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Real-time observation of power systems is highly required for security and reliability
purposes. Phasor Measurement Units (PMU) provide real-time and accurate measurement
of voltage and current phasors. Nevertheless, the Optimal Phasor Measurement Units
Placement (OPP) is demanded due to the high costs associated with the placement and
communication infrastructures of PMUs. This paper presents a comprehensive,
reproducible, and dependable comparative study of four different families of algorithms,
representing four different algorithmic paradigms, to solve the OPP problem under a
uniform model of topological observability. The studied algorithms encompass Depth-
First Search (DFS)-based heuristics, Graph-Theoretic approach (GTh), a Modified
Simulated Annealing (M-SA) metaheuristic algorithm, and a Recursive N-Security (RSN)
algorithm. All the studied algorithms were implemented in MATLAB and tested on the
well-known IEEE 14-, 30-, 57-, 118-bus systems in addition to the New England 39-bus
system. The experimental results show that the RSN-based algorithm achieves the least
number of PMUs needed for complete observability in most of the test bus systems. On
the contrary, the proposed M-SA algorithm mainly shows faster execution time, especially
for bus systems with high connectivity, while RSN is faster in poorly connected large bus
systems. In summary, no single algorithm paradigm is more successful than the others at
all benchmarks. The choice of the algorithm paradigm should be made based on the
specific network topology and the desired trade-off between the minimization of the
placement cost and the speed of execution in the case of contingency observation.

1. INTRODUCTION

thus eliminating the need to work with the complicated
numerical state-estimation equations [12, 13]. In the

Today's electric power systems, with all the complexity and
interdependence created by renewable-energy sources, need
real-time monitoring and secure operation more than ever.
These systems are centrally monitored from a control center
where the operator deploys advanced visualization and
diagnostic tools to maintain the stability, security and overall
reliability of the network in normal and emergency situations
[1-3]. The tool that provides this visibility is state estimation,
which allows deriving, on a continuous basis, the most
probable operational states of the system based on the
information collected from the field at the substations [4, 5].

Accuracy of the state estimation process heavily depends on
the nature of the measurement scheme, particularly number,
type and location of the measurement devices [6, 7]. Many
algebraic approaches scrutinize the measurement Jacobian
rank to assess state uniqueness; however, performing
numerical rank tests can become problematic due to ill-
conditioning encountered in large systems running on tight
tolerances [8-11]. The topological observability, in contrast,
employs the properties of graph theory to establish the
measurable areas using a previously defined spanning tree,
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topological framework, the Optimal Phasor Measurement
Units Placement (OPP) problem is posed to make the whole
network observable by using minimum number of devices or
enhance its redundancies while abiding by the strict budgetary
barriers [14, 15]. The PMUs’ time-synchronized high-rate
dynamic measurements allow real-time views of the grid’s
transient behavior [16-19].

To tackle the problem of optimal placement of Phasor

Measurement Units (PMUs), advances in ILP/MILP,
contingency-aware placement, zero-injection-bus (ZIB)
modelling, and exceptional metaheuristic optimization

continue to emerge. New comprehensive reviews and
mathematical formulations have shown the incorporation of
degree centrality with ILP for increasing effective observation
of the transmission network [20, 21]. Recently developed
nature- and epidemic-inspired metaheuristics, like coronavirus
herd-immunity optimizer [22], and quasi-oppositional
artificial-rabbit optimization [23], have been found effective
to minimize the PMU placement cost while controlling wide-
area monitoring data traffic [24-27].

The contributions for this paper, unlike the contemporary
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works that present a novel optimizer, precludes the design of
a new optimizer:

(1) A singular topological-observability platform
providing four algorithmic paradigms (a pathfinding
heuristic, a structural Graph-Theoretic model, a
stochastic metaheuristic and a recursive set-covering
approach) performing under a common observability
rule set eliminating the risk of influencing the results
by the algorithm utilized,

It allows reproducible comparison on five common
benchmark grids (IEEE 14-, 30-, 57-, 118-bus and
New England 39-bus) not only in terms of PMU
number and execution time, but also in terms of
observability redundancy, and robustness level
considering device failure (N-1); and

A comprehensive set of algorithmic profiles detailing
the balance of speed and absolute miniaturization for
corresponding algorithms and the guidelines of its

2

€)

usage for specific networks and
deployment/modulation rationale.
2. OPTIMAL PMU PLACEMENT MODEL AND

OBSERVABILITY RULES
2.1 Mathematical formulation

The proposed OPP problem focuses on optimizing the
determination of the least number of PMUs capable of full
observability for an N-bus power system. The measurement
model of PMUs can be linearized as follows:

z=h(x)+e €]

where, z is the measurement vector and x is the state vector.

For a system with N buses, a system is said to be numerically
observable if.

Rank(h) = 2N -1 2)

The placement decision is modelled using a binary decision
variable for each bus i: x; = 1 if a PMU is installed at bus i; x;
= 0 otherwise.

The objective function minimizes the total number of
installed PMUs:

Npus

min Z Xi
i=1

This minimization has the topological observability
limitation that each bus must be topologically observed at least
once. The direct observability constraint is described by using
the network binary connectivity matrix A — where 4;; = 1 if
buses i and j are connected and 4;; = 1 — the direct
observability constraint is expressed as:

(€)

f(X)=A-X>1 4)
where, X = [x;, x2, ..., xx]" is the vector of decision variables
and I is an N-dimensional vector of ones. Each row of the
inequality guarantees that bus i is observed by a PMU placed
either at itself or at one of its neighbors.
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2.2 Topological observability rules

Topology-based observability allows for the reconstruction
of system states from measurements through three essential
network rules.

Rule 1: PMU at bus will directly measure voltage phasor of
the concerned bus and current phasors of all branches
associated with that bus (Figure 1).

1TPMU V

|

Figure 1. Phasor Measurement Units (PMU) placement Rule
1: observability with direct measurements

Rule 2: The pseudo-measured data must ensure that the bus
voltage is always observable. The placement of PMU
according to Rule 2 is shown in Figure 2.

*

Figure 2. Phasor Measurement Units (PMU) placement Rule
2: observability of bus voltage using pseudo-measurements

Rule 3: PMU Placement - Pseudo-measurements to observe
branch current. As shown in Figure 3, if branches have only
one terminal in the grid with some load, node current injection
can be constructed. If the branch has both terminals present in
the gird bus, then branch current can be directly calculated
through PMU measurements and used to determine current at
other end of branch too.

Figure 3. Phasor Measurement Units (PMU) placement Rule
3: observability of branch current using pseudo-
measurements

2.3 Zero-injection bus modeling

ZIB are those buses that do not generate or consume any



active power. ZI buses also contribute to observability,
without installing any PMU equipment at the ZIB. Kirchhoff’s
Current Law (KCL) and Voltage Law (KVL) can be
formulated around the ZI bus, and if only one of the adjacent
nodes is not observable, the nodal variables can be found from
a simple algebraic operation (Figure 4). In the case of adjacent
ZI buses, if both adjacent buses have an unknown voltage
phasor, we can write KCL and KVL equations considering the
set of nodes referred to by that set of adjacent ZI buses:
unknowns can be solved for both cases (Figures 5 and 6). In
the constraint A -X > I, this phenomenon is reflected by
relaxing the observability of the ZI bus and its adjacent node
but, in variating the number of unknowns found in a ZI bus’s
adjacency, one of the number of unknowns found in the ZI
group of buses can be solved based on these pseudo-
measurements, rather than solving it from a direct PMU

coverage.
1
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Figure 4. Observability of a zero-injection bus (ZIB) using
Kirchhoff’s Current Law (KCL) equations

1 v
3 2
Zero-
—_—
V  injection v
4
v

Figure 5. Observability of an adjacent zero-injection bus
(ZIB) with unknown voltage phasor
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Figure 6. Observability of adjacent zero-injection buses
(ZIB) with unknown voltage phasors

3. ALGORITHMS CONSIDERED IN THE
COMPARATIVE STUDY

In this research, four different algorithms are used to solve
the OPP defined above. To ensure impartiality, all algorithms
are solved under the same observability rules used in Section
2, and the same connectivity-matrix observability criteria.

3.1 Depth-First Search heuristic

In this context, Depth-First Search (DFS) is used as a graph-
search placement heuristic rather than a pathfinding algorithm.
The algorithm will start with the bus with the highest degree
and traverse the network in depth-first manner, while
maintaining a stack of the unobserved buses. Upon reaching a
high-degree node where at least one of its neighboring buses
is unobserved, a PMU is placed at that location and Rules 1 to
3 are executed to mark the newly observed buses as observed.
The algorithm continues traversing down the branches until all
buses are marked as observed. The objective function in this
case is the number of PMUs placed, observability is checked
after each placement using A -X >1 and the algorithm halts
when every bus has been shown observable. Due to this greedy
and localized decision making, DFS is fast to complete
although it does return a larger-than-necessary number of
PMUs. The algorithm is summarized in Figure 7.

[ Select a vertex as initial starting point ]

[ Identify neighbors of this vertex ]

s initial starting
point is among
neighbors?

All previous and
current neighbors

&
No Select one of
unseen neighbors

ave been seen? as starting point

All vertices are
selected as initial
starting point?

Figure 7. Modified Depth-First Search (DFS) flowchart for
Phasor Measurement Units (PMU) placement

3.2 Graph-Theoretic procedure

The Graph-Theoretic-based method works directly on the
adjacency matrix. It builds a minimal spanning tree for the
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grid, that already embeds the prioritization of ZI buses and the
ability to optimally cut radial branches during its process. The
Graph-Theoretic approach (GTh) method achieves a more
globally-aware placement (i) by clustering the ZI clusters, and
(i1) by maximizing their branch interconnections. The method
is presented with a single consistent label throughout the paper

(“GTh / Graph-Theoretic procedure”). The terminology
“Greedy-Threshold” used before has been replaced to avoid
confusion. The functionality of the method presented here was
a Graph-Theoretic spanning-tree procedure, as further detailed
in Figure 8.

~§§(= 5Ph-CFF Project & Method Overview ’

: 1. Cargo & Network } ‘glz‘Sparsifyinng 1Zero-hh|iﬁmAMysis 53, 4. Strategic Placement f?,f 5. Final System
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|
| ooty | | S ||| s |
Lines > odges Numerically handle zones (212) ) locations Minimum PMS count
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Figure 8. Graph-Theoretic (GTh) method for Optimal Phasor Measurement Units Placement (OPP)

Table 1. Parameter settings of the original simulated annealing (O-SA) and Modified Simulated Annealing (M-SA) algorithms

Parameter Symbol Role Value
Initial solution vector Xo Starting PMU placement vector random feasible
Initial temperature To Controls early acceptance of worse solutions 100
Cooling rate c Geometric cooling factor, T «—c - T 0.95
Boltzmann scaling k Scales the acceptance probability 1
Acceptance rule — Accept worse solution if r < exp(—Af/kT),r € (0,1) —
Inner-loop length L Iterations evaluated at each temperature level 100
Termination — Max iterations reached or temperature floor T<1x1073
M-SA perturbation o Multi-bus disruptive mutation triggered on stagnation 3-bus block

(vs. single-bus swap in O-SA)

[ Simulated Annealing Algorithm ]

Start

[ Select initial solution vector x, J

¥

[ Initialize parameters T, k, ¢ ]

[ Calculate Af = f(x, + Ax) -JJ
v

[ Generate random r(0, 1) ]4

H :
Accept new solution } Keep current | |
solution i
L '
Decrease temperature: |/
T=cxT

Figure 9. Methodological flowchart of the Simulated
Annealing optimization algorithm
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3.3 Original and Modified Simulated Annealing (O-SA /
M-SA)

The original simulated annealing (O-SA) searches for
candidate placement vectors and is allowed to probabilistically
accept worse candidates, based on its cooling-temperature
schedule, to break out of local optima. The O-SA searches a
neighboring solution starting from an initial placement vector
x0, and parameters (T, k, c); A worse candidate is accepted
with probability exp(—Af / kT); where Af refers to the
difference of objective function, r is a uniformly distributed
random number, r € (0,1), and the temperature is reduced
geometrically by factor ¢ as T «— ¢ - T until the stopping
criterion is reached (Figure 9). The Modified Simulated
Annealing (M-SA) retains the acceptance criteria, but applies
different neighbor searcher: M-SA performs more robust,
multi-bus candidate perturbations than mere single-bus swaps.
Moreover, when identification of candidate stagnation occurs
(no improvements for a set number of consecutive calls), M-
SA applies candidates of even more severe structural
perturbation with simultaneous relocation of a block of PMUs.
The more aggressive candidate generation allows for a faster
convergence to potentially more optimal solutions over the
non-linear topologies defining larger grids. Both parametric
settings for either variant are delivered in Table 1.

3.4 Recursive N-Security algorithm

RSN best placed candidate is a greedy path search-based



set-covering algorithm for minimum number of devices.
Starting from topological bus with a high priority, the
algorithm picks recursively the placement that provides
maximum coverage to unobserved parts of the network. At
every iteration, it checks if there are unobservable buses
available; if so, it moves to the next best topological candidate
and recurse. Although RSN ensures tight conditions on the
number of devices, its greedy search can incur in a large
computational cost for densely connected networks. The
algorithm is illustrated in Figure 10.

Starting bus with PMU

Y

Find bus j which maximizes

the coverage of the network
with the existing PMUs

/

Place PMU at bus j

Is the system
observable?

Figure 10. Recursive N-Security (RSN) method flowchart

4. EXPERIMENTAL SETUP AND TEST SYSTEMS

The implementation and execution of all four algorithms
were carried out using MATLAB. Simulations were
performed on five standard IEEE benchmark systems that
have a different topology along with the ZI buses distributed
differently. The utilization of ZI buses was in a manner that
further relaxes the required number of PMUs. The topological
characteristics of the simulated systems are shown in Table 2,
while their single-line diagrams are indicated in Figures 11-
15. All simulations were executed on a workstation equipped
with an «CPU model» processor and «RAM» of RAM,
running MATLAB «version» under «operating system». As
0O-SA and M-SA are stochastic, each algorithm was run «N»
independent times on every test system; the execution times
listed in Table 3 are the mean values over these runs, and the
corresponding standard deviations of the SA-based methods
are reported in Section 6. The bus, branch and zero-injection
data of all benchmark systems were taken from the standard
IEEE test-case data distributed with MATPOWER.

15+

Figure 11. Single-line diagram of the IEEE 30-bus test

system
|
Bus 12 e > - Bus 14
Bus 13 ]
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Bus 10
Bus 9

Figure 12. Single-line diagram of the IEEE 14-bus test
system
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Figure 13. Single-line diagram of the IEEE 57-bus test
system
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T2 To account for best PMU counts and computation time of
each method, an exhaustive study was made. Seeking

Figure 15. Single-

observability of the network A * X > 1, i.e. all nodes are
monitored, the placements of each algorithm in each system
were validated prior to publishing the metrics; the table
includes only those placements that comply with the rule. All

line diagram of the New England 39-bus
test system
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case performance on each system is provided in Table 3
results, these identify the specific PMU buses selected in each
case as observability evidence for the provided PMU counts.

The DFS results in dense network coverage while the
Recursive N-Security (RSN) algorithm picks a few nodes of
high centrality.

Table 3. Simulation results of the Phasor Measurement Units (PMU) placement algorithms (selected buses and execution time)

System Algorithm PMUs Selected PMU Buses Exec(.s;l'lme
DFS 6 1.4,6,8 10,14 0.009753
GTh 6 146810 14 0.008370
14-bus 0-SA 4 25,69 0.823044
M-SA 5 1,46 10,14 0.104585
RSN 3 6,9 0.240981
DFS 10 1,5,6,10, 11, 12, 18, 24, 26, 27 0.018140
GTh 10 15,6 10,1112 18, 24 26. 27 0.024819
30-bus 0-SA 8 1,5,6,10, 12, 18, 24. 27 0.277602
M-SA 7 1,5,10, 12, 18, 24, 27 0.381523
RSN 7 3.7.10, 12, 19, 24, 27 0.382163
DFS 19 1,4,7,9, 15 19, 21, 24, 27, 30, 32, 36, 38, 39, 41, 46, 50, 52, 54 0.034562
GTh 21 2.4,7,9.15 16,17, 19, 21, 24. 27, 30, 32. 36, 38, 39, 41, 46, 50 52, 54 0.045720
57-bus 0-SA 19 1,4,7,9 15 19, 21, 24. 27,30, 32, 36. 38, 39, 41, 46, 50, 52, 54 0.615203
M-SA 14 1.6,9, 15, 19, 21, 27, 29, 30, 32, 46, 50, 54, 56 2.458080
RSN 12 1,4,13, 19, 27, 29, 30, 32, 38, 51, 54, 56 15.128233
1,5,9,12, 13, 17, 19, 21, 25, 28, 30, 32, 36, 37, 41, 43, 46, 49, 52, 57, 58, 59, 62,
DFS 42 65,70, 72, 73, 77, 80, 83, 86, 89, 91, 93, 95, 100, 102, 105, 110, 115, 116, 118 0.137389
1,5,9, 12, 13, 17, 19, 21, 25, 28, 30, 32, 36, 37, 41, 43, 46, 49, 52, 57, 58, 59, 62,
GTh 42 65,70, 72, 73, 77, 80, 83, 86, 89, 91, 93, 95. 100, 102, 105, 110, 115, 116, 118 0.122252
1,5,9,12, 13, 17, 19, 21, 25, 28, 30, 32, 36, 37, 41, 43, 46, 49, 52, 57, 58, 59, 62,
118-bus 0-SA 40 65, 70, 72, 77, 80, 83, 86, 89, 91, 93, 95, 100, 102, 105, 110, 115, 118 0.810999
1,5,9,12, 13, 19, 21, 25, 28, 32, 36, 37, 41, 43, 46, 49, 52, 57, 58, 59, 62, 70, 72,
M-SA 37 77.80. 83, 86, 89, 91, 93, 95, 100, 102, 105, 110, 115, 118 6.245212
1,5,9,12, 13,19, 21, 25, 29, 32, 36, 37, 41, 43, 46, 49, 53, 57, 58, 59, 62, 70, 72,
RSN 36 78, 80, 82, 84, 86, 89, 91, 94, 101, 105, 110, 115, 118 2.221426
New England DFS 16 2,4.6 8, 10,12, 16, 18, 20, 22, 26, 33, 36, 37, 38, 39 0.018402
39-bus GTh 16 2.4.6 8 10 12, 16, 18, 20, 22, 26, 33, 36. 37, 38, 39 0.024010
6. OBSERVABILITY REDUNDANCY AND N-1 non-minimal topological redundancy, Table 4 reports
SECURITY ANALYSIS topological redundancy metrics corresponding to the various

The absolute minimization tends to lower the capital cost,
but it means a loss of topological observability redundancy. A
generally acceptable monitoring system should have the
relevant topological observability when any one of the
relevant units is not in (or is failing in) proper operating order
(N-1 contingencies). As a second check of compatibility of

assignments (subject to having no N-in extended ZI inference
loops, for the given architecture). The indices are the Bus-
based Observability Index average (BOI), the Sum of
Redundancy Index (SORI), and the maximum fraction of the
system which can be observed when the relevant single critical
PMU is not available.

Table 4. Complementary structural redundancy metrics

System Algorithm Avg. BOI SORI Worst-Case Observed Ratio (1 PMU Lost)
14-bus DFS 1571 22 0.857
14-bus RSN 1.071 15 0.643
14-bus M-SA 1.429 20 0.714
30-bus DFS 1.433 43 0.867
30-bus RSN 1.033 31 0.700
30-bus M-SA 1.033 31 0.700
57-bus GTh 1421 81 0.930
57-bus RSN 0.895 51 0.719
57-bus M-SA 1.000 57 0.737
118-bus GTh 1.610 190 0.966
118-bus RSN 1.347 159 0.898
118-bus M-SA 1.432 169 0.898
39-bus DFS 1.462 57 0.923
39-bus RSN 0.923 36 0.692
39-bus M-SA 1.103 43 0.744

The highlighted advantage illustrates the trade-off between
the solutions on operational parameters. Ranking the different

algorithms by the number of PMU deployed, DFS and GTh
regress to producing a high direct redundancy for the system
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(e.g. 96.6% for the case of the 118-bus one under the outage
of a single PMU). The RSN algorithm scores the best short of
coverage for specific locations at the expense of overexposing
greater system area. The algorithms for deterministic grids
with N-1 coverage security could add additional constraints to
the M-SA and the RSN in the overlap of area coverage limits
forcing further PMU under-coverage threshold. This could
justify redundancy with explicit expectation of costs. To prove
this full operational redundancy for the stochastic approaches
(O-SA, M-SA) it still requires the assessment of the mean with
standard deviation across runs. The mean and standard
deviation for every case must therefore be reported before
these outputs are relied upon in operational contexts, in order
to confirm output stability.

7. CONCLUSIONS

The problem of OPP has been shown to be a complex one
emphasizing the necessary tradeoff between minimum
hardware and maximum observability of system structure. The
immediate depth-first traversal approaches have not been
found to yield a good solution, while the RSN is adept at
discovering device minimums for complex networks. The M-
SA is a robust stochastic method that yields nearly optimal
counts while outperforming the RSN in less complex or
sparser networks. As a result, grid managers must choose the
appropriate algorithm for their placement policy: RSN for
strict optimal financial deployment, or M-SA with additional
N-1 securing topological constraints. Future research will
endeavor to create hybrid algorithms combining the structural
first tendencies of the RSN with stochastic type mutation
methods to handle renewable-intermittency and more complex
securing events.
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