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Numerical Investigation of Nanofluids Mixed Convection in a Vertical Channel
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ABSTRACT
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In this paper, mixed convection of nanofluids is numerically investigated in an asymmetric
heated vertical channel. Two nanofluids are considered: copper-water and alumina oxidewater. A single phase model is used with considering approximations of Brinkman and
Maxwell-Garnetts for the nanofluids dynamic viscosity and the effective thermal
conductivity, respectively. The non-dimensional conservation equations with along the
boundary conditions are solved by using the finite volume method and SIMPLE algorithm.
The effects of nanoparticle volume fraction (0-10%) on the flow patterns and heat transfer
characteristics are analyzed and discussed. Results showed that nanoparticles volume
fraction with assisted buoyancy force (induced by one heated channel wall) has a strong
effect on nanofluid velocities and average Nusselt number. The Cu-water nanofluid showed
better thermal performance than that of Al2O3-water.
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1. INTRODUCTION

The authors reported that heat transfer enhances with
increasing nanoparticle concentration.
For forced convection, experimental and theoretical works
confirmed heat transfer enhancement with increasing
nanoparticle concentration [11]. Nevertheless, this regular
trend is not always observed in many experimental and
numerical works [12-16]. Khanafer and Vafai discussed these
contradictory findings in the literature [17].
Talebi et al. [18] reported that at low Rayleigh number,
increasing Reynolds number resulted in negative effect of the
particle concentration on heat transfer characteristics. The
authors carried out a numerical investigation on Cu-water
nanofluid in a lid-driven square cavity. The ranges of
investigated parameters were Re=1-100 and Ra=104-106 for
volume fractions up to 5 %.
However, mixed convection of nanofluids in vertical
channels has not been sufficiently investigated especially for
asymmetric heated walls.
The aim of this numerical study is to analyze the laminar
mixed convection of two nanofluids developing in a vertical
channel with one isothermally heated wall. Cu-water and
Al2O3-water nanofluids are considered. Pure water is also
investigated as baseline case in this study. The influence of
solid particle volume fraction on the velocity distribution and
Nusselt number are investigated for Re=100 and Ri=2.

Mixed convection in vertical channels can be encountered
in liquid based cooling systems such as automobile radiators,
fuel cells and other thermal applications. Mixed convection of
conventional fluids in vertical channels had received
increasing attention. Therefore, earlier comprehensive works
had been carried out to understand flow behavior and heat
transfer characteristics between parallel plates [1-6].
Enhancement of coolant performances can help designing
efficient thermal systems. The enhancement can be made by
inserting metallic nanoparticles in conventional working fluids
(nanofluids). Solid nanoparticles are known for their high
thermal conductivity. In addition, the nano-scale particles can
offer larger heat exchange and hence improve thermal
properties of nanofluids. However, since the pioneer work of
Choi and Eastman (1995) [7], nanofluids attract more and
more investigators.
Solid concentration in nanofluid is one of the most
influencing parameters on the fluid properties and heat transfer
characteristics. The influence of nanoparticle concentration on
thermal performance of nanofluids was investigated by many
researchers. Sheikholeslami and Ganji [8] investigated
thermal performance of copper nanoparticles in water as base
fluid flowing between parallel plates. They reported that
Nusselt number increases with increasing nanoparticle
concentration. Fakour et al. [9] analyzed the effect of various
thermal and dynamic parameters on heat transfer of a
nanofluid in a vertical channel. They indicated that heat
transfer was significantly improved by increasing nanoparticle
concentration. Xu and Pop [10] studied analytically the effect
of increasing different nanoparticles in water flowing between
two heated parallel plates with increasing temperature along.
Temperature and velocitiy distributions were analyzed.
Assisting and opposing buoyancy effects were considered.

2. MODELLING
2.1 Physical model
Consider the two-dimensional laminar fluid in a vertical
channel. The two parallel walls of height L are separated by a
distance H. The y-axis is parallel to the gravitational
acceleration vector while the x-axis is perpendicular to the
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walls. The origin of the x-axis is on the left hand (cooler) wall
and the origin of the y-axis is at the entrance of the nanofluid
(Figure 1). The left hand channel wall is kept at constant
temperature T1 while the right hand (heated) wall of the
channel is maintained at a constant temperature T2 (T2 > T1).
The nanofluid inlet velocity is V0 at constant temperature
(reference) T0 = T1. The nanofluids are supposed to be
Newtonian and incompressible. The viscous dissipation is
neglected. Boussinesq approximation is employed in this study.
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where, Pr, Re and Ri denote Prandtl number, Reynolds
number and Richardson number, respectively. They are
defined as follows:
𝑃𝑟 = 𝜈𝑓 /𝑎𝑓 ; 𝑅𝑒 = 𝑉0 𝐻/𝜈𝑓 ; 𝑅𝑖 = 𝑔 𝛽𝑓 (𝑇0 − 𝑇𝑤 )𝐻/𝑉02
The dimensionless variables of the above equations are
defined as follows:
𝛸 = 𝑥/𝐻; 𝑌 = 𝑦/𝐻 ; 𝑈 = 𝑢/𝑉0 ; V = 𝑣/𝑉0 ;
𝜃 = (𝑇 − 𝑇0 )/(𝑇2 − 𝑇0 ) ; 𝑃 = 𝑝/𝜌𝑛𝑓 𝑉02
The following boundary conditions are considered:
At the channel inlet:

Figure 1. Sketch of the physical problem

𝑈 = 0 , 𝑉 = 1 𝑎𝑛𝑑 𝜃 = 0

2.2 Mathematical modeling

At the channel outlet:

Single-phase model is considered in the study where the
nanofluids are regarded as a continuous medium. Assuming
that the nanoparticles are homogenously dispersed in the base
fluid, the properties of the nanofluids can be calculated for the
density:
𝜌𝑛𝑓 = (1 − 𝜙) 𝜌𝑓 + 𝜙𝜌𝑠
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On the right hand wall:
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For the thermal expansion coefficient:
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The non-dimensional governing equations of the twodimensional flow and heat transfer in Cartesian coordinates
are given by:
𝜕𝑈
𝜕𝑋

+

𝜕𝑉
𝜕𝑌

=0

𝑘𝑓

𝜕𝜃

( )

𝜕𝑋 𝑋= 1

̅̅̅̅ = 1 ∫𝐿 𝑁𝑢 𝑑𝑌
;𝑁𝑢
0
𝐿

(12)

In this investigation, discretization of the governing
differential equations is based on the finite volume approach.
The velocity – pressure coupling is solved by the SIMPLE
procedure [21]. The algebraic equations are solved by using
the Thomas algorithm. The numerical predictions of the
present model had been previously validated by the author of
the present study Kholai [22]. Comparisons had been done
with experimental and numerical results available in the
literature.

The effective thermal conductivity is approximated by
Maxwell-Garnetts model [20]:
=

𝑘𝑛𝑓

2.3 Numerical procedure

(4)

The viscosity is approximate by Brinkman model [19]:
𝜇𝑛𝑓 = 𝜇𝑓 /(1 − 𝜙)2,5

(11-d)

The local and average Nusselt numbers are defined as
follows:

For the thermal diffusivity:

𝑘𝑓

=

On the left hand wall:

For the heat capacity:

𝑘𝑛𝑓

(11-a)

3. RESULTS AND DISCUSSION
The numerical results were obtained for Reynolds number
Re=100, Richardson number range: Ri=1 to 5 while the

(7)
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nanoparticle volume fractions ranged from 0.00 to 0.10.
The thermophysical properties of the base fluid (water) and
nanoparticles are presented in Table 1.

affected region. This result can be explained by the appearance
of natural convection, which increases the velocity of fluid
particles in the vicinity of the wall. These results are consistent
with analytical results presented in previous works [3-5].

Table 1. Thermophysical properties of water and
nanoparticles (T = 300K)
𝜌 (kg.m-3)
𝐶𝑃 (J.kg-1.K-1)
k (W.m-1.K-1)
𝛽 × 105(K-1)
𝜇 (Pa.s)

Water
997.1
4179
0,613
27,6
855 ×10-6

Cu
8933
385
401
1,67
-

Al2O3
3970
765
36
0.85
-

Figure 3. Effect of the Richardson number on the axial
development of the Nusselt number for pure water

(a)

(a)

(b)

(b)
Figure 4. Axial development of the axial velocity for two
nanofluids: (a) Cu-water; (b) Al2O3–water
The effect of Richardson number on the axial development
of Nusselt number of pure water is illustrated in Figure 3. One
can observe that the effect of Richardson number is negligible
at the entrance region of the channel. As the fluid advances in
the channel, we observe that the increase in Richardson
number increases the Nusselt number and hence promotes heat
transfer between the fluid and the heated channel wall.
The axial development of the nanofluids axial velocity
profiles for ∅ = 10 vol % and Ri = 2.0 are depicted in Figure
4. It can be noticed that both nanofluids show quite similar
developments of flow profiles. This means that the type of
nanoparticles has no significant effect on the velocity profile
at the entrance region of the channel. At Y = 0.5, the axial

(c)
Figure 2. Effect of the Richardson number on the axial
velocity profiles at different positions for pure water
Figure 2 shows the effect of Richardson number on the axial
velocity profiles of pure water at different positions along the
channel. At the channel entrance (Y = 0.2), the effect of
Richardson number is negligible. But when the fluid moves up
through the channel, it is found that the flow in the vicinity of
the hot wall is accelerated with increasing Richardson number.
The velocity profile presents a crest in this buoyancy
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velocity profile is symmetric with respect to the channel
centerline. As moving away from the channel entrance, the
velocity profile is distorted. The velocities enlarge
continuously in the right hand half region of the channel with
an increasing crest. The crest moves towards the heated
channel as the flow develops in the channel. Meanwhile, the
velocities diminish in the left half of the channel towards the
cooler wall which is the consequence of mass conservation
constrains. Unlike the cooler wall where the viscous forces
tend to retard the velocities near the wall, the velocities near
the hot wall are enhanced as can be seen on the two Figures
(4-a) and (4-b) corresponding respectively to copper and
aluminum oxide nanofluids. This enhancement is attributed to
the assisting buoyancy force that allows the nanofluid to
overcome the negative effect of the viscous boundary layer on
the flow velocity.
Figure 5 shows the effect of the type of nanoparticles on the
axial evolution of Nusselt number for Ri = 2.0. The solid
volume fractions are set 10 % for the two nanofluids (Cu–
water and Al2O3-water). The two nanofluids have similar
behavior. Nusselt numbers decrease substantially at the
channel entrance for the three fluids. On the fully developed
flow region, Nusselt number has asymptotic trend. At a given
axial position, it can be seen that larger nanoparticle volume
fractions correspond to higher Nusselt numbers. Improved
convective heat transfer is obtained by increasing solid volume
fraction. Thus, adding metallic nanoparticles (Cu/Al2O3) of
high thermal conductivity results in increasing of the nanofluid
effective thermal conductivity.

heat transfer. This is due to improvement of the effective
thermal conductivity caused by adding solid nanoparticles (Cu
or Al2O3) of high thermal conductivity. These results are
consistent with other findings of the literature [8-10].

(a)

(b)
Figure 6. Effect of nanoparticle volume fraction on the axial
velocity (a) Cu-water; (b) Al2O3-water

Figure 5. Effect of the type of nanoparticles on the axial
evolution of the Nusselt number
The axial velocity component profile of the two nanofluids
Cu-water and Al2O3–water at Y = 20 for Ri = 2 and for different
nanoparticle volume fractions (0. 03; 0.05 and 0.10) are
plotted in Figure 6. First, similar trends can be observed in the
two figures (6-a) and (6-b) corresponding respectively to Cuwater and Al2O3-water nanofluids. Increasing the nanoparticle
volume fraction leads to a decrease in the velocities at the
vicinity of the heated wall. Besides, the unique crest of the
velocity profile moves slightly towards the channel center as
the nanoparticle volume fraction is augmented. The crest
amplitude decreases with increasing the nanoparticles volume
fraction. This can be explained by the effect of adding
nanoparticles in the nanofluid; which results in increasing
viscous forces.
In Figure 7 is illustrated the axial evolution of the Nusselt
number for Ri = 2. Nusselt number decreases substantially at
the channel entrance and then asymptotes at fully developed
flow region. At a given channel axial position, it can be seen
that higher volume fraction corresponds to higher convective

(a)

(b)
Figure 7. Effect of the nanoparticles volume fraction (ø) on
the axial evolution of the Nusselt number for two nanofluids:
(a) Cu-water; (b) Al2O3-water
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Figure 8 show the average Nusselt number as function of
the nanoparticle volume fraction (ø) of the two considered
nanofluids for Ri = 2. Increasing the nanoparticle volume
fraction increases the average Nusselt number in the two cases
(i. e. adding Cu and Al2O3). This fact is due to the higher
effective thermal conductivity of the nanofluids. For a given
nanofluid, Cu-water shows higher heat transfer rate than that
of Al2O3-water. This effect is due to the higher thermal
conductivity of copper compared to Al2O3. Improvement of
heat transfer characteristics can be obtained with Cu
nanoparticles rather than those of Al2O3

[4]

[5]

[6]

[7]

Figure 8. Effect of the nanoparticles volume fraction (ø) on
the average Nusselt number for two nanofluids

[8]

4. CONCLUSIONS

[9]

Numerical simulations have been carried out on mixed
convection of two nanofluids (Cu-water and Al2O3-water)
flowing upwardly in an asymmetric heated vertical channel.
The effect of nanoparticle volume fraction (0≤Φ≤10 vol %)
has been investigated for Re=100 and Ri=2. Results have
showed that:
−
The nanoparticle type did not affect the axial velocity
profile.
−
Increasing solid volume fraction resulted in a
decrease in the axial velocities in the buoyancy region.
−
The velocities profile crest caused by the buoyant
force diminished in amplitude with increasing particle volume
fraction.
−
Both nanoparticles enhanced heat transfer of the
nanofluids
−
Copper nanoparticles showed larger heat transfer
than that of alumina oxide
−
Finally, apparition of the reversed flow and its
conditions can be considered for future research.

[10]

[11]

[12]

[13]
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k
H
L
Nu
̅̅̅̅
𝑁𝑢
p
P
Pr
Re
Ri
T
U, V
u, v
x, y
X,Y
Greek symbols
β
θ
ν
μ
ρ
∅

g
Gr

thermal expansion coefficient, K−1
dimensionless temperature
kinematic viscosity, m2.s−1
dynamic viscosity, Kg. m-1.s−1
density, kg.m−3
nanoparticles volume fraction

Subscripts
1
2
0
nf
f
s
w
1
2

NOMENCLATURE
𝑎
Cp

thermal conductivity, W.m−1.K−1
channel width, m
channel length , m
Nusselt number
average Nusselt number
pressure, Pa
dimensionless pressure
Prandtl number
Reynolds number
Richardson number
Tmperature, K
dimensionless velocity components
velocity components, m
cartesian coordinates, m
dimensionless coordinates

thermal diffusivity, m2.s-1
speciﬁc heat at constant pressure,
J.kg−1.K−1
gravitational acceleration, m.s−2
Grashof number
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left wall
rigth wall
inlet conditions
nanofluid
base fluid
solid particles
value at the wall
left wall
rigth wall

