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Circular heat sources represent a cornerstone in the engineering of high-efficiency thermal
systems. They facilitate optimal heat flux within a compact footprint, provided that
temperature gradients are strictly controlled to prevent structural warping. Copper is a
cornerstone material in industrial design, particularly when thermal management and
durability are paramount. Its role is defined by a unique combination of high thermal
conductivity, corrosion resistance, and excellent fabricability. Despite being easy to bend,
copper is strong enough to withstand high internal pressures. While aluminum is
sometimes used as a cheaper, lighter alternative (especially in car radiators), copper
remains the premium choice for performance, longevity, and reliability in most high-end
and industrial heat exchange applications. Copper is 100% recyclable without any loss of
quality, which motivated its selection in this study, which employs a finite element
approach to investigate conjugate natural convection within a square enclosure containing
a copper heat source with varying degrees of eccentricity ranging from 0.25 and 1. By
evaluating Rayleigh number (Ra) from 10° to 107, the study demonstrates that the spatial
positioning of the heat source profoundly impacts fluid-solid interactions and thermal
performance. While modest eccentricity supports stable vortex structures and efficient heat
dissipation, increasing the displacement ratio leads to a significant breakdown in flow
symmetry, causing a 35% decline in stream function intensity and a 50% reduction in the
average Nusselt number (Nu). The analysis of entropy generation and Bejan number (Be)
further confirms that excessive asymmetry promotes thermal stratification and reduces heat
transfer effectiveness. These insights, along with a newly proposed empirical correlation
for Nu, provide a practical framework for optimizing the geometry of compact heat
exchangers and electronic cooling systems. These results provide important new
information for passive cooling, electronic heat sinks, compact natural-convection heat
exchangers, and enclosure geometry optimization.

1. INTRODUCTION

Because of its importance in energy systems, free

impact on flow organization and thermal performance [6-10].
In finned and enhanced systems, eccentricity has been
shown to significantly improve thermal performance,

convection in enclosed cavities has garnered a lot of interest in
electronic cooling and thermal management applications.
Among passive control strategies, geometric eccentricity-
introduced by off-centering internal components-has been
widely recognized as an effective means of modifying flow
structure and enhancing heat transfer performance.

Previous studies have shown that eccentric configurations
significantly influence thermo-fluid behavior across various
geometries and operating conditions. Enhancements in heat
transfer have been reported in elliptical and annular cavities
[1-3], while more complex flow structures, including
multicellular patterns and secondary recirculation, have been
observed in porous media [4, 5]. The combined effects of
eccentricity with non-Newtonian behavior, rotation,
nanofluids, and magnetic fields further demonstrate its strong
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particularly when combined with structural modifications [ 10-
12]. Application-oriented studies also confirm the engineering
relevance of geometric and thermophysical modifications in
heat exchangers, phase-change systems, and porous thermal
devices, where they affect flow organization, heat-transfer
rates, and entropy generation [13-25].

Despite extensive research, most existing studies focus on
simplified configurations such as purely convective or porous
systems, while the coupled conduction-convection interaction
in eccentric enclosures under high Rayleigh number (Ra)
conditions and thermal conductivity contrasts remains
insufficiently explored. In addition, entropy generation
behavior in such configurations is still not fully understood.

The present work extends our previous study on horizontal
displacement of the heat source. In response to reviewer
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recommendations, the current investigation focuses on vertical
displacement effects, aiming to offer a more thorough
comprehension of conjugate heat transfer and entropy
generation in eccentric thermal cavities. While horizontal
deflection disrupts bilateral symmetry and induces lateral
tilting of the fluid column, vertical deflection alters the
buoyancy path by selectively widening or narrowing the
acceleration and collision zones of this column. This study
reveals that downward deflection enhances convection heat
transfer by reducing the hydrodynamic resistance of the fluid
column, a mechanism distinct from the asymmetric vortex
expansion observed in horizontal cases. Furthermore, we have
identified a previously unknown nonlinear relationship
between vertical displacement and the transition to unsteady
flow, a key finding of this research. It was found that vertical
eccentricity relative to horizontal eccentricity reduces the
transfer by approximately 54.43%, or 1.85 times. The scope of
application for this type of study is vast, particularly in
industrial heat exchangers and convection systems similar to
our configuration.

Table 1 provides a summary of the key values and
measurements used in this study, the main geometric
parameters, along with a detailed description of the
conductivity ratio between the solid and the fluid.

Table 1. Values and measurement standards adopted in the
study configuration

Setup Name Setup Designation Operator
The outer radius D*; 2
The inner radius D*y 1
The dimensionless length L 10
ivi K
The thermal conductivity 1/Kr = Kf 6.46-05
ratio Ks
Offset ratio E 0.25,05,

1

Due to the laminar flow system, the range of Ra from 10 to
107 was chosen to focus on the laminar regime and the initial
onset of the convective zone in an interface circular wall (low
fluid velocities), where the Boussinesq approximation remains
highly accurate. Table 2 summarizes thermophysical
properties and dimensionless ranges and provides the
thermophysical properties of basic fluids.

Table 2. Fluid thermophysical properties

Physical Properties Air Copper
Density (kg/m?) 1.240 8960
C, (J/(kgK)) 1006 385.00
A (W/(m-K)) 0.0257 401.00
Viscosity (kg/(m-s)) 1.181e-05 -

2. METHODOLOGY
2.1 Problem description

Fluid dynamicists use the square cavity to establish
fundamental truths about heat and motion before moving on to
the more "messy" geometries of the real world.

The use of square cavities (specifically 2D square
enclosures) in the study of thermal convection—such as the
differentially heated cavity or Rayleigh-Bénard convection-is
not accidental. It is the "gold standard" for researchers for
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several mathematical, physical, and historical reasons, such as:
The most fundamental reason is that a square fits perfectly into
the Cartesian coordinate system; easy mesh generation
because, in computational fluid dynamics (CFD), creating a
grid (mesh) for a square is trivial. There is no need for complex
coordinate transformations, "body-fitted" coordinates, or
unstructured meshes required for circular or irregular shapes.
Also, simple boundary conditions: Setting boundary
conditions (e.g., constant temperature on the left wall,
insulation on the top) is mathematically straightforward
because the boundaries align perfectly with the axes. The
square cavity represents a "unit" aspect ratio (Ar = 1).

Not forgetting the most important historical and scientific
element, the "de Vahl Davis" Benchmark.

In the world of fluid dynamics, there is a legendary paper
by G. de Vahl Davis titled "Natural convection of air in a
square cavity: A bench mark numerical solution."

Because he provided highly accurate numerical data for this
specific geometry, it became the "standard test" for any
scientist developing a new simulation code.

If you write a new algorithm to solve the Navier-Stokes
equations, the first thing you do to prove it works is replicate
the square cavity results. This has created a massive library of
existing data for researchers to compare their work against.

Therefore, this work in Figure 1, which combines square
and circular cavities, remains a significant challenge in
obtaining accurate results. This has led us to refine and test the
network, as illustrated in Figure 2 (computational mesh) and
Figure 3 (the Nu line).
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Figure 2. Computational mesh used in the present study
(fine)
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Figure 3. Nusselt number (Nu) curves for different
computational meshes

To examine this study, we considered a two-dimensional
square cavity (L*L) of side, as illustrated in Figure 1. The
vertical boundaries are subjected to a uniform cold
temperature (fce), while the horizontal boundaries are
assumed to be adiabatic.

An eccentric annular crown-shaped heat source is
embedded inside the enclosure. The geometry is characterized
by an inner diameter (D;") and an outer diameter (D,"= 2 D;).
Geometric asymmetry is introduced through a displacement
(»*), quantified by the offset ratio (E).

The inner surface of the crown is maintained at a constant
hot temperature (6y¢), generating buoyancy-driven flow within
the cavity. Air is assumed to behave as a continuous fluid,
allowing its motion to be described using calculus rather than
by considering the individual motion of its constituent
molecules. Furthermore, the flow 1is assumed to be
incompressible, such that variations in density can be
neglected when the flow velocity is sufficiently low for
compressibility effects to have a negligible influence on the
results.

For this reason, laminar, incompressible, and Newtonian are
the assumptions considered for the working fluid (air), with
constant thermo-physical properties.

The Navier-Stokes equations are complex equations of fluid
dynamics that can be simplified through the use of the
Boussinesq approximation. The reason we regard density as a
constant in all cases except for the buoyancy term is due to a
comparison of scales and forces. In short, density variations
are taken into account only in the buoyancy term, using the
Boussinesq approximation.

Thermal energy transport within the fluid is driven by a
combination of buoyancy-induced convection and conduction,
while heat migration through the solid crown is restricted to
conduction as defined by Fourier’s law. The integration of
these two regions through matching temperature and heat flux
at their boundary creates a conjugate heat transfer scenario.

2.2 Mathematical formulation
Characteristic scales are utilized to non-dimensionalize the

governing equations, leading to the following dimensionless
parameters:
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Ra = gyﬁ(@*—eref)L?’ Pr — Ufluid . = Asolid (2)
agvf ®fluid Afluid
U, =+9gB6),—6)L 3)

where, Ra measures the strength of buoyancy-driven
convection relative to viscous and conductive effects, Prandtl
number (Pr) describes the relative rates of momentum and
thermal diffusion within the fluid, and the thermal diffusivity
ratio between the fluid and the solid crown is denoted by ax,
governing the conjugate heat transfer interaction across the
interface.

The following is the expression for the dimensionless
governing equations:

Continuity equation:

Bui 0 (4)
Bxl- -
Momentum equations:
azui 2
0xiox; .
ou; oui _ _ 0P p 77T iy [py (5)
at 7 ox;j - ax; Ra

where, x; and x; are spatial coordinates in Cartesian tensor
notation (i, j = 1, 2).
where, the velocity components are denoted by u; and u;, §;,,
is the Kronecker delta (equal to 1 when i = y, representing the
direction of gravity),

Energy equation (fluid):
26 265 E
T @
Energy equation (solid):
265 _ E
at (7)

T 2265
VRaPr 6xjaxj
2.3 Boundary and interface conditions

All solid surfaces must be non-slip. The vertical walls are
kept at a steady, cool temperature thermally, whereas the
horizontal walls are adiabatic.

VOriia =0 (3)

The eccentric crown's inner surface is prescribed at a
uniform hot temperature 6, =1 , thereby generating
buoyancy-driven flow within the enclosure:

Conjugate coupling is accomplished at the fluid-solid
interface via temperature continuity.

Osotia = efluid ©
and normal heat flux:
EZ
VOsotia = T m— (10)

where, the thermal conductivity ratio is denoted by K, =



Ksolid

Kfuid
2.4 Heat transfer analysis

The Nusselt number (Nu) is used to quantify the rate of heat
transfer at the fluid-solid interface.

Local Nu:
08s0lid- fluid
Nuy=———
th on near interface (1 1)
Average Nu:
Nu = %fSNul ds (12)

These parameters are used to characterize the spatial
variation and intensity of convective heat transfer.

2.5 Dimensionless entropy generation analysis

In natural convection, dimensionless entropy generation per
unit volume in the fluid domain is given by the sum of two
contributions: irreversibility due to heat transfer and
irreversibility due to fluid friction (viscous dissipation). The
total entropy generation rate, expressed in Cartesian tensor
notation, is:

1 00 06

62 6xi 6xl-

Sgen =

611,: % 2
+ Br(a_x,-Jraxz) (13)

Heat transfer irrevrsibility  Viscous disipation irrevrsibility

The Brinkman number (Br) is based on the characteristic
velocity, leading to:

uuz Pr
~ k(6,—6.) +VRa

Br (14)

The Bejan number (Be) expresses the relative dominance of
thermal irreversibility:

1 060 06
020x;0x;
Be = — 3 (15)
10606 o du; Ouj
920x;0x; ' \ox; " ox;
Be near 1 indicates heat transfer-dominated entropy

generation; near 0 indicates dominance by viscous effects.

3. IMPLEMENTATION OF NUMERICAL METHODS

To resolve the governing Egs. (4)—(10), the finite element
method (FEM) was utilized, employing a mesh of triangular
elements to accommodate intricate geometric features [26].
The primary field variables, including temperature, pressure,
and velocity, are represented within each element via
Lagrange polynomials, with Gaussian quadrature used to
perform precise numerical integration [27]. Accuracy at solid-
fluid boundaries is prioritized through a non-uniform mesh
featuring boundary layer refinement, which also serves to
enhance computational speed. Thermal behaviors are
addressed using an implicit Newton-Raphson scheme to
maintain stability and ensure convergence for nonlinear terms
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[28]. The simulation concludes once the residuals for velocity
and temperature reach a threshold of 10, thus confirming the
validity of the numerical results. Numerical comparisons are
performed with experimental work [29] and numerical work
[30].

4. VALIDATION AND GRID SENSITIVITY

To guarantee the accuracy of the numerical results, a mesh
size verification study is presented. In order to do this, both in
transient and steady-state regimes, the dimensionless
temperature at the point (Y= 00.50, X = 00.70) is investigated
as a function of dimensionless time. Table 3 summarizes the
four distinct mesh density scenarios used in this investigation.
A mesh independence analysis is conducted to verify the
accuracy and robustness of the numerical solution. The time
evolution of the dimensionless temperature at the monitoring
site (X = 00.70, ¥ = 00.50) is assessed in this study. During
both transient and steady-state regimes. The assessment is
performed using four progressively refined mesh densities, as
reported in Table 3.

Table 3. Details of the computational meshes employed in
the grid independence study

Mesh Domain Boundary Final
Type Elements Elements Temperature

Value

Meshl. 1162 154 0.625

Mesh2. 1780 200 0.640

Mesh3. 2260 242 0.650

Mesh4. 7936 468 0.650

To provide additional results for mesh convergence based
on at least one global criterion, we included a visual depiction
of the solid-fluid interface's average Nu. which proved the
network's independence, as shown in Figure 3.

The grid independence results obtained for Ra = 10°, Pr =
0.71 and E = 1/4 are summarized in Table 1 and Figure 3. The
analysis demonstrates that Mesh 3 yields result nearly
identical to those of the finest grid, while significantly
reducing the computational cost, thereby providing an optimal
balance between accuracy and efficiency.

Figure 4 illustrates the verification process using a
numerical model that was carried out through experimental
work [29] and numerical research [30].

5

®—  Present results
-e-  Experimental results [ 39 ]
#  Numerical simulations [40 |
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Figure 4. Validation of the numerical model: Comparison
with Kuehn and Goldstein [29] and Shahraki [30]



The distribution of Nu at the fluid-solid interface for
different Ra is compared with reference data.

In an annular space between two eccentric vertical tubes, a
numerical study [29] was conducted using the FEM for Ra
ranging from 10 to 10° and a radius ratio of 2.6, with various
degrees of eccentricity. The validation of our results is based
on the first case, featuring zero vertical deflection, where the
verification employs the same solid filling, material properties,
and boundary conditions. To further validate our results, we
selected another experimental study [30] conducted under the
same conditions, which examines the influence of eccentricity
and the Ra on natural convection heat transfer through a fluid
confined between two horizontal isothermal cylinders. The
eccentricity of the inner cylinder significantly modifies the
local heat transfer between the two cylinders within the studied
eccentricity range (/L = 0, Pr=0.7). The heat transfer results
are presented in a table, allowing for a comparison of the Nu
under the same conditions as those illustrated in Figure 4,
given that the coefficient of determination, which measures the
goodness of fit of this model, is 0.998106 < (R?) < 0.998611.

There is a pretty strong consensus between the present
simulations and the reference solution. In both cases,
reflecting a similar thermal behavior along the interface.

5. RESULTS AND DISCUSSION

This research investigates conjugate heat transfer between a
high-conductivity copper insert and air (Ra = 103-107) at
various vertical eccentricities. Due to extreme thermal

significantly influence convective performance as geometric
asymmetry increases (Figures 5—14).

5.1 Geometric eccentricity variation

While concentricity is often the design ideal for uniformity,
eccentricity variation is a reality of manufacturing. In some
cases, such as lubrication or specific heat exchangers,
eccentricity is intentionally engineered to manipulate fluid
flow and pressure. However, in structural applications, it is
generally avoided as it creates dangerous localized stresses.
Geometric eccentricity in a circular cavity refers to the
displacement of the cavity's center relative to the center of the
surrounding structure or an outer boundary. This work
presents three axial displacements of £ = 0.25, 0.5, and 1,
respectively.

5.2 Flow structure and circulation intensity

Figures 5(a—c) to 9(a—c) show the streamlines that varying
vertical offset ratio and Ra (10° to 107) significantly alters flow
patterns, mixing, and thermal stratification around a heated
circular crown. At Ra = 10, and increasing offset ratio E from
1/4 to 1/2 and 1 reduces fluid circulation by 41% and 68%,
respectively. This decrease is a result of stagnation and flow
restriction close to the heat source. which inhibits the
development and intensity of convective cells. The presence
of asymmetric eddies and secondary vortex formation in £ =1
confirms that excessive eccentricity leads to chaotic flow
patterns, diminished core circulation, and increased localized

property contrasts, heat transfer is conduction-dominated recirculation,  adversely  affecting  overall thermal
within the solid, creating sharp interface gradients that performance.
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Figure 5. Influence of offset £ on flow structures of streamlines for (Ra = 10°): (a) 1/4, (b) 1/2, (c) 1
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a b (5

Figure 9. Influence of offset £ on flow structures of streamlines for (Ra = 107): (a) 1/4, (b) 1/2, (¢c) 1

5.3 Thermal stratification and isotherm topology 1 distorts thermal plumes, leading to increased stratification,
stagnation, and reduced heat transfer uniformity across all Ra
Lower offset ratio (1/4) facilitates efficient vertical (see Figures 10(a-c)-14(a-c)).

convective transport. However, increasing offset ratio (1/2) to

a b ¢

Figure 10. Influence of offset £ on isotherm distributions for (Ra = 10%): (a) 1/4, (b) 1/2, (c) 1
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Figure 14. Influence of offset £ on isotherm distributions for (Ra = 107): (a) 1/4, (b) 1/2, (c) 1
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5.4 Local and average heat transfer analysis

Figure 15 shows that increasing Ra enhances the change
from heat transfer dominated by conduction to that dominated
by convection. At low Ra, the Nu distribution along the fluid-
solid interface remains relatively uniform, indicating weak
convective effects. As Ra increases, pronounced heat transfer
peaks develop due to the strengthening of buoyancy-driven
circulation. The offset ratio (E) further modifies the location
and intensity of these peaks by altering the flow structure and
promoting secondary recirculation zones.

26r —#= Ra=1E3
—4— Ra=1E4
~&= Ra=1E5
—~&— Ra=1E6

Ra=1E7

24}

22F

20

Nu_Loc
-
=
T
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Figure 15. Profiles of local Nusselt number (Nu) along 0°—
360° at the fluid solid interface for (Ra = 103-107) and E = 1

For this reason, we calculated the relative errors predicted
by this new correlation. We estimated the relative errors,
which are small at Ra = 103, for example, for the first vertical
eccentricity Er 0.2209% and for the subsequent
eccentricities Er 0.2270% and Er 0.22704159%,
respectively. Furthermore, at Ra = 10°, the error ranged from
0.2309% to 4.158%.

The eccentricity effect would make the discussion much
stronger. For this reason, we present an average Nu value for
different Ra (see Table 4).

Table 4. Nusselt number (Nu) values for different Rayleigh
numbers (Ra)

Nu
Eccentricity E/4 E/2 E
Ra =10* 12.967 8.0796 4.3729
Ra=10° 18.652 11.961 6.8171
Ra =10° 25.279 17.855 10.984

5.5 Heat flow empirical correlation

A highly non-uniform heat transport behavior along the
fluid-solid interface is revealed by the distribution of the local
Nu in the range 0° < ¢ < 180°. This behavior is governed by the
interplay between buoyancy-driven convection and geometric
eccentricity, which together control the formation of localized
enhancement and suppression regions of heat transfer.
where,
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Nu = 2.932Rq(©19-0.083E) . pp-02. (1 _ 05E + 0.1E%)  (16)

This relation provides a predictive tool for natural
convection in enclosures with eccentric geometries, enabling
estimation of heat transfer performance and supporting
thermal design and optimization in engineering applications.

The distribution becomes progressively more asymmetric as
the eccentricity increases, highlighting how geometric
displacement has a significant impact on regulating the spatial
distribution of stagnation zones and heat transfer
enhancement.

5.6 Entropy generation and Bejan number analysis

The study in this section shows that increasing Ra shifts heat
transfer from conduction to convection, thus reducing the Be.
Simultaneously, increasing offset ratio (£) increases cross-
sectional asymmetry, shifting the stagnation peaks from
90°/270° towards 120°/240°, reflecting altered flow patterns
and generating localized entropy.

In terms of fluid movement and heat transmission, the
second law of thermodynamics. In any thermal system, waste
comes from two primary sources:

Heat moving across a finite temperature differential
generates thermal entropy. The generation of frictional
entropy is brought on by fluid viscosity and pressure drop.

Since the total entropy is the sum of both, the geometry
forces these two to compete. The geometric displacement acts
as a lever that shifts the balance between these two
mechanisms. When you decrease the characteristic size (e.g.,
smaller diameter), we have the thermal benefit because the
fluid is physically closer to the walls. The "displacement" of
heat is more efficient because the thermal resistance is lower.
This decreases thermal entropy generation. But in the
frictional penalty, to move the same amount of fluid through a
smaller space, velocity and shear stress must increase. This
increases frictional entropy generation. The role of Be to track
this competition, scientists use this number to measure which
mechanism is "winning" the competition. If Be > 1: Thermal
entropy dominates (the system is thermally inefficient); else if
Be « 1: Frictional entropy dominates (the system is being
"choked" by flow resistance). Else (Be = 0.5), the mechanisms
are balanced.

6. CONCLUSIONS

The increasing eccentricity significantly modifies flow
structure and reduces convective strength, which is a core
principle in fluid dynamics, particularly when studying natural
convection in annuli with an unsteady natural convection
model. The reason this happens comes down to symmetry
breaking and viscous resistance.

The flow structure changes from a straightforward circular
motion to a more intricate, distorted pattern where fluid tends
to "bypass" or stagnate in the narrowest sections.

A transition from symmetric to asymmetric convection is

observed, accompanied by up to 35% reduction in stream
function and 50% decrease in heat transfer for £ = 1.
Entropy  generation  analysis  confirms  increased
thermodynamic irreversibility with eccentricity. The proposed
correlation provides predictive capability for design
optimization of eccentric thermal systems.

This study extends previous work on horizontal



displacement by investigating vertical eccentricity effects,
providing a more complete understanding of conjugate
convection in asymmetric cavities.
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NOMENCLATURE

Nu/Nu Local/average wall Nusselt number

Ra

Rayleigh number
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Be
Pr
Br
Ar
E

Bejan number (irreversibility ratio)
Prandtl number

Brinkman number (viscous dissipation)
aspect ratio

Eccentricity

Geometry and physical parameters

k%
Yy X

L

DOgDi

Vertical, Horizontal displacement (m)
Cavity width (m)
Dimensionless outer, inner diameter

Thermophysical properties

K

g
cp
o

p
uiv

B

Thermal conductivity (W/m-K)
Gravitational acceleration (m/s?)
Specific heat capacity (J/kg-K)
Thermal diffusivity (m?/s)

Density (kg/m?)
Dynamic/Kinematic viscosity
Thermal expansion coefficient (1/K)

Flow and thermal fields variables

u,v Dimensionless velocity components
s Stream function

P Dimensionless pressure

0 Dimensionless temperature
Coordinates

X,y Dimensionless coordinates
Body forces

i Kronecker delta
Subscripts

c Cold boundary

H Hot boundary

F Fluid domain

S Solid domain

1 Local
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