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This paper presents a numerical methodology for designing Resistor—Capacitor (RC)
phase-shift oscillators that reliably achieve the target frequency without post-design
tuning. RC phase-shift oscillators, composed of cascaded RC networks and a single
operational amplifier (op-amp), are widely used for low-cost, compact sinusoidal signal
generation. Conventional design approaches often assume ideal op-amp behavior and
neglect loading effects from finite input impedance, leading to deviations between
expected and actual performance. Even advanced models that account for loading
typically provide only critical oscillation conditions, requiring post-design adjustment
to achieve the desired frequency. In contrast, the proposed method employs numerically
generated design curves for forward gain values exceeding critical thresholds, derived
from feedback control modeling. This approach ensures oscillation initiation and
eliminates the need for post-design tuning. Design cases including multiple 3-stage and
4-stage oscillators demonstrate frequency accuracy within 20.5%. Validation through
simulations and prototype measurements confirms the methodology’s reliability. The
approach is generalizable to other oscillator types, supporting flexible component
selection, reduced harmonic distortion, and precise frequency control.

1. INTRODUCTION

Single operational-amplifier (op-amp) resistor—capacitor
(RC) phase-shift oscillators are widely used because of their
simplicity and low cost. This type of oscillator has found
widespread applications across several fields due to its low
component count and ease of integration. To mention a few,
they are used in tone generators, synthesizers, and function
generators. The low distortion and frequency stability
provided by a carefully tuned RC phase-shift oscillator make
it ideal for generating pure sine waves. They also serve as
reliable signal sources for calibrating and testing electronic
circuits. The compact nature and minimal power requirements
of single op-amp designs make them attractive for use in
portable and battery-powered systems. They also have myriad
applications in communication systems and education [1-8].

In these circuits, also called RC ladder oscillators, a single
op-amp is combined with a cascade of RC networks as
feedback to create the frequency-dependent phase shift
necessary for sustained oscillations. Typically, in a three-stage
RC network, each RC section is ideally designed to contribute
60° of phase shift. Together with the inherent 180° phase
inversion provided by the op-amp, the network reaches the
360° required for positive feedback and continuous oscillation.

Early investigations into oscillator design also drew on
impedance-matching and terminating-impedance viewpoints
[9-16]. These works provided foundational insight into RC-
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network loss, oscillation requirements, and related design
limits. Other studies later derived analytical expressions and
practical design equations for three- and four-section phase-
shift networks under specific circuit assumptions [17, 18]. The
present work does not claim that the broader matching
literature neglected loading in general. Rather, the focus here
is on a practical single op-amp RC phase-shift design process
in which the amplifier input resistance is incorporated
explicitly, and in which operation beyond the critical condition
is used to predict the realized oscillation frequency more
directly and reduce the need for after-design tuning.

More recent studies have revisited the fundamental
oscillation conditions by comparing the classical Barkhausen
criterion with the Nyquist stability approach [19-24]. Their
analysis reveals that while the Barkhausen criterion offers
necessary conditions for oscillation, it falls short in predicting
startup behavior, particularly when the gain surpasses the
critical oscillation threshold. It is concluded that the typical
formulations are incomplete and insufficient for a
comprehensive design, thus reinforcing the need for an
improved methodology [21].

General oscillation conditions were introduced, utilizing the
Routh-Hurwitz stability criterion to determine the oscillation
startup conditions and frequencies [24-26]. This method
provides a systematic approach, contrasting with the
Barkhausen criterion that focuses solely on loop gain. Instead,
this general method examines the characteristic equation of the
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reduced transfer function of the oscillator's feedback system.
This precise representation enables the identification of pole
behavior at critical stability and allows for the numerical
evaluation of oscillation frequencies beyond the critical
condition [24]. In parallel, recent studies indicate continuing
development in RC and related sinusoidal oscillator design,
including nonlinear Hopf-bifurcation analysis of op-amp RC
phase-shift oscillators, amplifier-based oscillator synthesis,
tunable-phase third-order oscillators, and independently
tunable active-RC oscillator structures [27-31]. Despite these
advantages, there remains a lack of published work that
effectively applies this technique to develop a straightforward
yet rigorous design process that accurately accounts for the
real oscillation frequency, which often deviates from the
predicted critical frequency.

In this paper, we introduce a step-by-step design process
tailored for crafting RC phase shift oscillators that operate with
precision in practical scenarios. This process begins with a
specific oscillation frequency required by the application,
called the design (or target) frequency. To support this process,
we have created detailed design curves that map out the
frequency alongside the forward gain. These numerically
developed curves serve as a comprehensive resource for
designers, enabling the rapid selection and assembly of circuit
components. This approach ensures that the oscillator will
achieve oscillation at the desired frequency with a high degree
of accuracy (within £0.5%).

Design frequency (fp) Forward gain with respect to critical

Pre-process:

: . e . gain (K/K,)
Specify Design [JRERRYITSEREE EIHE %
p &l
Parameters oscillation frequency Q K/K, > 1, preferably € (1,1.2).
. for the application. QO Higher K/K, ensures oscillation
(inputs) but yields a higher distortion.
Step#l: Refer to Fig. 10.
. The product RC f; must intersect
FindR,C with the frequency curves.
(outputs) RCfy € (0.065,0.085).
Step#z: Refer to Fig. 10, frequency curves.
Find Ri Read the R;/R value that satisfies
(output) RCfp on the K /K, frequency curve.
Step#3: Refer to Fig. 10, gain curves.
Find Rf Read the K value that satisfies R;/R

on the K /K, gain curve.
Re = KR;

(output)

Figure 1. Proposed 3-step process to design a single op-amp
Resistor—Capacitor (RC) phase-shift oscillator with high

practical accuracy and no after-design tuning
Note: The specific range of RCfp in step#1 is tailored for the 3-stage
configuration.

Figure 1 provides a summary of the design process we have
outlined. Beginning with the required oscillation frequency
(i.e., design frequency), the designer can follow a three-step
sequence to identify all necessary components of the
oscillator. This process is predicated on selecting a forward
gain that exceeds the critical gain from the outset, thereby
ensuring oscillation startup in practical applications. However,
when a higher forward gain is required, the traditional
formulas for critical gain and frequency become inapplicable,
necessitating a numerical approach. This numerical problem is

622

uniquely addressed by reversing the typical sequence: starting
with the required frequency and working backwards to deduce
the oscillator component values. Our numerically developed
design curves are instrumental in this reversed process. As a
result, the heavy after-design tuning required in conventional
approaches, i.e., post-design adjustment of component values
to initiate oscillation or bring the oscillation frequency closer
to the target, is rarely necessary. This work proposes a
practical design process that incorporates the prediction of
oscillator behavior beyond critical conditions, especially for
forward gains exceeding the critical gain.

We initiate our analysis with a configuration of the 3-stage
RC oscillator (CR-CR-CR) utilizing a single op-amp. By
applying control theory principles of feedback systems, we
develop the overall transfer function, identifying the critical
stability gain condition and the corresponding critical
frequency. We then discuss the practical challenges of
initiating oscillation with these explicit formulas that
necessitate extensive after-design tuning, highlighting the
limitations of conventional approaches. Consequently, we
detail the numerical development of gain-frequency relations
beyond critical stability (i.e., forcing some degree of
instability), as explicit formulas are inadequate when the
forward gain exceeds the critical threshold. The effectiveness
and precision of the numerically derived design curves are
demonstrated through a step-by-step process, validated by
multiple examples with support from Multisim simulations
and a measured prototype. This methodology is similarly
applied to another 3-stage configuration (RC-RC-RC) and two
4-stage configurations (CR-CR-CR-CR and RC-RC-RC-RC),
with design curves for each configuration displayed and
validated.

2. MODELING 3-STAGE LADDER OSCILLATOR
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R¢
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R; . 2
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Figure 2. Three-stage, single op-amp, Resistor—Capacitor

(RC) phase-shift oscillator
Note: The ladder arrangement is CR-CR-CR type, denoting the order of
ladder components starting from the op-amp output node (at V,) and ending
at its input node (at V).

The circuit under detailed investigation in this paper is
shown in Figure 2. The circuit comprises a single op-amp with
a feedback network consisting of three identical RC stages,
configured in a CR-CR-CR arrangement. This configuration
begins with a capacitor connected to the op-amp's output (with
output voltage, V), followed by a shunt resistor at its other
terminal (with voltage V; ). This arrangement is repeated
across each stage until the third shunt resistor at the final node
of the feedback ladder (with feedback voltage, V¢). The
feedback voltage then feeds the inverting op-amp circuit that



amplifies it with a gain equal to the ratio of the feedback and
input impedances (in this case, both impedances are resistors).
This section first formulates the oscillation conditions and then
validates them through simulations in Simulink and Multisim.
It is important to note that the formulation and
characterization methods described for this circuit are broadly
applicable to various RC ladder configurations, which may
include different numbers of stages (e.g., four stages) or
alternate arrangements (e.g., RC-RC-RC type). Further
discussion of this adaptability is provided in Section 5.

2.1 Explicit formulas for critical oscillation conditions

Analysis begins by formulating the transfer functions for
both the forward and feedback paths. The forward path is
defined as the ratio of the op-amp output voltage (V,) to the
input voltage (V) through the inverting amplifier stage, with
its transfer function presented as:

Vo

=y =

= —K
R;

(1

where, K = R¢/R; is a positive number representing the
absolute value of the forward gain. Conversely, the feedback
path's transfer function is the ratio of the ladder input voltage
(V) to the ladder output voltage (V¢), calculated through a 3-
stage RC ladder circuit. Application of nodal analysis to nodes
V1, V,, and V; yields the following equations:

1
SC(Vl_VZ)-l-EVl +SC(V1_[/0) = 0 (2)
1
SC(VZ - Vf) + EVZ + SC(VZ - Vl) = 0 (3)
1 1
SC(Vf—V2)+EVf+R—in=O (4)

These equations include the resistor (R;), factoring in the
loading effect this resistor has on the ladder's operation.
Solving these equations provides the feedback path's transfer
function:

Ve

Num{H}
=

H= Den{H}

)

where,
Num{H} = C3R3 %53,
Den{H} = C3R3 253 + (3 + 6%) C2R2s2
Rj Rj
+(4+ 5;)6Rs+ (;+ 1).

Both transfer function blocks incorporate the loading effect,
allowing the typical control theory of feedback systems to be
applied. This formulation allows for the application of
feedback control principles, which involve considering the
effects of disturbances, such as noise or pulse inputs, at the V¢
node. Consequently, the overall system transfer function can
be expressed as G/(1-GH), with the characteristic equation:

R
(14+K)C3R3— R (3 +6— )CZRZ 2
(6)

Ry
(4+5 )CRS+(R+1)=O
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The roots of this equation (i.e., the system's poles)
determine stability and oscillation frequency. For oscillator
applications, instability is desirable, achieved when the real
part of at least one pole is positive. At critical stability, the real
part of the pole is zero. By rewriting Eqg. (6) in the standard
cubic form and applying the Routh-Hurwitz criterion, the
oscillation boundary can be obtained directly. The
intermediate derivation steps are provided in Appendix A,
which yields the following explicit formula for the minimum
forward-path gain K, (critical gain):

2
29(&) +38Ri 412
_ R R
Ko - 2 (7)
By + &
R R
Furthermore, the oscillation frequency under critical

conditions (f,) can be explicitly formulated from the
imaginary part of the related pole, and can be expressed as:
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Figure 3. Oscillation critical gain (top) and oscillation
critical frequency (bottom) of the Resistor—Capacitor (RC)

ladder oscillator in Figure 2 versus the ratio R;/R
Note: Both curves are based on the explicit Egs. (7) and (8).

Figure 3 illustrates the critical gain and critical frequency
curves as the ratio R;/R varies from 0.01 to 100. Several key
observations can be made from these curves. First, when the
input resistance is very high relative to R, the amplifier
imposes only weak loading on the RC ladder, and the classical
results are recovered: the critical gain approaches 29, and the



critical frequency approaches 1/(2mRC+/6). Second, as R;
approaches the magnitude of R (e.g., R; = R), the loading
effect becomes significant, which alters both the attenuation
and the phase behavior of the ladder. As a result, the critical
gain increases appreciably above 29 (e.g., K, = 39.5 when
R; = R), and the oscillation frequency shifts by about 10—
20%. This explains why conventional design approaches that
do not explicitly account for loading can lead to noticeable
frequency error and require substantial after-design tuning.

When the ratio R;/R becomes small, the loading effect
becomes severe, and the gain required for oscillation onset
rises rapidly, becoming impractically high when R; is less than
one fifth of R. From a design perspective, the selection of
ladder resistor and capacitor values (R and C) is therefore
critical when targeting a specific design frequency (f). The
product RCf, should ideally lie between 1/(2m6)
(approximately 0.065) and 1/(2m+/3) (approximately 0.092).
To ensure robustness in design, it is preferable to maintain
RCf, within a narrower range of 0.068 to 0.088. This
recommended range corresponds to a practically useful region
in which the frequency curve remains sufficiently stable for
design purposes while the required critical gain remains
moderate. Detailed discussions on this aspect are provided in
subsequent sections.

2.2 Validation using simulation

It is both valuable and essential to validate our derived
formulas by employing modeling packages and simulation
software. Figure 4 displays the Simulink model and results
based on the block diagram of our oscillator. In this model, the
ratio R;/R is set to 0.5, which results in a critical gain (K,)
value as calculated from Eq. (7), equal to 51. It is observed that
when the forward gain (K = R¢/R;) is set slightly below this
value (K = 50.95 = 0.999 K,), oscillation does not occur.
Conversely, when K exceeds the critical gain (K =51.05 =
1.001 K,) oscillation begins, and the resultant oscillation
frequency (79.549 Hz) is remarkably close to the expected
frequency (f, = 79.578 Hz) from Eq. (8).

N J -51.05 ol )
L 0.00000000055° »
0.00000000055> + 0.000006s> + 0.0065s + 1.5
T - T - + - - m
: 7 ¥ Trace Selection aX

* ¥ Cursor Measurements ax
» Settings

v Measurements

11
2}

Time
0.653
0.665

Value
2.432e-04

-1.140e-03

AT  1257T1ms AY 1.383e-03

1/AT
AY /AT

79.549 Hz
110.004 (/ks)

Figure 4. Simulink block representation and modeling results
of the oscillator in Figure 2 when the forward gain (K) is set

only 0.1% higher than the critical gain (K,)
Note: The obtained frequency (79.549 Hz) is only 0.036% lower than the
theoretical critical frequency.

A similar conclusion is reached through circuit simulations
conducted with Multisim, as depicted in Figure 5. In these
simulations, ideal op-amp and circuit components are
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employed, achieving the expected performance both below
and above the critical gain with high precision. This
consistency confirms the accuracy of the critical condition
formulas under ideal conditions.

Ideal conditions are purely theoretical. Therefore, practical
validation is also necessary. In the present work, the ideal
simulations of Figures 4 and 5 are used only to confirm the
correctness of the derived critical-condition formulas. The
subsequent practical simulations and measurements employ
the LM741 op-amp in order to validate the proposed design
methodology under a realistic implementation. This includes
the effect of the practical amplifier model used in Multisim
and the measured prototype behavior. However, a quantitative
study of op-amp non-idealities, such as gain-bandwidth
product and slew rate, is beyond the scope of the paper, whose
main contribution is the oscillator design process itself.

AN
25600Q
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Figure 5. Multisim circuit (top) and simulation results
(bottom) of the oscillator in Figure 2, when the forward gain

(K) is set only 0.4% higher than the critical gain (K,)
Note: The obtained frequency (79.548 Hz) is only 0.037% lower than the
theoretical critical frequency.

3. TYPICAL DESIGN METHODOLOGY

In what follows, we undertake a realistic design scenario
where the entire oscillator circuit is configured to achieve a
specific design frequency (fp) equal to 500 Hz. This design is
validated through Multisim simulations using practical
components, as well as through subsequent fabrication and
measurement. As demonstrated step-by-step, the theoretical
formulas serve as a starting point for the design; however,
extensive tuning is required to initiate oscillation and to fine-
tune the desired oscillation frequency. Moreover, the
distortion of the oscillations is considered as an additional
design factor. All tuning efforts are conducted via simulations,
after which the most optimal design, judged by its frequency
accuracy relative to the design goal and minimal distortion, is
selected for fabrication and experimental validation.

3.1 Design specifications

The initial objective is to achieve a harmonic oscillation at



precisely fp =500 Hz. To accomplish this, we will
systematically apply the formulas and design curves
developed earlier. The design steps are summarized as
follows:

Step 1: Select values for R and C such that the product
RC fp ranges from 0.068 to 0.088. This ensures alignment with
the oscillation frequency curve shown in Figure 3. Among the
available options in our laboratory, we choose R = 15 kQ and
C = 10 nF, resulting in a RC fp, value of 0.075.

Step 2: Determine the value of R; either from the critical
frequency Eq. (8) or directly from the oscillation critical
frequency curve in Figure 3. For our RC f;, value of 0.075, this
corresponds to R;/R = 1,0r R; = R = 15 kQ.

Step 3: Calculate the value of R; using the critical gain Eq.
(7) or extract it from the critical gain curve in Figure 3. In our
scenario, the R;/R = 1 ratio suggests a critical gain of 39.5,
resulting in R = 39.5R; = 592.5 kQ.

With all component values determined, the initial design of
the oscillator is complete. To verify the design’s functionality,
the circuit is assembled in Multisim using the specified
components and the LM741 op-amp. However, oscillation
was not initiated under this practical implementation. This
behavior reflects the presence of practical non-idealities in the
circuit and amplifier model, which motivates the tuning study
presented next. The purpose here is not to isolate each non-
ideality separately, but rather to examine how the conventional
design process behaves under practical conditions.

3.2 Tuning approaches

We employed three tuning techniques to activate the
oscillator. All techniques are conducted through Multisim
simulations using practical components, with subsequent
analysis focusing on the oscillation frequency, when present,
and the harmonic distortion of the resultant sinusoidal signal.
The inclusion of distortion analysis is crucial, as it serves as an
indicator of signal purity and can deteriorate due to several
factors throughout the tuning process. ldentifying these factors
is instrumental in refining the design process, as to be
presented in the subsequent sections.

The first tuning approach involves solely adjusting the
feedback resistor (R;) to increase the gain above the critical
gain threshold. This strategy aims to push the circuit into a
state of greater instability, reaching into the shaded region
above the critical gain curve depicted in Figure 3. Figure 6
shows the frequency of oscillations obtained in relation to the
value of R;. For each oscillating case, the distortion was
evaluated from the exported waveform data using MATLAB-
based harmonic analysis. The waveform was first interpolated
to a uniform time grid over the steady oscillation interval, and
the total harmonic distortion (THD) was then computed using
100 harmonics, with the final value reported in percentage
form. This parametric analysis reveals that it is not possible to
achieve the necessary oscillation at the targeted design
frequency of 500 Hz by varying R; only. Furthermore, it
indicates that the distortion of oscillation worsens (i.e.,
increasing in magnitude) as Ry is raised. The rationale behind
this behavior is explored in the next section, particularly
through an examination of the poles of the system’s transfer
function.

The second tuning approach involves adjusting R; while
maintaining Ry at its theoretically calculated value of 592.5
kQ. In this strategy, the value of R; is reduced to increase the
gain, thereby increasing instability to ensure the initiation of

oscillation. Figure 7 shows the oscillation frequency and
distortion as R; is varied. Achieving the targeted design
frequency of 500 Hz is not feasible by tuning R; alone.
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Figure 6. Simulated oscillation frequency (left) and total
harmonic distortion (right) of the output signal () with
increased values of R
Note: All other component values are fixed at R; = R = 15 kQ and C =
10 nF. Shaded regions represent margins of targeted performance: frequency
within #0.5% of design frequency, and distortion lower than 0.75%.
Satisfying both performance aspects simultaneously is not attained.
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performance aspects simultaneously is rarely attained (e.g., with R; = 12 kQ
and Ry = 530 kQ).



The third tuning approach entails adjusting both R; and R;.
By simultaneously varying these parameters, oscillation at the
design frequency of 500 Hz (30.5%) is achieved, as illustrated
in Figure 8. Despite this success, the need to tune two
parameters concurrently complicates both the design process
and any experimental tuning that might be required during the
practical realization stage. However, this method becomes the
only viable option, as previous approaches involving the
adjustment of a single parameter did not successfully induce
oscillation at the desired frequency.

3.3 Experimental validation

A prototype of the 3-stage RC oscillator was realized and
tested using the tuned values of R; and Ry obtained from the
tuning study of the previous subsection. The purpose of this
experimental stage is to provide practical validation of the
proposed design process using available laboratory
components and a real op-amp implementation.

Figure 9 shows the circuit schematic, a photograph of the
fabricated prototype, and the measured output signal. The
fundamental frequency of the obtained oscillation is 498.5 Hz,
which is within 0.5% of the target frequency of 500 Hz for this
implemented case. The measured total harmonic distortion is
0.79%, as evaluated from the exported waveform data using
the same MATLAB-based harmonic analysis procedure with
100 harmonics included in the calculation, which remains low
for a 3-stage RC ladder oscillator built with practical
components. Minor deviations in the measured behavior may
also include contributions from wiring and layout parasitics in
the practical prototype, although such effects are secondary at
the low frequencies considered here. These results support the
practical validity of the proposed methodology under the
selected component values. A broader statistical study of
component tolerances and yield is left for future work.

DISTORTION : 0.78939%

1 2 3 4 5
Time [ms]

Figure 9. Fabricated oscillator prototype (top) and measured

output signal V, (bottom)
Note: The circuit schematic is shown in Figure 2 with the LM741 op-amp
and the following component values: R = 15kQ,C = 10 nF,R; =
12 kQ, R; = 530 kQ. Note that suitable combinations of available in-house
resistors are used to obtain R; and R; values. The measured waveform data
were exported and processed in MATLAB, yielding a fundamental
frequency of 498.5 Hz and a total harmonic distortion of 0.79%.
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4. REFINED DESIGN METHODOLOGY
4.1 Practical design aspects

In designing an oscillator circuit, three major aspects are
paramount from a practical standpoint:

Design Aspect 1: The circuit should initiate harmonic
oscillation without the need for tuning.

Design Aspect 2: The frequency of oscillation should
closely match the design frequency, with high precision
(within 0.5%).

Design Aspect 3: Distortion in the obtained harmonic
signal should be minimized (less than 0.75%).

A typical design process adheres to the theoretically derived
critical gain and frequency formulas, as outlined in Eqgs. (7)
and (8) for the 3-stage RC oscillator. However, our
investigations have shown that these formulas do not reliably
predict oscillation initiation in practice, thereby failing to meet
Design Aspect 1. Additionally, when tuning is applied to just
one parameter (R; or R;) to increase gain and initiate
oscillation, the resulting frequency deviates substantially from
the design frequency, thereby compromising Design Aspect 2.

One potential solution to this challenge is to initially design
the oscillator to operate at a slightly higher frequency than the
actual (at 1.05 fp, for instance), then adjust the gain (e.g., by
increasing Ry) to initiate oscillation and simultaneously reduce
the frequency. While this approach may be feasible in practice,
it does not offer the precise, predictable outcomes that a
purposeful design should provide. Furthermore, if oscillation
begins at a frequency higher than intended, further increasing
the gain, intended to correct the frequency, will likely increase
distortion, thereby compromising Design Aspect 3.

4.2 Practical design curves

In this part, we refine the design process to align with all
previously outlined design aspects while maintaining a precise
understanding of the circuit's predicted behavior. Instead of
solely relying on the critical frequency design curve shown in
Figure 3, which is based on the explicit Eq. (8), we develop
additional practical design curves at gain values that exceed
the critical gain (K > K,). By designing with higher gains
from the outset, we ensure compliance with Design Aspect 1,
eliminating the need for subsequent tuning that could
otherwise shift the oscillation frequency and breach Design
Aspect 2. Thus, the inclusion of these additional design curves
enhances the robustness of the design framework, facilitating
the achievement of the desired performance characteristics
with greater ease.

Figure 10 displays the newly developed frequency design
curves for forward gain values (K) of K,,, 1.025 K,,, 1.05 K,,,
1.075K,, 1.1K,, 1.125K,, 1.15K,, 1.175 K, and 1.2 K,.
Each curve is numerically developed by solving the
characteristic equation of the oscillator’s overall feedback
system, as outlined in Eq. (6). For example, assuming K =
1.025 K, the critical gain (K,) is first calculated using Eq. (7)
at a specific ratio R;/R. Then, the forward gain K is evaluated
at this ratio, and the characteristic equation is solved to identify
the roots with positive real parts, indicating instability. The
imaginary parts of these roots are extracted to determine the
oscillation frequency at that specific R;/R ratio. This
procedure is systematically repeated across all R;/R values to
complete the design curve for K = 1.025 K, . The entire
process is subsequently replicated to construct the remaining



design curves. For convenient direct use, compact empirical
expressions corresponding to these practical frequency curves
are provided in Appendix B.
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Figure 10. Frequency and gain design curves for a three-
stage, single op-amp, Resistor—Capacitor (RC) phase-shift
oscillator
Note: These curves are specific to a ladder CR-CR-CR configuration like the

circuit in Figure 2. These curves are suited for the practical design
methodology outlined in Figure 1.

Here is how a designer can effectively use the new curves
to design a 3-stage RC oscillator at 500 Hz:

Step 1: Select values for R and C such that the product
RCfp ranges from 0.065 to 0.085. This range has been
adjusted downward from 0.068 to 0.088, as used in Section
3.1, to accommodate the use of K > K, curves. For this
design, R = 15 kQ and C = 10 nF are chosen, resulting in a
RCfp value of 0.075.

Step 2: Refer to the frequency design curves in Figure 10 to
locate the intersection of RCfp = 0.075 and the frequency
curve for K = 1.05 K,,. The intersection occurs at R;/R = 0.8,
corresponding to R; = 0.8R = 12 kQ. The obtained value of
R;/R is then used in the analytical critical-gain expression to
evaluate K,,, after which the selected gain ratio K /K, gives the
practical gain K, and hence R, from K = R;/R;.

Step 3: Refer to the gain design curves of Figure 10 to
determine the intersection between R;/R = 0.8 and the gain
curve for K = 1.05 K,,. The intersection is found at K = 44,
corresponding to Ry = 44R; = 528 k(.

It is worth noting that the obtained untuned component
values (R; = 12 kQ and Ry = 528 kQ) closely align with the
values obtained in Section 3 after extensive tuning. This
underscores the robustness of the developed curves for
designing oscillators both quickly and precisely, while
ensuring proper operation since the design gain is slightly
above the critical gain.

The practicality of the developed design curves for making
quick adjustments to R; and R¢ values is also noteworthy. For
example, if the component values at K = 1.05 K, fail to
initiate oscillations, switching to a higher gain curve (e.g., K =
1.075 K,) can provide new component values easily and
quickly. Conversely, if lower distortion is desired,
recalculating at a lower gain (K = 1.025 K,,) also yields new
component values swiftly. Regardless of the design decision,
all adjustments can be made with confidence that the
oscillation frequency will remain remarkably close to the
design frequency of 500 Hz.

627

0.08
\ — K/K, = 1.000
0.079 ¢\, o e et
_‘..“\‘ ........ K/Ko = 1.050
0.078 A\ ™, — K/K, =1.075
NN ==== K/K, =1.100
0.077 RN N [ [ seusenn K/K, = 1125
L K/K, = 1.150
K/K, = 1.175
0075+ K7k = 1200

Oscillation Frequency (RCf)

S
0074} g
o )
0.073} =
i
(4]
0072} o
=
(=
0071} s
0.07 SRV I
0.3 100 3
R;/R

Figure 11. lllustration of the single-parameter tuning

approaches
Note: The circle marks the original design point based on typical formulas of
critical frequency and critical gain. Tuning by increasing R; or decreasing R;
triggers the oscillator to initiate, but at a lower frequency, which is
confirmed in Figure 6 and Figure 7.

4.3 Insights into tuning

Careful examination of Figure 10 may reveal insightful
information regarding the oscillator's behavior during tuning.
If frequency tuning is performed by increasing Ry alone, the
design point transitions from one K curve to a higher K curve
(moving downward of the frequency design curves), while the
operation point remains constant on the x-axis (since R;/R is
unaffected by changes in Rf). As a result, the obtained
oscillation frequency will decrease. Conversely, if tuning
involves decreasing R; alone, the design point shifts from one
K curve to a higher K curve (moving downward) and also
shifts leftward on the x-axis (since R;/R decreases with a
reduction in R;). Once again, the obtained oscillation
frequency is reduced. Figure 11 illustrates the effect of these
tuning approaches on the oscillation frequency. These
observations explain why the first and second tuning
approaches in Section 3.2 consistently led to reduced
frequencies.

From a design perspective, this behavior explains why
relying solely on the critical gain and frequency curves (i.e.,
K = K,) is not practical, as tuning a single parameter (R or
R;) will certainly lower the oscillation frequency below the
targeted design frequency.

5. DISCUSSION AND GENERALIZATION

5.1 Summary of design process

In our exploration of designing a 3-stage RC oscillator
circuit (CR-CR-CR type), we initially utilized control theory
to derive the instability conditions necessary to initiate
oscillations, where the loading effect is considered when
calculating the related transfer functions. More significantly,
we have highlighted the practical reasons for designing at a
gain higher than the critical gain, and we have documented the
oscillator's behavior under such conditions in terms of
initiating oscillation and achieving the exact oscillation



frequency. In support of this discussion, we have constructed
useful design curves (shown in Figure 10) that allow direct
evaluation of all circuit component values that aim to achieve
a precise oscillator operation in practice.

Figure 1 presents a flow chart detailing the design process
for a practical 3-stage CR-CR-CR type oscillator. Following
this methodology allows designers to quickly develop a
functioning oscillator whose output harmonic frequency
closely matches the intended design frequency. As a quick
demonstration, if the target frequency fp = 1300 Hz, we can
set R = 2.4 kQ and C = 22 nF so that the product RCfp =
0.0686. This product value intersects with the frequency curve
of K=11K, at R;/R =2, meaning that R; = 4.8 kQ.
Moving vertically (i.e., maintaining R;/R = 2) yields the
intersection with the gain curve of K = 1.1 K, at K = 37.5,
meaning that Ry = 180 kQ. This concludes the circuit design,
and the Multisim simulation results (not shown here) confirm
the accurate oscillation at 1295 Hz (within 0.4% of the target
frequency) and a low distortion level of 0.55%. It is important
to note that our proposed methodology eliminates the need for
any after-design tuning unless a much tighter tolerance of the
oscillation frequency is necessary.

5.2 RC-RC-RC ladder type

The methodology presented for developing practical design
curves is versatile and can be applied to any RC-ladder
oscillator configuration. For example, in a feedback ladder
circuit configured as RC-RC-RC, where it starts with a resistor
at the op-amp’s output and ends with a shunt capacitor at the
input, the nodal equations are modified to reflect this
arrangement. Nonetheless, the fundamental analysis involving
the reduction of transfer functions within the oscillator’s
feedback control system remains consistent. This analysis
leads to the establishment of a critical stability condition for
forward gain as follows:

2
29 (%) +23 % +4
K, = 3 )
(®)
R
which corresponds to the following critical frequency:
1 2+ 3R;/R
f, = / (10)
2nV2RC, Ri/R

Figure 12 illustrates the critical gain and frequency curves
as outlined in Egs. (9) and (10), along with the practical gain
and frequency curves observed when the forward gain ratio
(K/K,) exceeds unity, as typically expected in practice. These
design curves prove invaluable when adhering to the design
process depicted in Figure 1, with a minor modification: The
possible value of the RC f;, product is adjusted to fall within a
practical range of (0.4, 0.6). Following this adjusted process,
we designed the RC-RC-RC oscillator shown in Figure 13,
which operates within 0.5% of the design frequency. This
design approach is efficient, proceeding in a step-by-step
manner without the need for after-design tuning. The
corresponding compact empirical expressions are also
included in Appendix B to reduce dependence on graphical
estimation during design.
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Figure 12. Frequency and gain design curves for a three-
stage, single op-amp, Resistor—Capacitor (RC) phase-shift
oscillator

Note: These curves are specific to a ladder RC-RC-RC configuration like the
circuit in Figure 13.
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Figure 13. Three-stage, single op-amp, Resistor—Capacitor
(RC) phase-shift oscillator with RC-RC-RC ladder

configuration
Note: The circuit is designed to produce a 500 Hz oscillator based on the
K~K, design curve from Figure 12. No after-design tuning is applied; yet
the obtained frequency is very close to the intended design frequency.
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Figure 14. Frequency and gain design curves for a four-
stage, single op-amp, Resistor—Capacitor (RC) phase-shift
oscillator
Note: These curves are specific to a ladder CR-CR-CR-CR configuration.

5.3 Four-stage oscillators

Further validation of our analysis extends to oscillators with
4-stage RC ladders. Both the CR-CR-CR-CR and RC-RC-RC-
RC configurations are explored, and the explicit critical gain
and critical oscillation frequency are derived as:

For CR-CR-CR-CR type:




2

3
901(59 +1756(50 +1108%1 4+ 224
X R R R .
° R)\? R; R, (an
_1 1 _1
49(R) +84(R) +36
1 6+ 7R,/R
£ = i (12)
2mV2RC |2+ 5R;/R
For RC-RC-RC-RC type:
3
901(5§ -+1210(Rj -+473 i |56
K, = R R 13
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Figure 15. Frequency and gain design curves for a four-
stage, single op-amp, Resistor—Capacitor (RC) phase-shift
oscillator
Note: These curves are specific to a ladder RC-RC-RC-RC configuration.
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Figure 16. Four-stage, single op-amp, Resistor—Capacitor
(RC) phase-shift oscillator with CR-CR-CR-CR ladder
configuration

Note: The circuit is designed to produce a 500 Hz oscillator based on the
K~K, design curve from Figure 14.
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Furthermore, we developed practical gain and frequency
design curves for each configuration, which are illustrated in
Figures 14 and 15. Employing these curves, we rigorously
followed the previously outlined step-by-step process to
design two 4-stage RC-ladder oscillators, both operating
precisely at 500 Hz, as depicted in Figure 16 and Figure 17.
For completeness and direct engineering use, fitted empirical
expressions for these practical frequency curves are also
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provided in Appendix B. The design outcomes were both swift
and accurate, eliminating the need for any after-design tuning.
Consistent  success across  different  configurations
demonstrates the robustness and practicality of the
methodology developed in this work.
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Figure 17. Four-stage, single op-amp, Resistor—Capacitor
(RC) phase-shift oscillator with RC-RC-RC-RC ladder
configuration

Note: The circuit is designed to produce a 500 Hz oscillator based on the
K~K, design curve from Figure 15.
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6. CONCLUSION AND FUTURE WORK

We developed a practical design process for single op-amp
RC phase-shift oscillators. The method is based on loading-
aware transfer-function modeling and accurate
characterization beyond the traditional critical stability
condition. Since no explicit formulas are available in that
operating region, we numerically developed gain-frequency
design curves. These curves allow the oscillator to be designed
for the required application frequency with high precision,
reaching #0.5% in the demonstrated cases. This level of
accuracy, together with the speed of the design process, greatly
reduces the need for after-design tuning that is common in
conventional approaches. The method was tested through
simulations of 3-stage and 4-stage RC phase-shift oscillators
and was further confirmed by measurement of a working
prototype.

Although this work focused on RC phase-shift oscillators,
the same methodology may be extended to other self-starting
oscillator topologies that can be modeled through feedback
transfer functions. Possible next targets include Wien-bridge
oscillators, transistor-based phase-shift oscillators, and other
oscillator configurations in which startup occurs above the
critical condition. Another useful extension is the application
of the method to designs with tunable gain or digitally
adjustable components, as well as statistical tolerance analysis
for practical implementation.
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NOMENCLATURE

C

Capacitance, Farads



f Frequency, st or Hz

G Op-amp forward-path gain, dimensionless
K Gain absolute value, dimensionless

H Feedback transfer function, dimensionless
R Resistance, Ohms [Q]

\ Voltage, Volts [V]

THD Total harmonic distortion, %

Greek symbols
n Pi constant
Subscripts

Input, such as in R;

i

out Output, such as in V,,;

D Design or target, such as in f,
0 Critical condition, such as in K,
f Feedback, such as in V¢
APPENDIX

Appendix A. Derivation of the critical-gain expression
using the Routh-Hurwitz criterion

Starting from the characteristic equation in Eq. (6),

R; R
(1+K)C3R3—s3 + (3 + 6—1) C2R2%s?
+(4+5&)CR5+(&+ 1) =0
R R

let:

Ri
= — A2
x R (A2)

Eg. (A1) can then be written in the standard cubic form:

ass® +ays? +a;s+ay;=0 (A3)
with coefficients:
as = (14 K)C3R3x (A4)
a, = (3 + 6x)C2R? (A5)
a; = (4 +5x)CR (A6)
ay=x+1 (A7)

For a third-order characteristic polynomial, the Routh-
Hurwitz array is:

as a;
2 a; QAo
a,a; — aszqy A8
sl O ( )
a;
s a,

At critical stability, the first element of the s* row becomes
zero. Therefore, the oscillation boundary is obtained from:
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a,a; —azay =0 (A9)
Substituting Eqgs. (A4)—(A7) into Eq. (A9) gives:
(3 +6x)(4+5x)C3R? = (1 4+ K)x(x + 1)C3R®  (A10)
which simplifies to:
B+6x)4+5x)=1+K)x(x+1) (A11)
Solving for K yields the critical gain:
K, = 29x2;3fz+ 12 (A12)
or equivalently:
2
- 29 (%) +38 (%) +12 )

@@

which is the expression reported in Eq. (7).
To obtain the critical oscillation frequency, the auxiliary
equation is taken from the s2 row of the Routh table:

a,s*+a,=0 (Al4)
Substituting Egs. (A5) and (A7) gives:
(3+6x)C?R?*s>+ (x+1)=0 (A15)
Hence, under critical conditions:
1 x+1
= Al6
“o = TR J6x+3 (A16)
and therefore:
1 x+1
_ ’ Al7
fo 2nCR |6x + 3 (A7)
or, in terms of R; /R:
1
fo (A18)

which is the critical-frequency expression reported in Eq. (8).

Appendix B. Empirical design formulas for the practical
frequency curves

The practical frequency curves shown in Figures 10, 12, 14,
and 15 were developed to support direct oscillator design at
gain levels slightly above the critical condition. To improve
their engineering usability, compact empirical formulas were
obtained for all four configurations. They allow the designer
to bypass manual reading of the practical frequency curves.
Once R, C, and the intended gain ratio a are selected, the



appropriate configuration-specific form of (B1) can be used to
determine R;/R, and hence R;. The final gain K is then
evaluated from the exact relation K = aK,, where K, is
calculated from the original analytical critical-gain expression
of the corresponding oscillator configuration. The resistor R,

is then obtained from K = R;/R;.

B.1 Unified design usage

For all oscillator configurations considered in this work, the
design sequence is as follows:
1. Select R and C first based on the required oscillation
frequency, so that the normalized quantity RCf is
known.

2. Choose againratio @ = Kﬁ within the practical range
o

1<a<12 to ensure oscillation startup under
practical conditions.

3. Use the empirical formula corresponding to the
selected ladder configuration to evaluate the ratio
R;/R.

4. Determine R; from the obtained ratio R;/R, since R
is already known.

5. Evaluate the critical gain K, from the original
analytical  formula of the  corresponding
configuration.

Compute the practical gain from K = aK,.

7. Since K = g the feedback resistor Ry can then be

obtained directly.

Accordingly, the empirical formulas in this appendix serve
only to estimate R;/R from known values of RCf and «,
while the gain value K is still determined from the original
analytical critical-gain expression.

B.2 General fitting form

For all four configurations, the
approximated using the same rational form:

ratio R;/R was

R RCf + q,(a)

R _ p@QRC? +pa@RCH +p5@

where, a« = K/K,. For each configuration, the four coefficient
functions p, (a), p,(a), ps(a), and g, (a) were found to be
well approximated by linear expressions in a.

B.3 Three-stage CR-CR-CR configuration

For the practical frequency curves of Figure 10, the fitted
coefficient functions are:
p,(a) = 0.34923a + 0.45900 (B2)

py(a) = —0.036957a — 0.692543 (B3)
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ps (@) = —0.019316a + 0.079473 (B4)

g1(@) = 0.022413a — 0.087307 (BS)

These linear fits achieved R? values of 0.99957, 0.99749,
0.99901, and 0.99884 for p,, p,, p3, and q,, respectively.

B.4 Three-stage RC-RC-RC configuration

For the practical frequency curves of Figure 12, the fitted
coefficient functions are:

py () = —0.04118a + 0.106799 (B6)
p2(@) = 0.055781a — 0.261661 (B7)
ps(a) = 0.035622a + 0.164658 (BS)
g1(a) = —0.14218a — 0.24794 (B9)

These linear fits achieved R? values of 0.99764, 0.99828,
0.99983, and 0.99966 for p,, p,, p3, and q;, respectively.

B.5 Four-stage CR-CR-CR-CR configuration

For the practical frequency curves of Figure 14, the fitted
coefficient functions are:

p, () = 0.20997c + 0.14601 (B10)
p,(a) = —0.063399a — 0.545251 (B11)
ps(@) = —0.028708a + 0.133768 (B12)

q1(a) = 0.042734a — 0.175754 (B13)

These linear fits achieved R? values of 0.99946, 0.99773,
0.99934, and 0.99900 for p,, p,, p3, and q, respectively.

B.6 Four-stage RC-RC-RC-RC configuration

For the practical frequency curves of Figure 15, the fitted
coefficient functions are:

pi(a) = —0.12573a + 0.46424 (B14)
p,(a) = 0.075941a — 0.555381 (B15)
ps(a) = 0.021885a + 0.138655 (B16)
q1(a) = —0.063322a — 0.127048 (B17)

These linear fits achieved R? values of 0.99816, 0.99836,
0.99971, and 0.99955 for p,, p,, p3, and q;, respectively.





