions are summarized as follows:
• The flow is kept symmetrical inside the annulus with
respect to the vertical center line regardless of the
Rayleigh number and the volume fraction of
nanoparticles.
• As Rayleigh increases, convection amplifies and the
effect of volume concentration of nanoparticles on the
intensity of flow is greater for high Rayleigh numbers
• Employing nanofluids with Silver nanoparticles
increases the rate of heat transfer with the increase of 
• The flow intensity increases with the increase of the
nanoparticles volume fraction for the whole range of
Rayleigh.
• The thermal effectiveness depends on the Rayleigh
number and the volume fraction of the nanoparticles.
• Maximum improvement rate values are obtained at
moderate Rayleigh numbers (Ra=104), while, minimum
values are recorded for low Rayleigh values.
Figure 11. Isotherms (left) and streamlines (right) for
Ra=105 and different volume concentration 

In conclusion, the present study indicates the need for more
investigation to arrive at a complete understanding of physical
phenomenon before using these nanofluids in practical
applications.

Table 3. Heat transfer effectiveness

Ra=103
Ra=104
Ra=105

𝝋 = 𝟑%
3.385
8.156
7.439

𝜼(%)
𝝋 = 𝟔%
𝝋 = 𝟗%
6.569
8.905
13.582
16.847
12.624
15.859

𝝋 = 𝟏𝟐%
10.269
18.566
17.574
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NOMENCLATURE
Cp
Gr
g
H
Nu
Nuavg
P
Pr
T
U
V
x,y,z

Specific heat at constant pressure (J.kg-1.K-1)
Nombre de Grashof
Gravitational acceleration (m.s-2)
Side of the enclosure (m)
Nusselt number
Average Nusselt number
Pressure (N.m-2)
Prandtl number
Fluid’s temperature (K)
Velocity component-coordinate x (m.s-1)
Velocity component-coordinate y (m.s-1)
Cartesian coordinates (m)

Greek letters










Angle of inclination (°)
Thermal expansion coefficient (K-1)
Thermal conductivity (W.m-1.K-1)
Kinematic viscosity (m2.s-1)
Density (kg.m-3)
Stream function (m2.s-1)
Vorticity (s-1)
Volume fraction of the nanoparticles

Superscripts
*

Dimensionless parameters

Subscripts
C
H
f
p
nf
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Cold
Hot
Fluid (pure water)
Solid nanoparticles
Nanofluid

