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This paper investigates the dynamic stability of functionally graded material (FGM) beams, 

using the Timoshenko model with internal viscous damping distribution (DIVD). It is 

assumed that the material properties change continuously across the thickness direction of 

the beam, according to the power law function for the FGM (P-FGM). The governing 

equations of motion were developed by the Lagrange principle. Then, the finite element 

method was adopted to describe unamortized natural frequencies and the damped 

eigenfrequencies of the dynamic system. The numerical results were compared with those 

available in the literature. Illustrative examples were given to show the influence of internal 

damping distribution, material distribution and slenderness ratio on the dynamic stability 

margin of FGM Timoshenko beams. The research findings provide new insights into the 

dynamic stability of the FGM. 
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1. INTRODUCTION

Nowadays elastic components such as machines and 

structures have found a place in different industrial 

applications.  However, those types of elements are subjected 

to different type of dynamic motions and vibrations, which 

are mostly undesirable and can lead to a catastrophic failure. 

Therefore the need to measure and detect the vibration 

frequencies is crucial task to be able design a proper damping 

system.   

Damping has a very high importance in structures subject 

to dynamic loading. Damping treatment is one of the 

methods for controlling noise and vibration in structures [1]. 

The dissipation of energy depends on a large number of 

factors [2-4], internal factors (type of material, chemical 

composition, crystalline or amorphous structure), external 

factors (temperature, initial load, initial stress, etc.) and 

factors related to the movement (amplitude and frequency of 

deformation, state of the effort, etc.). For the study of 

damping influence different mathematical models exist (for 

example model of Newton, temporal hysteresis, fractional 

derivatives, Kelvin-Voigt, Maxwell and others). 

The beam is considered as the structural element most 

responded, as an integral part in most of the construction 

works or machinery parts [5], which made necessary the 

study of their static / dynamic behavior. The beams are used 

as structural component in several construction applications 

and a large number of studies can be found in the literature 

about the transverse vibration of the uniform isotropic beams 

[6]. The importance of developing an analysis of the 

vibration behavior of the beams is related to the use of the 

beams as a basic element in achieving the structures, and to 

determine the effects of changes in boundary conditions, and 

changes of the material on the natural frequencies and natural 

modes of vibration. 

Recently, the dynamic behavior of structural elements in 

FGM is of considerable importance in the fields of research 

and industry. Typically these materials are made from a 

mixture of metal and ceramic, or a combination of materials. 

The ceramic component provides a high temperature because 

of its low resistance to thermal conductivity. FGMs are used 

in very different engineering applications such as automotive, 

aerospace, defense, and more recently electronics, nuclear 

reactors, biomedical and transportation. 

Several studies have been conducted on the mechanical 

and thermal behavior of FGM [7-11]. The simplest of the 

FGM, two different materials gradually change from one to 

the other  Aydogdu and Taskin [12] studied the free vibration 

of functional graded beams with a simply supported 

boundary condition, Bouamama et al. [13] studied the 

frequency response of the FGM sandwich beam with 

different boundary conditions and volume fractions, 

Alshorbagy et al. [14] studied the characteristics of Euler-

Bernoulli beams for the free vibration of FGM beams both 

axially and transversely across the beam thickness.  

Other teams are interested in the static and stability 

analysis of nanobeams in FGM [15-18]. 

The effects of generalized damping distributions on non-

homogeneous Timoshenko beams were investigated by [19]. 

Dohnal et al. [20] studied the damping of a Cantilever beam 

under a periodic axial force by a finite-element approach. 

The effects of internal and/or external lumped or distributed 

damping have been extensively investigated by Robu, et al., 

Chang, et al, Lin, et al., Chen, and Bendine, et al. [21-25]. 

Capsoni et al. [26] who proposed a damper design technique 

absorber based on modal control for controlling the 
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vibrations of beams. Van de Vegte and de Silva [27] Are 

studied the dynamic response of the aluminum beam with 

viscous internal damping using the Kelvin-Voigt material, 

Tsai, et al. [28] studied the effects of internal damping, the 

length and location of the damped segment on the vibration 

of the beam. 

Our present study aims at finite element modeling to 

analyze the dynamic stability of a Timoshenko FGM beam in 

by the inclusion of viscous internal damping. 

 

 

2. FUNCTIONNALLY GRADED BEAMS 

MODELISATION  
 

Consider a Functionally Graded beams of length L and 

uniform thickness h, see Figure 1. The upper and lower faces 

of the beam are at z=±
h

2
. The Functionally Graded Material 

(FGM) vary continuously due to the gradual change in the 

volume fraction of the constituent materials (ceramic and 

metal), generally in the thickness direction. The power law 

function P-FGM is commonly used to describe these 

variations properties of the materials.  

 

 
 

Figure 1. FGM beams modeling 

 

 
 

Figure 2. Variation of the Young's modulus in P-FGM 

beams 

 

The volume fraction of the P-FGM beam is assumed to 

vary according to the thickness of the beam according to a 

simple power law function [29]: 

 

2( )

p
h

z

g z
h

 
+ 

=  
  
 

                                     (1) 

 

where, g(z) denotes the function of the volume fraction of the 

beam; (p) is the power index who writes the variation profile 

of the materials according to the FGM beam thickness. The 

effective material properties can be expressed by a mixing 

law [30]: 

 

1 2 2P( ) (P ) ( )z P g z P= − +                              (2) 

 

wherein, P2 and P1 are respectively the material properties, 

such as Young’s modulus E, Poisson’s ratio  , and the mass 

density  , of the bottom surface (z = -h/2) and the top 

surface (z = h / 2) of the FGM beams. 

It is clear that the mechanical properties of the P-FGM 

beam; Young's modulus for example (see Figure 2), 

decreases rapidly near the bottom surface for "p> 1", and 

increases rapidly near the top surface for "p <1". When "p = 

1", the variation of Young's modulus becomes linear. 

 

 

3. THEORETICAL FORMULATIONS 
 

The dynamic stability analysis of FGM beams is based on 

Kelvin-Voigt's model, which expresses the mechanical 

behavior of a viscous solid. This model can be represented by 

a purely viscous damper and a parallel Hookean spring as 

shown in the (Figure 3). 

 

 
 

Figure 3. Kelvin-Voigt model  

 

The chosen damping model produces deceleration forces 

resulting from the damping effects during movement. The 

internal viscous damping distribution (DIVD) is derived from 

the damping of Kelvin-Voigt deformation velocity, where 

shear and additional dissipative bending stresses {σd}  are 

linearly proportional to the strain rate by the coefficient β. 

The constraint is related to the rate of strain is given by the 

relation: 

 

      . .T c d Q      = + = +
 

        (3) 

 

 

4. GOVERNING EQUATION 
 

Assuming that Timoshenko's kinematic theory on FGM 

beams with distributed internal viscous damping (DIVD). 

The governing equations of motion can be obtained by 

applying the Hamilton principle to the Lagrangian L  and 

the Rayleigh dissipation function into the dynamic 

problem.  

 

( )
1 1

0 0

. ). 0(
t t

t t
Tdt dV t − − − == L              (4) 

 

where, T and V denote the strain energy and kinetic energy 

of a functionally graded beam, respectively. The Expression 

of the kinetic energy T is given by the equation: 

342



 

2 2

V

1
T = (z).(U + W ).dV

2
                      (5) 

 

U̇and Ẇ  are the general speed components of the FGM 

beams respectively, along the (x) and (z) axes. ρ(z) is The 

mass per unit volume. 

The kinetic energy becomes in the form: 

 

L
2 2

1 2
0

T= I u +I .dx
1
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                        (6) 

 

where,  
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A

I I z z dA=                       (7) 

 

The Total Potential Energy is defined as: 
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With: 
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The effective Potential Energy can be calculated by:     
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The Lagrangian L could be written in the following form:    
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L

0
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L  (11) 

 

The Rayleigh dissipation function can be obtained as 

follows:  

 

' ''(u ) .
L

2

11 55
0

21
D A

2
dx    = + −         (12) 

 

   

5. FINITE ELEMENT RESOLUTIONS  

 

A finite element (FE) method of the first order 

Timoshenko FGM beam is introduced with a variation of 

displacement ( )u x and rotation ( )x , giving 04 degrees of 

freedom (DOF) in element (Figure 4). 

  

 
Figure 4. Timoshenko beam FE model with four DOFs 

  

The FGM Timoshenko beam is modeled with 2 DOF per 

node. The nodal displacement vector is: 

 

eU u u
1 1 2 2

= [ ,θ , ,θ ]  

 

The nodal displacements vector of the eth generic FE is: 
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where, 
1N (x)  and 

2N (x)  are the shape functions of a bending 

FGM Timoshenko beam hypothesis, which defined as: 

 

1

x
N (x)= 1-

 
 
 

; 
2

x
N (x)

 
=  
 

 

 

By introducing the Eq. (13) into the Lagrange system 

combined with the Rayleigh energy dissipation function, for 

the 4 DDL FGM Timoshenko beam, the equation system 

resulting from EF takes the following form: 

 

          ( ) ( ) ( )e e e e e eM U t C U t K U t 0+ + =      (14) 

 

 eM ,  eC ,  eK Represent, respectively, the mass, 

damping and stiffness matrices of the eth generic FE. The 

elementary matrices of the finite FGM Timoshenko beam 

element are obtained in the following form: 

 

            2 2

2 2

0

0

1 1

e

1 1

2I I 0

0 2I 0 I
M

I 0 2I6

0 I 0 2I

 
 
 =
 
 
 

                (15) 

 

 

2

1 11

2 2

. . . . . . . .

. . . . . . . . . .

. . . . . . .

. . . . . . . . . .
2

55 55 55 55

2

55 55 1 55 55

e

55 55 55 55

55 55 11 55 55 11

2 A A 2 A A

A A 2 D A A 2 D
1 2 2

K
2 A A 2 A A2

A A 2 D A A 2 D
2

   

   

   

   

− 
 
 + − −
 

=  − − −
 
 

− − + 
 

(16) 

 

 

2

2 2

55

2

2

. . . . . . . . . .

. . . . . . . . . . . .
2

. . . . . . . . . .

. . . . . . . . . . . .

55 55 55 55

2

55 55 55 5511 11

e

55 55 55

2

55 55 55 5511 11

2

A A A A
2 2

A A A AD D
2 2

2
C

A A A A2
2 2

A A A AD D
2 2

2 2

       

         

       

         


−




+ − −


= 
− − −

− + − +










 
 
 
 

   (17) 

343



 

The natural frequencies are determined by introducing 
i tv e =  in Eq. (14), gives the problem of quadratic 

eigenvalue according to: 
 

2M C K 0   + + =                      (18) 

 
2det M C K 0 + + =                      (19) 

 

The solution of Eq. (19) produces 2n eigenvalue and 2n 

corresponding eigenvectors (i = 1, ..., 2n), which represent 

the modes and the natural frequency of vibratory system. As 

the problem considered here is unconventional, the 

eigenfrequencies occur in the conjugate complexes of the 

form: 

 

( )1 , , , ,

2

N 1 1 N 1 1 N 1 1 d 1i 1 i       = − + − = − +        (20) 

 

When the damping matrix [C] equals 0, the solution 

problem of equation (14) is considered conventional, 

representing the free vibration behavior of the FGM beam, in 

the form: 

 
2det K M 0 − =                             (21) 

 

 

6. NUMERICAL RESULTS AND DISCUSSION 
 

The vibration analysis of the FGM beams is carried out by 

the Timoshenko model with internal viscous damping 

distribution (DIVD). The numerical application is presented 

on the cantilever functionally graded beams assuming that 

the height (h) and width (b) of the beam are uniform 

(h=b=0.02 m). The FGMs is made of a mixture of ceramic 

and metal whose composition varies across the thickness 

direction through the power low function. As the upper facet 

i.e., at (z = h / 2) is made of 100% ceramic Al2O3 (Alumina), 

while the lower facet (z = -h / 2) is made in 100 % metal Al 

(Aluminum). The material properties of Al2O3 are: 

 

Ec=380GPa, ρc=3800Kg/m3, υc=0.23 and those of Al are: 

Em=70GPa, ρm=2700Kg/m3, υm=0.23 

 

Table 1 presents a comparison of the undamped 

fundamental frequencies results of the FGM cantilever beam 

for different values of power law index ‘’p’’ and the aspect 

ratio (L/h). The dimensionless undamped eigenfrequencies 

are defined as: 

 
2

m

n n

m

L

h E


 =  

 

The results obtained are compared with the analytical 

results proposed by (Nguyen et al.) [31]. It can be seen that 

the numerical results of this model show an excellent 

agreement for both deep and thin FGM beams. We also note 

that when the Number of Element “NE” increases the values 

of the free pulsation converges to reliable values. 

Figure 5 shows an analysis of the first damped frequencies 

for different curves corresponding to four dimension ratio 

values (L/h), varying the internal damping coefficient β and 

the volume fraction of the material (p). 

The introduction of the internal damping into the vibratory 

system induces a further variation in the vibratory 

frequencies of the FGM beam, the increase of damping 

coefficient β implies a decrease of the damped frequency, 

and this change becomes very crucial for the beams that have 

high rigidity and low slenderness (L/h). 

 

Table 1. Comparison of dimensionless undamped frequencies  

 

L/h NE 
Full 

Ceramic  
p=0.5 p=1 p=5 p=10 

Full 

Metal  

 05 elements 1.9030 1.6820 1.5966 1.4234 1.3132 0.9888 

 10 elements 1.8966 1.6763 1.5913 1.4186 1.3088 0.9855 

5 50 elements 1.8945 1.6745 1.5895 1.4171 1.3073 0.9844 

 100 elements 1.8944 1.6744 1.5894 1.4170 1.3073 0.9843 

 (Nguyen et al.) [31] 1.8957 1.6182 1.4636 1.2594 1.2187 - 

 05 elements 1.9586 1.7294 1.6433 1.4748 1.3614 1.0177 

 10 elements 1.9519 1.7235 1.6376 1.4698 1.3567 1.0142 

20 50 elements 1.9496 1.7215 1.6357 1.4681 1.3551 1.0130 

 100 elements 1.9496 1.7214 1.6357 1.4680 1.3551 1.0130 

 (Nguyen et al.) [31] 1.9496 1.6602 1.5011 1.3034 1.2646 - 
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c) d)  

 

Figure 5. Effect of the internal damping coefficient on the damped frequencies for  

 a) L/h = 5; b) L/h = 10; c) L/h = 15; d) L/h = 20 
 
 

7. CONCLUSION 
 

The FGMs structures represent a vast field of research and 

applications so huge it can change their composition and 

geometry for optimal properties. 

In this paper, we presented theoretical research on damped 

vibrations functionally graded beams based on a mixture of 

two different materials, using the Timoshenko beam theory 

(FSDBT) and DIVD model. The material properties vary 

through the thickness direction of the beam according to the 

power law distribution (P-FGM). 

Several physical and geometrical parameters are processed 

to analyze the dynamic stability of FGM Timoshenko beams. 

The main conclusions of this study are: 

• The damped frequencies are inversely proportional 

to the internal damping coefficient (β).  

• The change in the eigenfrequencies depends on the 

combination of the volume fractions of the reference 

materials. 

• The slenderness ratio (L/h) has a noticeable effect 

on the variation of the damped fundamental 

frequencies. 

• The effectiveness of the distributed internal viscous 

damping (DIVD) can be manipulated according to 

the choice of the material properties in the FGM 

beams. 
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NOMENCLATURE 

 

L Total Length of beam, m 

h Thickness of the beam, m 

b Width of beam, m 

ℓ Elementary length of the beam 

p  Power index 

E Young's module, Gpa 

 eM  Elementary mass matrix 

 eC
 

Elementary damping matrix 

 eK
 

Elementary matrix of stiffness 

,1 2I I  Function of the volume fraction 

 Rayleigh dissipation function  

T Kinetic energy 

V Potential Energy 
[Q] The Hookean elasticity tensor 

 

Greek symbols 

 

 

{𝜎𝑇} Total stress tensors 

{𝜎𝑐}   Bending and shear classical stress 

{σd} Bending and shear dissipative additional stress 

{𝜀} The strain tensor 

{ε̇} The strain rate tensor 

 Global viscous internal damping coefficient 
  Mass density, Kg.m-3  

  The shear correction factor of the Timoshenko 

beam theory 

u Displacement along the X axis 

Ɵ Rotation along the X axis  

ν Poisson coefficient 
  Eignfrequency of the FGM beam 

,1N  Unamortized natural frequency 

1  
The modal damping factor 

,1d  
The damped natural frequency 

L  Lagrangian fonction 
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