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This paper presents a finite-time fault reconstruction strategy for proton exchange 

membrane fuel cell (PEMFC) air feed systems. The strategy combines algebraic methods 

with a robust exact differentiator. The proposed approach enables the reconstruction of 

both actuator and process faults using only measurable signals and their derivatives, 

without requiring full state observers. First, an algebraic framework is derived to express 

the system states and fault variables as functions of the measured outputs and a finite 

number of their time derivatives. Then, a robust exact differentiator is employed to 

estimate the required derivatives in finite-time under bounded perturbations, ensuring the 

convergence properties of the accurate fault reconstruction. The proposed approach offers 

a simple structure, reduced computational complexity, and ease of implementation due to 

its single-parameter tuning design. Simulation results obtained on a nonlinear PEMFC air-

supply model under stepwise load-current variations from 150 A to 300 A and different 

simultaneous fault scenarios demonstrate fast convergence, accurate fault estimation, and 

robustness under noisy operating conditions. The proposed method achieves settling times 

below 0.3 s for both leakage and actuator faults, with low settling reconstruction errors 

and strong robustness against measurement noise. Comparative performance metrics with 

a super-twisting sliding mode observer are also provided. 
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1. INTRODUCTION

Proton exchange membrane fuel cells (PEMFCs) have 

gained considerable attention as clean power sources for both 

automotive and stationary applications, due to their high 

energy conversion efficiency, fast dynamic response, and 

negligible local pollutant emissions [1, 2]. The air supply 

subsystem constitutes a critical component of the PEMFC 

power plant, since it governs oxygen delivery to the cathode 

and directly influences the oxygen excess ratio, stack voltage, 

and overall system efficiency. Insufficient air supply can lead 

to cathode oxygen starvation, which accelerates membrane 

degradation and shortens the fuel cell lifetime [3]. 

Reliable fault detection and isolation in the air path is 

therefore of practical importance for safe and efficient 

PEMFC operation. In the recent literature, three main families 

of fault diagnosis approaches have been developed and 

evaluated for PEMFC systems. Data-driven methods include 

neural networks, support vector machines, and deep learning 

architectures. They show promising classification 

performance using electrochemical impedance spectroscopy 

(EIS) data or voltage/current measurements without a 

physical model [4-6]. However, these methods typically 

require large labelled training datasets, suffer from limited 

generalization over different stacks and operating conditions, 

and offer only limited physical insight into the diagnosed 

faults. 

Model-based fault diagnosis methods exploit the 

physics-based dynamics to generate fault-sensitive 

information, making them effective for PEMFC air supply 

problems [7, 8]. Among the model-based strategies, observer-

based approaches are particularly interesting since they can 

reconstruct unmeasured internal states and estimate fault 

signals in real time [9]. In the PEMFC context, various 

observer architectures have been studied, including adaptive 

Kalman filters [10] and linear parameter-varying (LPV) 

observers [11]. While these methods provide valuable 

diagnostic information, they typically rely on asymptotic 

convergence, meaning that the fault estimate improves 

gradually over time and may respond slowly during rapid 

transients, and often require residual evaluation with manually 

tuned detection thresholds. More recently, Yang et al. [12] 

proposed an augmented LPV observer that simultaneously 

reconstructs component faults and performs active fault-

tolerant control of the oxygen excess ratio in the PEMFC air 

management system. In the domain of finite-time and sliding-

mode approaches, Guo et al. [13] introduced an adaptive 

prescribed-performance controller that handles unknown air 

compressor faults, while Wang et al. [14, 15] developed fixed-

time and finite-time sliding-mode fault-tolerant control 

frameworks for the supply manifold and compressor 

subsystems. 

Another possible approach is to use algebraic observer 

techniques, based on the differential-algebraic framework of 
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Diop and Fliess [16] and Fliess and Sira-Ramirez [17]. In this 

approach, system states and fault signals are expressed as 

functions of the measured outputs and their time derivatives. 

This eliminates the need for asymptotic convergence and 

yields fault estimates that are available as soon as accurate 

derivative information is obtained. Algebraic observers have 

been applied to PEMFC systems by Baroud et al. [18, 19], who 

demonstrated finite-time state estimation and also combined 

algebraic observers with output-feedback control. Jing et al. 

[20] proposed multi-objective sliding-mode control with 

adaptive algebraic observers, while Liu et al. [21] developed a 

robust model-based fault diagnosis scheme for the PEMFC 

air-feed system. Building on such algebraic frameworks, 

Flores-Mendez et al. [22] combined algebraic identification 

with extended state observers to improve the robustness of 

fault diagnosis in nonlinear systems, demonstrating non-

asymptotic fault estimation under realistic perturbation levels. 

A common practical challenge when using algebraic 

methods is the sensitivity of numerical differentiation to 

measurement noise. Direct finite-difference approximations 

lead to the amplification of high-frequency disturbances and 

compromise the quality of the reconstructed signals. To 

address this issue, Levant introduced higher order sliding 

mode (HOSM) differentiators [23, 24], which provide exact 

derivative estimation in finite-time for signals with bounded 

higher-order derivatives. The theoretical properties of these 

differentiators have been rigorously established through strict 

Lyapunov functions by Moreno and Osorio [25]. 

The present work combines the direct algebraic fault 

reconstruction framework with a robust exact differentiator 

based on the second-order sliding-mode algorithm. The 

differentiator is parameterized so that only a single design 

parameter an upper bound on the second derivative of the 

measured signal requires tuning. The diagnosis focuses on 

actuator faults (compressor motor degradation) and process 

faults (supply manifold leakage), which represent the most 

common failure modes in the air supply subsystem. Unlike 

observer-based approaches that achieve fault estimation only 

asymptotically, the proposed algebraic framework yields fault 

reconstruction formulas that are instantaneous functions of 

measured signals and their derivatives. Combined with the 

finite-time convergence of the robust exact differentiator, this 

results in a fault diagnosis scheme that achieves finite-time 

reconstruction with a guaranteed finite settling time. 

The remainder of this paper is organized as follows. Section 

2 describes the PEMFC air supply system model and the fault 

parameterization. Section 3 develops the algebraic 

observability analysis and the direct fault reconstruction 

formulas with explicit robustness considerations. Section 4 

presents the robust exact differentiator and its application to 

the PEMFC diagnosis problem. Section 5 presents simulation 

results using the Pukrushpan PEMFC model. And Section 6 

concludes the paper. 

 

 

2. PROTON EXCHANGE MEMBRANE FUEL CELL 

AIR SUPPLY SYSTEM MODELING 

 

2.1 System description 

 

The PEMFC air supply subsystem comprises a centrifugal 

compressor driven by an electric motor, a supply manifold, 

and the fuel cell stack cathode. Ambient air is drawn by the 

compressor and delivered through the supply manifold to the 

cathode inlet, where oxygen participates in the 

electrochemical reaction. The cathode outlet is connected to 

the exhaust through a back-pressure orifice. The schematic of 

the PEMFC air-feed system is shown in Figure 1. 

 

 
 

Figure 1. Proton exchange membrane fuel cell (PEMFC) air 

feed system scheme 

 

The primary control objective is to regulate the oxygen 

excess ratio 𝜆𝑂2
 around the optimal value of 2, which balances 

oxygen availability against parasitic compressor power 

consumption [26, 27]. The oxygen excess ratio is defined as: 

 

𝜆𝑂2
 =  

𝑊𝑂2,𝑖𝑛

𝑊𝑂2,𝑟𝑐𝑡

 =  𝛾18(𝑃𝑠𝑚 −  𝑃𝑐𝑎) / (𝛾19𝐼𝑠𝑡) (1) 

 

where, 𝑊𝑂2,𝑖𝑛 is the inlet oxygen mass flow, 𝑊𝑂2,𝑟𝑐𝑡  is the 

reacting oxygen flow, 𝑝𝑠𝑚  is the supply manifold pressure, 

𝑝𝑐𝑎  is the cathode pressure, and 𝐼𝑠𝑡  is the stack current. 

 

2.2 Fourth-order dynamic model 

 

A control-oriented fourth-order model derived from mass 

and energy balance principles is adopted [26]. The state vector 

is: 

 

𝑥 =  [𝑃𝑂2
  𝑃𝑁2

 𝜔𝑐𝑝  𝑃𝑠𝑚]ᵀ (2) 

 

where, 𝑝𝑂2
and  𝑝𝑁2

 are the oxygen and nitrogen partial 

pressures in the cathode, and 𝜔𝑐𝑝  is the compressor angular 

velocity. The nominal system dynamics are: 

 

𝑃̇𝑂2
 =  𝛾1(𝑃𝑠𝑚  −  𝑃𝑐𝑎)  − 𝛾3𝑃𝑂2

𝑊𝑐𝑎,𝑜𝑢𝑡  / (𝛾4𝑃𝑂2
 

+  𝛾5𝑃𝑁2
 +  𝛾6)  −  𝛾7𝐼𝑠𝑡 

(3) 

 

𝑃̇𝑁2
 =  𝛾8(𝑃𝑠𝑚  −  𝑃𝑐𝑎 −  𝛾3𝑃𝑁2

𝑊𝑐𝑎,𝑜𝑢𝑡  / (𝛾4𝑃𝑂2
 

+  𝛾5𝑃𝑁2
 +  𝛾6) 

(4) 

 

𝜔̇𝑐𝑝  =  −𝛾9𝜔𝑐𝑝  −  (
𝛾10

𝜔𝑐𝑝

) 𝛹𝑊𝑐𝑝  +  𝛾13𝑉𝑐𝑚 (5) 

 

𝑃̇𝑠𝑚  =  𝛾14[1 + 𝛾15𝛹] (𝑊𝑐𝑝 −  𝛾16(𝑃𝑠𝑚 − 𝑃𝑐𝑎)) (6) 

 

where the cathode pressure is: 

 

𝑃𝑐𝑎 =  𝑃𝑂2
 +  𝑃𝑁2

 +  𝛾2 (7) 

 

𝛹 =  (
𝑃𝑠𝑚

𝛾11

)
𝛾12

−  1 (8) 
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and the compressor mass flow rate is assumed proportional to 

the compressor rotational speed: 

 

𝑊𝑐𝑝  =  𝛾17𝜔𝑐𝑝  (9) 

 

This approximation corresponds to a local linear 

approximation of the compressor characteristic map around 

the nominal operating point, as commonly adopted in PEMFC 

air supply system models. The control input is the compressor 

motor voltage 𝑉𝑐𝑚 , and the stack current 𝐼𝑠𝑡  acts as a 

measurable disturbance. The cathode outlet mass flow rate 

𝑊𝑐𝑎,𝑜𝑢𝑡  is determined using the standard nozzle equation [28]: 

 

𝑊𝑐𝑎,𝑜𝑢𝑡 = 𝑘𝑐𝑎,𝑜𝑢𝑡  (𝑃𝑠𝑚 − 𝑃𝑐𝑎) (10) 

 

where, 𝑘𝑐𝑎,𝑜𝑢𝑡 denotes the cathode outlet orifice coefficient. 

The pressure 𝑃𝑐𝑎 = 𝑦2 is directly measured; therefore, 

𝑊𝑐𝑎,𝑜𝑢𝑡  can be expressed as a known function of measurable 

signals. The parameters 𝛾1, … , 𝛾19 are derived from the 

physical constants listed in Tables 1 and 2. 

 

Table 1. Derived constants for state-space model 

 

Constant Expression 

𝛾1 𝑅𝑇𝑓𝑐
 𝑘𝑐𝑎,𝑖𝑛  𝑥𝑂2,𝑎𝑡𝑚 / (𝑀𝑂2

 𝑉𝑐𝑎(1 +  𝑊𝑐𝑎,𝑖𝑛)) 

𝛾2 𝑃𝑠𝑎𝑡 

𝛾3 𝑅𝑇𝑓𝑐
 / 𝑉𝑐𝑎 

𝛾4 1/𝑀𝑂2
 

𝛾5 1/𝑀𝑁2
 

𝛾6 𝑀𝑣 𝑃𝑠𝑎𝑡 / 𝑀𝑎 

𝛾7 𝑛𝑅𝑇𝑓𝑐
 / (4𝐹𝑉𝑐𝑎) 

𝛾8 𝑅𝑇𝑓𝑐
𝑘ca,in(1 − x𝑂2,atm) / (MN2 𝑉𝑐𝑎(1 + ωatm)) 

𝛾9 𝑓 / 𝐽𝑐𝑝 

𝛾10 𝐶𝑝𝑇𝑎𝑡𝑚 / (𝜂𝑐𝑝 𝐽𝑐𝑝) 

𝛾11 𝑃𝑎𝑡𝑚 

𝛾12 (𝛾𝑟 − 1)/𝛾𝑟 

𝛾13 𝜂𝑐𝑚  𝑘𝑡 / (𝐽𝑐𝑝 𝑅𝑐𝑚) 

𝛾14 𝑅𝑇𝑎𝑡𝑚 / (𝑀𝑎 𝑉𝑠𝑚) 

𝛾15 1/𝜂𝑐𝑝 

𝛾16 kca,in 

𝛾17 𝜂𝑣 𝜌𝑎 𝑉𝑐𝑝,𝑟/𝑡𝑟  / (2𝜋) 

𝛾18 𝑘𝑐𝑎,𝑖𝑛 𝑥𝑂2,𝑎𝑡𝑚 / (1 +  𝑊𝑐𝑎,𝑖𝑛) 

𝛾19 𝑛 𝑀𝑂2
 / (4𝐹) 

 

2.3 Measured outputs 

 

The output vector available for fault diagnosis consists of 

four measurable signals:  

 

𝑦 =  [𝑦1 𝑦2 𝑦3 𝑦4]ᵀ =  [𝑊𝑐𝑝  𝑃𝑐𝑎  𝜔𝑐𝑝 𝑃𝑠𝑚]ᵀ (11) 

 

where, 𝑦1  is the compressor mass flow rate (mass air flow 

sensor), 𝑦2 is the cathode pressure, 𝑦3  is the compressor 

angular velocity (tachometer), and 𝑦4 is the supply manifold 

pressure (pressure sensor). 

 

 

Table 2. Physical parameters of the proton exchange 

membrane fuel cell (PEMFC) air supply system 

 

Parameter Symbol Value /Unit 

Number of cells 𝑛 381 

Specific heat ratio 𝛾r 1.4 

Gas constant 𝑅 8.314 J/(mol K) 

Faraday constant 𝐹 96485 C/mol 

Atmospheric pressure 𝑃𝑎𝑡𝑚 101325 Pa 

FC temperature 𝑇𝑓𝑐
 353.15 K 

Ambient temperature 𝑇𝑎𝑡𝑚 298.15 K 

Specific heat of air 𝐶𝑝 1004 J/(kg K) 

𝑂2 molar fraction 𝑥𝑂2,𝑎𝑡𝑚 0.23 

Molar mass of air 𝑀a 28.97 g/mol 

Molar mass of 𝑂2 𝑀𝑂2
 32.0 g/mol 

Molar mass of 𝑁2 𝑀𝑁2
 28.0 g/mol 

Molar mass of 𝐻2𝑂 𝑀𝑣 18.0 g/mol 

Cathode volume 𝑉𝑐𝑎 0.01 m³ 

Manifold volume 𝑉𝑠𝑚 0.02 m³ 

Compressor inertia 𝐽𝑐𝑝 5 × 10⁻⁵ kg m² 

Compressor efficiency 𝜂𝑐𝑝 0.80 

Motor efficiency 𝜂𝑐𝑚 0.98 

Motor torque constant 𝑘𝑡 0.0153 Nm/A 

Motor back-EMF const. 𝑘𝑣 0.0153 V s/rad 

Motor resistance 𝑅𝑐𝑚 0.82 Ω 

Manifold outlet coeff. 𝑘𝑠𝑚,𝑜𝑢𝑡 
3.629 × 10⁻⁵ kg/(Pa 

s) 

Cathode inlet coeff. 
𝑘𝑐𝑎,𝑖𝑛

= 𝑘𝑠𝑚,𝑜𝑢𝑡 

3.629 × 10⁻⁵ kg/(Pa 

s) 

Cathode outlet coeff. 𝑘𝑐𝑎,𝑜𝑢𝑡 0.76 × 10⁻⁴ 

Air density  𝜌𝑎  1.23 kg/m³ 

Compressor displ. 𝑉𝑐𝑝,𝑟/𝑡𝑟 5 × 10⁻⁴ m³/rev 

Motor friction 𝑓 0.00136 Nm s/rad 

Note: EMF = Electro Motive Force 

 

2.4 Fault modeling 

 

Two categories of faults affecting the air supply subsystem 

are considered. 

 

2.4.1 Actuator fault (compressor motor degradation) 

Increased friction in the compressor motor bearings or 

winding resistance changes are modeled as a multiplicative 

variation in the back-electromotive force (back-EMF) 

constant, where 𝜃𝑎(𝑡)  (the actuator fault) represents the 

relative fault magnitude, with 𝜃𝑎 = 0 corresponding to nominal 

operation. The faulty compressor dynamics become: 

 

𝜔̇𝑐𝑝  =  −𝛾9𝜔𝑐𝑝  −  (𝛾10/𝜔𝑐𝑝)𝛹𝑊𝑐𝑝  +  𝛾13𝑉𝑐𝑚  

−  (𝑘𝑣  +  𝛥𝑘𝑣)𝜔𝑐𝑝 
(12) 

 

where, 

 

𝜃𝑎(𝑡)  =  𝛥𝑘𝑣 (13) 
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2.4.2 Process fault (supply manifold leakage) 

In the existing literature, leakage from the supply manifold 

has been treated in several different ways. Escobet et al. [29] 

proposed a model-based diagnosis scheme in which the 

leakage was represented through a modification of the 

constant 𝛾16 (physically linked to the outlet flow coefficient 

𝑘𝑠𝑚,𝑜𝑢𝑡). Similar formulations were later adopted by de Lira et 

al. [30] within LPV observer frameworks for PEMFC fault 

detection and isolation. Laghrouche et al. [31] also worked on 

related airfeed fault reconstruction using adaptive second-

order sliding mode observers. Treating the leak as an artificial 

enlargement of the cathode inlet orifice tends to mix the leak 

flow with the normal discharge flow, which can mask the fault 

during transients. 

A physically consistent description, following the classical 

nozzle equation, models the leakage as an additional mass 

flow that depends explicitly on the pressure difference 

between the manifold and the atmosphere. The fault signal 𝜃𝑝 

(𝑡) (the process fault) is introduced as an additive term of loss 

of mass-flow in the supply manifold pressure dynamics: 

 

𝜃𝑝 (t) =  𝑊𝑙𝑜𝑠𝑠 (14) 

 

𝑊𝑙𝑜𝑠𝑠  =  𝑘𝑠𝑚𝑓(𝑃𝑠𝑚  −  𝑃𝑎𝑡𝑚) (15) 

 

𝑃̇𝑠𝑚  = 𝛾14[1 +  𝛾15𝛹](𝑊𝑐𝑝  −  𝛾16(𝑃𝑠𝑚  −  𝑃𝑐𝑎)

− 𝜃𝑝 ) 
(16) 

 

The value of 𝑘smf  represents the intensity of the fault. 

Tables 1 and 2 list the derived constants and physical 

parameters used in the model. 

 

 

3. ALGEBRAIC OBSERVABILITY AND DIRECT 

FAULT RECONSTRUCTION 

 

3.1 Algebraic observability framework 

 

A nonlinear system is algebraically observable [30, 31] 

 

𝑥̇ =  𝑓(𝑥, 𝑢), 𝑦 =  ℎ(𝑥) (17) 

 

If there exist finite positive integers μ and ν such that 

𝑥(𝑡)  =  𝛷(𝑦, 𝑦̇, . . . , 𝑦(𝜇), 𝑢, 𝑢,̇ . . . , 𝑢(𝜈)),  where 𝛷(·)  is a 

(possibly nonlinear) vector-valued function. In other words, 

each state component can be written as a function of 

measurable quantities and their derivatives. 

 

3.2 Direct signal recovery from measured outputs 

 

The algebraic reconstructibility of the signals required for 

fault diagnosis in the PEMFC air supply system is established 

using only the measured output vector Eq. (11) and known 

inputs 𝑉𝑐𝑚, 𝐼𝑠𝑡 . 

Step 1: Compressor speed and manifold pressure. The 

outputs 𝑦3  and 𝑦4  provide two signals directly: 𝜔𝑐𝑝  = 𝑦3  , 

𝑃𝑠𝑚  =  𝑦4. 

Step 2: Sum of cathode partial pressures. From the 

definition of 𝑃𝑐𝑎  and the output 𝑦2  =  𝑃𝑐𝑎 , 𝑃𝑂2
 +  𝑃𝑁2

 =

 𝑦2  −  𝛾2 . Thus, the sum of partial pressures is directly 

measurable at every instant. 

It is worth noting that recovering the individual partial 

pressures 𝑃𝑂2
 and 𝑝𝑁2

 separately is not required for fault 

reconstruction. The actuator fault formula depends only on 

𝑦3 , 𝑦4 ,𝑉𝑐𝑚, while the process fault formula depends only on 

𝑦1 , 𝑦2  and 𝑦4. The full output vector therefore provides all 

information necessary for fault diagnosis without any 

additional simplifying assumptions on the cathode gas 

composition. 

 

3.3 Actuator fault reconstruction 

 

The fault reconstruction Eq. (18) uses a part of the model 

that is independent of the rest. Consider the compressor 

dynamics with the actuator fault. Since 𝑦3  =  𝜔𝑐𝑝 is directly 

measured, we can differentiate 𝑦3  with respect to time to 

obtain: 

 

𝑦̇3  =  𝛩1(𝑦3 , 𝑦4, 𝑢) + 𝛺1(𝑦3 )𝜃𝑎(𝑡) (18) 

 

where, 

 

𝛩1(𝑦3 , 𝑦4, 𝑢) =  −𝛾9𝑦3  −  𝛾10𝛾17𝛹 +  𝛾13𝑉𝑐𝑚  
−  𝛾13𝑘𝑣𝑦3 

(19) 

 

𝛺1(𝑦3) =  −𝛾13𝑦3 (20) 

 

Both 𝛩1  and 𝛺 1depend on the measurable signals 𝑦3 , 𝑦4 , 

and the known input 𝑉𝑐𝑚. Solving for the actuator fault: 

 

𝜃̂𝑎(𝑡) =
(𝑦̇3  −  𝛩1(𝑦3 , 𝑦4, 𝑢))

𝛺1(𝑦3 )
 (21) 

 

3.4 Process fault reconstruction 

 

Similarly, for the supply manifold dynamics with leakage, 

since 𝑦4  =  𝑃𝑠𝑚 is measured: 

 

𝑦̇4 = 𝛩2(𝑦1 , 𝑦2 , 𝑦4) + 𝛺1(𝑦2, 𝑦4 )𝜃𝑝 (22) 

 

where,  

 

𝛩2(𝑦1 , 𝑦2 , 𝑦4)  =  𝛾14[1 +  𝛾15𝛹](𝑦1  

−  𝛾16(𝑦4  −  𝑦2)) 
(23) 

 

𝛺1(𝑦2, 𝑦4 ) =  −𝛾14[1 +  𝛾15𝛹] (24) 

 

with 𝛹 =  (𝑦4/𝛾11)^𝛾12  −  1 . All quantities are expressed 

through the measured outputs 𝑦1 , 𝑦2 , 𝑦4  only. The process 

fault reconstruction is: 

 

𝜃̂𝑝(𝑡) =
(𝑦̇4  −  𝛩2(𝑦1 , 𝑦2 , 𝑦4) )

𝛺1(𝑦2, 𝑦4 )
 (25) 

 

The actuator fault Eq. (21) depends only on 𝑦3 , 𝑦4 ,𝑉𝑐𝑚, and 

𝑦̇3, while the process fault Eq. (25) depends only on 𝑦1 , 𝑦2 , 𝑦4 

and 𝑦̇4 . The two reconstruction expressions are therefore 

structurally decoupled in the sense that each fault is recovered 

from a distinct subset of measurements and a distinct output 

derivative. However, the underlying PEMFC dynamics are 

physically coupled: the compressor drives the manifold 

pressure, and the manifold pressure influences the cathode, 

which in turn affects the compressor load. Consequently, 

while the reconstruction formulas are algebraically 

independent, dynamic coupling interactions between the fault 

estimates may still produce transient errors during rapid 
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operating-point transitions or simultaneous fault occurrences. 

The fault reconstruction formulas involve a division by the 

sensitivity terms 𝛺1(𝑦3) and 𝛺2(𝑦2, 𝑦4), respectively. For Eq. 

(21), 𝛺1 becomes zero only if the compressor speed 𝑦3  =  0, 

which is outside any realistic operating regime. For Eq. (25), 

𝛺2 reaches zero when 𝑦2 = 𝑦4 (zero pressure gradient across 

the manifold), which cannot occur under normal or faulty 

operating conditions since the compressor ensures a positive 

pressure differential. 

 

 

4. ROBUST EXACT DIFFERENTIATOR FOR 

DERIVATIVE ESTIMATION 

 

The algebraic reconstruction Eqs. (21) and (25) require real-

time estimates of 𝑦̇3 and 𝑦̇4 . Standard numerical 

differentiation based on finite differences is well known to 

amplify high-frequency measurement noise and is therefore 

unsuitable for real-time implementation. To overcome this 

limitation, the technique of robust exact differentiation, 

originally proposed by Levant [28, 29] is employed. This class 

of differentiators achieves exact estimation of the first-order 

time derivative of a measured signal in finite-time, provided 

that the second derivative of the signal is uniformly bounded. 

The robust exact differentiator for the signal 𝑦𝑖  is defined 

by the following second-order dynamical system [28]: 

 

𝜁̇̇
𝑖,1

 =  −𝜆 𝐿𝑖
½|𝜁̇𝑖,1  −  𝑦𝑖|½ 𝑠𝑖𝑔𝑛(𝜁̇𝑖,1  −  𝑦𝑖) + 𝜁̇̇

𝑖,2
 (26) 

 

𝜁̇̇
𝑖,2

 =  −𝛼 𝐿𝑖  𝑠𝑖𝑔𝑛(𝜁̇̇
𝑖,1

 −  𝑦𝑖) (27) 

 

Two instances of the differentiator Eqs. (26) and (27) are 

implemented in parallel, one for each fault channel. The first 

is applied to 𝑦3  =  𝜔𝑐𝑝 , providing the estimate 𝑦̇3̂  =  𝜁̇̇
3,2

 

required in the actuator fault reconstruction expression Eq. 

(21). The second is applied to 𝑦4  =  𝑃𝑠𝑚 , yielding 𝑦̇4̂  =
 𝜁̇̇

4,2
for the process fault reconstruction expression Eq. (25). 

 

  
 

Figure 2. Algebraic fault diagnosis and reconstruction architecture for proton exchange membrane fuel cell (PEMFC) air-feed 

system 

 

The parameters 𝜆 =  1.0 and 𝛼 =  1.1 are kept fixed as in 

studies [28, 32], so that the only tuning parameter is the 

channel-dependent bound 𝐿𝑖, which must satisfy: 

 

L𝑖 ≥ |𝑦̈𝑖(t)|   𝑡 ≥  0 (28) 

 

The bound 𝐿𝑖  is determined offline by numerically 

evaluating the second derivative of each output signal over the 

expected operating range from the Pukrushpan model. 

When the inequality in Eq. (28) is satisfied, the estimation 

errors converge to zero in finite-time [28], ensuring exact 

reconstruction of the fault magnitudes using Eqs. (21) and 

(25). 

The complete fault diagnosis architecture, illustrating the 

signal flow from the PEMFC plant measurements through the 

robust exact differentiators to the algebraic fault 

reconstruction blocks, is summarized in Figure 2. Figure 3 

presents the detailed implementation flowchart of the 

proposed scheme, showing how the measured outputs 𝑦3 and 

𝑦4  are processed through robust exact differentiators and 

algebraic reconstruction blocks to obtain the fault estimates 

𝜃̂𝑎(𝑡) and 𝜃̂𝑝(𝑡). 

s   

 

Figure 3. Implementation flowchart of the proposed 

algebraic fault diagnosis scheme  
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Table 3. Simulation environment and software specifications, 

central processing unit (CPU), random access memory 

(RAM), operating system (OS) 

 
Item Specification 

CPU Intel Core i5-6300U @ 2.40 GHz 

RAM 8 GB DDR4 

OS Windows 10 

Software MATLAB R2018a / Simulink 

Solver ode45, fixed step 0.001 s 

Simulation 

time 
213.80 seconds (3.56 minutes) 

Noise 
Band-limited white noise (seeds and power noise 

varied) 

 

 

5. SIMULATION RESULTS 

 

The proposed fault diagnosis framework is validated on the 

nonlinear Pukrushpan PEMFC model [27], implemented in 

MATLAB/Simulink with the parameters of Tables 1 and 2. 

The simulation environment and software specifications are 

summarized in Table 3. A proportional-integral (PI) controller 

regulates the oxygen excess ratio 𝜆𝑂2
 to its reference value of 

2 by adjusting the compressor motor voltage 𝑉𝑐𝑚. The stack 

current 𝐼𝑠𝑡  follows a step-wise profile from 150 A to 300 A 

over a 30-second window, as shown in Figure 4. 

 Two fault scenarios are considered: an actuator fault 𝜃𝑎 

(compressor motor degradation) modelled as a 30% reduction 

in the back-EMF constant from 𝑡 = 8 s to 𝑡 = 14 s, followed 

by a 60% reduction from 𝑡 = 14 s to 𝑡 = 22 s; and a process 

fault 𝜃𝑝 (supply manifold leakage) modelled as a 20% increase 

in the cathode inlet orifice coefficient from 𝑡 = 6 s to 𝑡 = 12 

s, followed by a 50% increase from 𝑡 = 12  s to 𝑡 = 20  s. 

Introduced simultaneously to assess the decoupled 

reconstruction capability of the scheme. 

 

 
 

Figure 4. System inputs, control signal, and derivative estimation performance 

 

 
 

Figure 5. Physical system behavior under fault conditions 

1482



Figure 4 also shows the derivative estimation performance 

of the two differentiators. Brief transient peaks appear at each 

load step, which is consistent with the abrupt changes imposed 

on the system. These errors decay rapidly, and accurate 

tracking of both 𝜔̇𝑐𝑝  and 𝑃̇𝑠𝑚  is achieved within 

approximately 2 seconds, in agreement with the finite-time 

convergence. 

The physical effect of the faults on system behavior is 

illustrated in Figure 5. The manifold pressure and compressor 

speed deviate from their nominal trajectories once the faults 

are active. As a consequence, the oxygen excess ratio drops 

noticeably during load transients, indicating that undetected 

faults directly compromise cathode oxygen supply and fuel 

cell efficiency. 

The air leakage fault 𝜃𝑝 is reconstructed as shown in Figure 

6. The estimated signal 𝜃̂𝑝 faithfully tracks the ramp reference 

after a short initial transient of approximately 1 to 2 seconds. 

The brief spikes at current step instants are due to the 

differentiator reconvergence interval and do not affect the 

steady-state reconstruction accuracy. 

 

 
 

Figure 6. Air leakage fault 𝜃̂𝑝 reconstruction 

 

The motor fault 𝜃𝑎 is reconstructed as shown in Figure 7. 

The estimated signal 𝜃̂𝑎 follows the fault scenario with high 

fidelity. The proposed scheme is capable of reconstructing 

both actuator and process fault signals simultaneously and 

accurately in the presence of load variation, without requiring 

threshold tuning or asymptotic observer convergence. 

 

 
 

Figure 7. The motor fault reconstruction 𝜃̂𝑎 

5.1 Sensitivity and robustness analysis 

 

To test the robustness of the proposed algebraic observer, 

simulations were carried out in the presence of measurement 

noise on 𝑦3 = 𝜔𝑐𝑝  and 𝑦4 = 𝑃𝑠𝑚.  Let 𝑦(𝑓𝑎) = 𝑦3 + 𝑓𝑎(𝑡)  be 

the noisy measurement of 𝑦3 and 𝑦(𝑓𝑝) = 𝑦4 + 𝑓𝑝(𝑡) the noisy 

measurement of 𝑦4, where 𝑓𝑎 and 𝑓𝑝 are noisy signals shown 

in Figure 8. It is possible to see that the algebraic observer 

estimates both faults well enough in spite of the noise in the 

measurements. 

To quantify robustness, 30 independent runs were 

performed at a signal to noise ratio (SNR) of 40 dB. The 

resulting fault estimates were identical across all runs 

(standard deviation < 10−20 ), because the robust exact 

differentiator [24] yields exact derivatives in finite-time, 

making the algebraic reconstruction deterministic. Table 4 

summarises the mean settling times, steady state errors, 95% 

confidence intervals, and root mean square error (RMSE). The 

zero standard deviation and degenerate confidence intervals 

reflect the perfect repeatability of the method. For a more 

severe scenario (SNR = 20 dB), result is shown in Figure 9. 

Even with this higher noise level, the estimated faults 

accurately track the true faults, and the absolute errors remain 

below 1 × 10(−7)  bar for the process fault and 4 × 10(−5) 

V·s/rad for the actuator fault.  

 

 
 

Figure 8. Noise affecting the system outputs (signal to noise 

ratio, SNR = 20 dB) 

 

Table 4. Statistical performance of fault reconstruction over 

30 independent runs (standard deviation (SD), signal to noise 

ratio (SNR) of 40 dB and root mean square error (RMSE)) 

 

Fault Metric 
Mean 

± SD 

95% 

Confidence 

Interval 

RMSE 

(after 

settling) 

θp 

(leakage) 

Settling time (s) 

0.2600 

± 

0.0000 

[0.2600, 

0.2600] 
– 

Steady-state 

absolute error 

(bar) 

(2.90 

± 

0.00) 

× 10−8 

– 

(4.15 ± 

0.00) × 

10⁻⁸ 

θa 

(motor) 

Settling time (s) 

2.6300 

± 

0.0000 

[2.6300, 

2.6300] 
– 

Steady-state 

absolute error 

(V·s/rad) 

(3.68 

± 

0.00) 

× 10−5 

– 

(9.08 ± 

0.00) × 

10⁻⁵ 
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The zoomed-in insets (5.9 – 6.2  s) confirm that transients 

are handled without oscillations. The proposed algebraic 

observer is highly robust to measurement noise, providing 

deterministic, finite-time fault reconstruction with negligible 

steady-state error. To visualise the statistical spread, Figure 10 

presents the results under elevated noise (SNR = 20 dB). The 

shaded area (mean ± 1σ) remains very narrow, demonstrating 

the method’s robustness even under severe measurement 

noise. 

 

 
 

Figure 9. Fault estimation under noise (SNR = 20 dB) 

 

 
 

Figure 10. Estimated faults (mean ± 1σ) vs. true faults under 

measurement noise (SNR = 20 dB) 

 

5.2 Comparison with the super-twisting sliding-mode 

observer 

 

To further evaluate the proposed scheme, Table 5 compares 

its performance with a super-twisting sliding-mode observer 

(ST-SMO) applied to the same PEMFC air-feed system in 

terms of convergence, simultaneous fault capability, and 

chattering. The ST-SMO is able to reconstruct the supply 

manifold leakage fault 𝜃𝑝 when considered alone, with a 

settling time of approximately 0.4 s (Figure 11). However, it 

does not allow simultaneous estimation of the actuator fault 

𝜃𝑎 , and therefore requires a second observer specifically 

designed for the compressor dynamics. 

 

Table 5. Comparison of the super-twisting sliding-mode 

observer (ST-SMO) and proposed algebraic fault 

reconstruction method 

 

Property 
Proposed 

Algebraic Method 
ST-SMO 

Faults 

reconstructed 

θa and θp 

simultaneously 
θp only (single fault) 

Convergence type Finite-time Finite-time 

Requires full state 

observer 
No Yes 

Tuning 

parameters 
2 scalars (L3, L4) 

Gain matrix + 

switching gains 

Settling time 𝜃𝑝 0.1s 0.4 s 

Settling time 𝜃𝑎 0.2s Not reconstructed 

Simultaneous 

fault capability 
Yes 

No requires second 

observer 

Chattering None Present (filtering) 
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In contrast, the proposed algebraic scheme reconstructs both 

faults simultaneously in approximately 2 s using two 

decoupled expressions that do not rely on shared state 

estimation. This significantly simplifies the design and 

reduces the tuning effort to only two scalar bounds, 𝐿3 and 𝐿4. 

 

 
 

Figure 11. Reconstruction of the supply manifold leakage 

fault 𝜃𝑝 using the super-twisting sliding-mode observer (ST-

SMO) 

 

 

6. CONCLUSIONS 

 

This paper has developed a finite-time fault reconstruction 

scheme for the air-feed subsystem of a PEMFC. The approach 

expresses actuator and process fault magnitudes as direct 

algebraic functions of the measured outputs and their first 

derivatives. The required derivatives are supplied by a robust 

exact differentiator where the second derivative of the 

measured signal is determined systematically from the 

physical model, with no residual threshold adjustment needed. 

Simulation results on the Pukrushpan benchmark, operated 

under a PI-controlled step current profile, show that both 

compressor motor degradation and supply manifold leakage 

are simultaneously reconstructed with a settling time of 

approximately two seconds and negligible steady-state error 

across the full load range tested. The two reconstruction 

channels remain decoupled despite the physical coupling of 

the underlying PEMFC dynamics. These results support the 

practical relevance of the method for PEMFC supervision and 

motivate future experimental validation on a real test bench. 

The present study is limited to simulation-based validation 

using a single-stack PEMFC model; experimental verification 

on a real test bench is required to confirm practical 

applicability. Additionally, the algebraic reconstruction 

formulas are parameter-dependent, meaning that different 

stack geometries or multi-stack configurations would require 

re-derivation. Future work will focus on hardware in the loop 

(HIL) experiments, extension to multi-stack systems, and 

integration of the fault estimates into a fault-tolerant control 

strategy. 
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NOMENCLATURE 

 

𝑃𝑂2
 oxygen partial pressure in cathode 

𝑃𝑁2
 nitrogen partial pressure in cathode  

𝑃𝑠𝑚 supply manifold pressure 

𝑉𝑐𝑚 compressor motor voltage (control input)  

𝐼𝑠𝑡  stack current (measurable disturbance)  

𝑃𝑐𝑎 cathode total pressure  

𝑊𝑐𝑝 compressor mass flow rate  

𝐿𝑖 upper bound for channel 𝑖 
𝐿3 bound for 𝑦3 = 𝜔𝑐𝑝 

𝐿4 bound for 𝑦4 = 𝑝𝑠𝑚 

 

Greek symbols 

 

𝜔𝑐𝑝 compressor angular velocity 

𝜆𝑂2
 oxygen excess ratio 

𝛾1 to 𝛾19 
derived model constants 

(see Table 1 for expressions) 

𝛹 compressor pressure ratio: (
𝑃𝑠𝑚

𝑃atm

)

𝛾𝑟−1
𝛾𝑟

− 1 

𝜃𝑎(𝑡) actuator fault: motor degradation (𝛥𝑘𝑣) 

𝜃𝑝(𝑡) process fault: manifold leakage (𝑊loss) 

𝛩1(𝑦3, 𝑦4, 𝑢) measurable function (actuator channel) 

𝛩2(𝑦1, 𝑦2, 𝑦4) measurable function (process channel) 

𝛺1(𝑦3) 
sensitivity term, actuator channel  

( − 𝛾13𝑦3) 

𝛺2(𝑦2 , 𝑦4) 
sensitivity term, process channel 

(−𝛾14[1 + 𝛾15Ψ]) 

𝜁̇𝑖,1 
1st differentiator state, channel 𝑖  
(estimate of 𝑦𝑖) 

𝜁̇𝑖,2 
2nd differentiator state, channel 𝑖 
 (estimate of 𝑑𝑦𝑖/𝑑𝑡) 

𝛼 differentiator gain (fixed: 𝛼 = 1.1) 

𝜆 differentiator gain (fixed: 𝜆 = 1.0) 

𝛾𝑟 specific heat ratio of air 

 

Subscripts 

 

𝑂2 oxygen 

𝑁2 nitrogen 

𝑠𝑚 supply manifold 
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𝑐𝑚 compressor motor 

𝑠𝑡 stack 

𝑐𝑎 cathode 

𝑐𝑝 compressor 

𝑎𝑡𝑚 atmospheric 

𝑟 ratio 

𝑎 actuator 

𝑝 process 

𝑖 channel index 

𝑜𝑢𝑡 output 

𝑖𝑛 input 

 

Abbreviations 

 

PEMFC Proton Exchange Membrane Fuel Cell 

EIS Electrochemical Impedance Spectroscopy 

LPV Linear Parameter-Varying 

HOSM Higher Order Sliding Mode 

CPU Central Processing Unit 

RAM Random Access Memory 

OS Operating System 

EMF ElectroMotive Force 

PI Proportional Integral (controller) 

SNR Signal to Noise Ratio 

RMSE Root Mean Square Error 

SD Standard Deviation 

SMO Sliding Mode Observer 

ST-SMO Super Twisting Sliding Mode Observer 

HIL Hardware in the Loop 
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