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Efficient management of excess water in confined channels is a critical challenge, 

especially under potential flood conditions caused by climate change. This paper presents 

an experimental investigation comparing the hydraulic characteristics of several labyrinth 

side weirs. Physical models were constructed using dimensional analysis to determine the 

parameters that affect the discharge coefficient (Cd) across different geometries. Using 

these models, tests were conducted on four labyrinth side weir configurations: trapezoidal 

(θ = 0°) and arced-trapezoidal (θ = 20°), each with sidewall angles α = 6° and 12° (5 

cycles). The study aims to develop analytical equations to estimate the discharge 

coefficient of various labyrinth-side weirs under subcritical flow conditions. The results 

indicate that the arced-trapezoidal model with a 6° sidewall angle shows the highest 

discharge efficiency. A lower sidewall angle enhances the flow rate by effectively 

increasing the crest length. Four empirical equations were derived by nonlinear regression 

analysis. Their accuracy was confirmed using root mean square error (RMSE), average 

percentage error (APE), and coefficient of determination (R²). The obtained values of 5%, 

2%, and 0.99%, respectively, indicate strong agreement with the experimental results of 

this study. 
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1. INTRODUCTION

Side weirs are hydraulic structures widely used to divert 

excess water from a main channel into secondary channels, 

maintaining the design capacity of the main channel and 

supporting applications such as irrigation, drainage, 

wastewater management, and flood control [1-3]. Linear 

rectangular side weirs often require long openings along the 

main channel, which can complicate water depth regulation 

and reduce overall efficiency. 

In contrast, labyrinth side weirs increase the effective crest 

length while limiting the required channel opening, enhancing 

flow capacity while minimizing the energy of flowing water, 

making them both effective and economical solutions [4-6]. 

The total length of a labyrinth weir is typically three to five 

times its width, and its discharge capacity depends on the 

upstream head, often reaching about twice that of a standard 

weir or overflow crest of the same width [4, 7]. Early studies 

established the fundamental principles of labyrinth weir design 

[5], demonstrating that labyrinth side weirs can achieve 

discharge capacities 1.5–4.5 times greater than conventional 

linear weirs of the same channel length [6]. However, 

increasing the number of cycles can increase negative effects 

such as nappe interference and flow collisions [8, 9]. Among 

labyrinth weirs, trapezoidal and arced-trapezoidal 

configurations are particularly valuable due to their practical 

advantages in open-channel flow management. Experimental 

and numerical studies have shown that these geometries 

achieve higher discharge coefficients (Cd) than traditional 

designs, with performance strongly influenced by key 

geometric parameters such as cycle number, sidewall angle, 

crest shape and length, and weir height relative to the upstream 

depth [4, 6-7, 10-16]. Field applications, including the Isabella 

Dam project, have validated these designs, confirming their 

capacity to safely manage Probable Maximum Floods using 

both physical and CFD modeling [17, 18]. Complementary 

theoretical studies have further established reliable methods 

for estimating Cd under subcritical flow, demonstrating the 

effect of upstream Froude number (Fr1) and dimensionless 

parameters (p/y1, B/y1) on hydraulic performance [19-23]. 

Despite these advances, limited studies have focused 

specifically on trapezoidal and arced-trapezoidal labyrinth 

side weirs in a reservoir application under controlled 

laboratory conditions, particularly exploring a wide range of 

geometric parameters. Building on previous studies of design 

models [8], this study aims to enhance the applicability of 

labyrinth side-weir geometries in open-channel systems. The 

objective is to analytically investigate the effect of 

dimensionless parameters, in particular, upstream Froude 

number (Fr1) and dimensionless parameters (p/y1), (B/y1), α, 

and θ, on discharge coefficient and to develop practical 

discharge coefficient equations for engineering use, thereby 

extending previous findings.
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2. COEFFICIENT DISCHARGE FOR LABYRINTH 

SIDE WEIR 
 

Marchi [24] was the first to propose a mathematical 

relationship for side-weir flow Eq. (1). This contribution 

significantly influenced experimental and theoretical studies 

in weir hydraulics, forming the foundation for further research 

in the field. 

 

𝑄𝑠 =
2

3
𝐶𝑑√2𝑔𝐿(𝑦1 − 𝑝)3 2⁄  (1) 

 

where, (Qs) is the overall side weir discharge, (Cd) is the 

discharge coefficient (De Marchi coefficient), (g) is gravity’s 

acceleration, (L) is side weir width, (y1) is upstream flow depth 

at the channel centerline, and (p) is crest height are also 

considered as shown in Figure 1 [25, 26].  

 

 
 

Figure 1. The longitudinal flow profile of subcritical flow at 

the side weir 

 

 

3. DIMENSIONAL ANALYSIS OF LABYRINTH SIDE 

WEIR 

 

One of the primary techniques for analyzing and relating to 

physical quantities in science and engineering is dimensional 

analysis. It depends on expressing amounts in terms of basic 

units such as mass (M), length (L), and time (T), and finding 

relationships between them [27]. 

Dimensional analysis is used to simplify the complexity of 

flow over hydraulic structures. It uses Buckingham’s Pi (π-

Theorem), a known mathematical method for formulating and 

interpreting relationships in physical and experimental studies. 

The consistency of the relationship between the discharge 

coefficient and the dimensionless independent variables is 

necessary for developing reliable models and informing more 

effective experimental design (see Figure 2). Table 1 shows 

the parameters for a labyrinth side weir as a function of several 

hydraulic and fluid properties. 

 

 
 

Figure 2. The side weir model geometric parameters design 

Table 1. Parameters and dimensions in MLT's dimensional 

analysis system 

 
Symbol Description Dimension 

B Channel width L 

g Gravity acceleration LT-2 

L Side weir width L 

ℓ Crest length L 

p Side weir height L 

V1 
Upstream average velocity across the 

channel cross-section 
LT-1 

y1 
Upstream flow depth at the channel 

centreline 
L 

α Sidewall angle - 

𝜃 Arc angle for the cycle - 

µ Water dynamic viscosity ML-1T-1 

ρ Water mass density ML-3 

 

Therefore, the discharge coefficient can be represented as a 

function of these elements in Eq. (2): 

 

𝐶𝑑 = 𝑓(𝑉1, 𝑦1, 𝑝, 𝛣, 𝐿, ℓ, 𝜌, µ, 𝑔, 𝛼, 𝜃) (2) 

 

By applying the Buckingham π-theorem, the final 

dimensionless expression after eliminating the parameters that 

do not affect the estimation of the discharge coefficient over 

labyrinth side weirs was derived and is presented in Eq. (3): 

 

𝐶𝑑 = 𝑓(
𝑝

𝑦1

,
𝐵

𝑦1

, 𝐹𝑟1,𝛼, 𝜃) (3) 

 

Eq. (3) reflects the factors influencing the discharge 

coefficient of the labyrinth side weir in this study. 

 

 

4. EXPERIMENTAL WORKS 

 

The experiments were carried out in a main and lateral 

laboratory flume, as shown in Figure 3. The main flume is 6 m 

long and 0.5 m wide rectangular main flume with tempered 

glass sidewalls and an almost horizontal, smooth bed. A 30° 

inlet baffle was installed to reduce upstream turbulence. To 

promote flow stability, a 0.50 m side opening was located 4.2 

m downstream of the inlet, and water was supplied by a pump 

system (maximum discharge: 139,800 L/hr) controlled 

through a manual valve. Before each test, flow stabilization 

was confirmed for a few minutes. Discharge in both the main 

and lateral channels is then measured using a sharp-crested V-

notch weir, calibrated by repeating discharge measurements 

three times for twenty different flow conditions; average 

values were used in the analysis. Two-point gauges with 0.01 

mm sensitivity are used to measure the head. The labyrinth 

side-weir models, designed according to the studies [8, 28] 

using AutoCAD and CNC-cut from 1.5 mm UV-resistant 

flexible plastic, featured a crest height of P = 10 cm and were 

installed on a 50 cm bed projection, with 4 cm free space on 

each side for adequate nappe aeration (see Figure 4). During 

each run, water-surface profiles along the main flume were 

recorded using nine ultrasonic sensors connected to a data 

collector system, with manual checks for verification. The 

collected data were displayed on a laptop for analysis, and 

additional manual checks are outlined in Figure 5. All 

instruments were carefully calibrated before testing. 

Throughout the experiments, potential error sources such as 

pump discharge fluctuations, sensor shift, point-gauge reading 

Flow 
y1 

L 

p 

y2 
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variability, and temperature-related water property changes 

were controlled by repeated measurements, averaging, and 

continuous monitoring of flow stability. Regular 

investigations of the flume ensured uniform conditions and 

proper alignment of the weirs. These measures collectively 

reduced experimental uncertainty and improved the discharge 

coefficient results. 

 

 
 

Figure 3. An experimental flume schematic setup 

 

 
 

Figure 4. Experimental side weir configurations (5 cycles) 

 

 
 

Figure 5. Installation of sensors with a data collector 

 

 

5. RESULTS AND DISCUSSION 

 

Energy values at the upstream and downstream ends of the 

side weir were calculated to assess the specific energy 

variation along the weir, as shown in Figure 6. The minimal 

average specific energy variation of 0.78% between the two 

ends of the side weir, derived from Eq. (4), confirms that the 

specific energy can be considered constant. This finding 

validates the use of the De-Marchi Eq. (1) for calculating 

discharge coefficients in all test cases and supports its 

reliability for design and hydraulic modeling of side weirs. 

The experimental results summarized in Table 2 provide 

further evidence for this conclusion. 

 

Energy differences (∆𝐸%) =
100

𝑁
∑(𝐸2

𝑁

𝑖=1

− 𝐸1) (4) 

 

 
 

Figure 6. Specific energy difference at the upstream E1 and 

downstream E2 ends of the side weir for all tests 

 

Table 2. Experimental data for all tests 

 

Side Weir 

Model 

Sidewall 

Angle 

(α) 

Model 

Symbol 
Fr1 Cd 

Trapezoidal 

(θ = 0°) 

6° TSW6 0.08-0.25 1.18-3.07 

12° TSW12 0.08-0.20 0.95-1.84 

Arced-

Trapezoidal 

(θ = 20°) 

6° ATSW6 0.10-0.23 1.51-4.04 

12° ATSW12 0.06-0.20 1.01-2.17 

 

 
 

Figure 7. The laboratory notes for the standing wave 

phenomenon 

 

In all the experimental tests, the flow depth at the upstream 

end of the side weir was smaller than at the downstream end. 
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The longitudinal water surface profile shows a slight decrease 

at the weir entrance and the formation of turbulence because 

of the impact with the weir wall, as shown in Figure 7. The 

results aligned with other researchers’ studies [5, 7, 29]. 

The water level decreases from the flume side wall towards 

the edge of the weir. It then suddenly rises as a standing wave 

phenomenon is formed due to the weir sill and the interference 

of the approach flow, which was clear in the visual notes for 

the trapezoidal labyrinth side weir model in Figure 7. In 

contrast, the flow was more uniform for the arced-trapezoidal 

side-weir model. The water outlets create a hydraulic jump due 

to the increase in the mean velocity; therefore, specific energy 

dissipation increases [30]. 

Figure 8 represents the points of measurement of water 

elevation at the centerline (25 cm) of the main flume and 10 

cm from the side bank near the weir for uniform distances. 

These points were shown in Figures 9-10 to plot the free 

surface profile along the main flume upstream and 

downstream of the side weir of this study. The water surface 

profile of the centerline increased uniformly, and then, after 

the downstream end of the side weir, it became almost 

horizontal. In contrast, the water elevation near the flume bank 

varies along the weir width because of the side weir inlet 

friction. As the flow depth decreases, maximum velocity at the 

onset of the weir crest forms a vortex due to the secondary 

flow because of the change in flow direction. 

 

 
 

Figure 8. Plan view for the points of measuring 

 

 
 

Figure 9. Free surface profile along centerline of main 

flume for side weir models with sidewall angle 6o, Qin = 17 

L/s 

 

In contrast, the depth increases at the weir end, where the 

minimum velocity forms a stagnation zone due to flow 

separation. The effect of the weir inlet provided near the weir 

crest does not reach the midspan main flume, which aligns 

with previous studies. Due to the steady flow conditions 

observed in this region, most previous studies have focused on 

the flow depth at the upstream end of the side weir at the center 

of the main flume [7, 8, 23, 29, 31]. Therefore, this study has 

considered the flow depth (y1), as in the literature. Therefore, 

the results of this study can be contrasted with those of 

previous research. 

 

 
 

Figure 10. Free surface profile 10 cm from bank, near side 

weirs models with sidewall angle 6o, Qin = 17 L/s 

 

Figures 11 and 12 illustrate the influence of the relative weir 

height (p/y₁) on the discharge coefficient (Cd). The results 

indicate that Cd increases with p/y₁. Models with a sidewall 

angle of 6° exhibited the highest discharge coefficients (Cd = 

1.5–4), primarily due to their longer effective crest length, 

which enhances flow performance, as reported by the research 

[32]. Moreover, the arced-trapezoidal labyrinth side weirs 

(ATSW) produced higher Cd values than the corresponding 

trapezoidal (TSW) configurations, owing to smoother flow 

transitions and reduced separation losses along the curved 

crest. 

 

 
 

Figure 11. Influence of the parameter p/y1 on the 

discharge coefficient Cd for trapezoidal labyrinth side weirs 

(6o, 12o) 
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Figure 12. Influence of the parameter p/y1 on the 

discharge coefficient Cd for arced-trapezoidal labyrinth side 

weirs (6o, 12o) 

 

The optimum hydraulic performance was observed in the 

ATSW6 configuration, which combines the benefits of 

curvature and a smaller sidewall angle. For the same p/y₁ 

ratios, slight variations in Cd were observed. This scatter is 

mainly attributed to differences in the Froude number (Fr) and 

other influencing variables included in Eq. (3). These 

parameters were therefore analyzed to understand their 

combined effects on Cd. Additionally, the same was obtained; 

the discharge coefficient increased with B/y1, as shown in 

Figure 13. 

 

 
 

Figure 13. Influence of the parameter B/y1 on the 

discharge coefficient Cd for different labyrinth side weirs 

 

Studies have consistently shown that the Froude number 

(Fr) is a considerable dimensionless parameter that mainly 

influences the discharge coefficient (Cd) for side weirs, 

particularly under subcritical flow conditions. Figure 14 plots 

the calculated discharge coefficient values with the upstream 

Froude number (Fr1) for different types of side weirs. This 

figure shows an inverse relationship between the discharge 

coefficient and the upstream Froude number across all tests, in 

agreement with previous studies [13, 33-36]. 

However, when increasing the entrance discharge, the 

velocity of flow towards the side weir increases, and the 

momentum rises; separation and vortices due to secondary 

flow and surface fluctuations appear, reducing the capacity of 

side weirs and consequently decreasing the discharge 

coefficient. 

 

 
 

Figure 14. Influence of upstream Froude number Fr1 on 

the discharge coefficient Cd for different labyrinth side weirs 

 

Figures 15 and 16 compare the distribution of average flow 

velocity and pressure, respectively, along the two ends of the 

side weir for two models: TSW6 and ATSW6, both with a 6° 

side wall angle. For the TSW6 model, there is a sharp rise in 

velocity (0.54 m/s) at the onset crest, followed by a gradual 

decrease (0.29 m/s). In contrast, pressure in the TSW6 model 

drops at the upstream (0.8 Pa), then it increases to 2 Pa, 

consistent with Bernoulli's theory, which predicts an inverse 

relationship between velocity head and pressure head in open 

channels. 

 

 
 

Figure 15. The mean velocity distribution at both ends of 

different labyrinth side weirs 

 

In contrast, in the ATSW6 model, the pattern shifts: it shows 

a smoother rise in velocity and a lower peak magnitude 

between (0.50 and 0.42) m/s. This behavior suggests that the 

curvature of the arced crest in ATSW6 promotes more gradual 
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energy conversion, minimizes local flow separation, and 

ensures a steadier pressure field range (4-45) Pa. 

 

 
 

Figure 16. The pressure distribution at both ends of 

different labyrinth side weirs 

 

 

6. THE SIDE WEIR EQUATION BY REGRESSION 

ANALYSIS 

 

In this study, SPSS 22 software was used by nonlinear 

regression analysis to develop an empirical relationship to 

predict the discharge coefficient (Cd) for side weirs, according 

to the effective parameters of dimensional analysis influencing 

its discharge characteristics, the upstream Froude number 

(Fr1), (P/y1), and (B/y1) ratios. The resulting discharge 

coefficient formulas are provided as follows in Eqs. (5)-(8) as 

presented in Table 3. 

 

Table 3. Discharge coefficient equations for the various 

labyrinth side weir models 

 
Side Weir 

Model 
Equation No. 

ATSW6 
𝐶𝑑 = 0.329

(
𝑝
𝑦1

)
1.464

(
𝐵
𝑦1

)
1.192

(𝐹𝑟1)0.345  
(5) 

TSW6 
𝐶𝑑 = 0.282

(
𝑝
𝑦1

)
0.999

(
𝐵
𝑦1

)
1.245

(𝐹𝑟1)0.241  
(6) 

ATSW12 𝐶𝑑 = 0.147
(

𝐵
𝑦1

)
1.064

(𝐹𝑟1)0.382  (
𝑝
𝑦1

)
0.126 (7) 

TSW12 
𝐶𝑑 = 0.148

(
𝑝
𝑦1

)
0.113

(
𝐵
𝑦1

)
1.155

(𝐹𝑟1)0.322  
(8) 

 

To ensure the accuracy and precision of the developed 

equations in the present studies [32, 37], the Root Mean 

Square Error (RMSE) and average percent errors (APE) values 

are calculated as Eq. (9) and (10) in addition to the 

determination coefficient R² directly from the SPSS program 

for the measured discharge coefficient Cd of experimental 

values against the proposed ones in Eq. (5-8) as presented in 

Table 4. The results showed the measurement precision of the 

equations, with maximum RMSE and APE of 2% and 5%, 

respectively, and an R² of about 0.99 for discharge coefficient 

prediction. 

 

𝑅𝑀𝑆𝐸 = 100 × √
1

𝑁
∑(𝐶𝑑𝑒𝑥𝑝. − 𝐶𝑑𝑝𝑟𝑜𝑝𝑜𝑠𝑒𝑑)

2
𝑁

𝑖=1

 (9) 

 

𝐴𝑃𝐸 =
100

𝑁
∑ |

𝐶𝑑𝑒𝑥𝑝. − 𝐶𝑑𝑝𝑟𝑜𝑝𝑜𝑠𝑒𝑑

𝐶𝑑𝑒𝑥𝑝.

|

𝑁

𝑖=1

 (10) 

 

where, 𝐶𝑑𝑒𝑥𝑝. and 𝐶𝑑𝑝𝑟𝑜𝑝𝑜𝑠𝑒𝑑  represent the comparison of the 

discharge coefficient of experimental results and its proposed 

values of the empirical equations, where N is the total number 

of data. 

 

Table 4. The statistical parameters for estimating the 

accuracy of equations 

 
Side Weir 

Model 

Equation 

No. 
𝐑𝟐 RMSE APE 

ATSW6 (5) 0.997 4.89% 1.93% 

TSW6 (6) 0.998 2.89% 1.64% 

ATSW12 (7) 0.998 1.70% 1.10% 

TSW12 (8) 0.996 2.10% 1.37% 

 

 

7. CONCLUSIONS 

 

Labyrinth side weirs are nonlinear hydraulic structures that 

enhance lateral discharge in open channels. Flow over these 

weirs is influenced by multiple variables, including: (α, θ, p/y₁, 

B/y₁, and Fr₁). This laboratory study aims to develop an 

analytical approach to estimate flow on several geometric 

configurations of labyrinth side weirs in a straight channel, 

considering the variables that influence it. The following key 

findings were investigated from these experiments: 

▪ It has been proven that the De-Marchi equation to 

calculate the discharge coefficient can be used for all the 

tests of this study. 

▪ Also, the efficiency of labyrinth side weirs for both 

trapezoidal and arced-trapezoidal geometries increase 

with a decrease of sidewall angle from (α = 12° to 6°). 

This is because of the increased length of the path of flow 

over the folded crest of the side weir, with constant weir 

width, which increases the average velocity through the 

greater effect of secondary flow, thereby affecting the 

discharge coefficient values.  

▪ In addition, comparison of the performance of arced-

trapezoidal side weirs with an arc cycle angle (θ = 20°) to 

trapezoidal models (θ = 0°) shows higher effectiveness in 

the arced-trapezoidal models due to the curvature, which 

enhances the discharge coefficient and increases flow 

stability through improved flow guidance and reducing 

hydraulic losses. 

▪ Moreover, among the tested models, the optimum side 

weir was found to be the arced-trapezoidal geometry with 

a sidewall angle (α = 6°), which exhibited the highest 

discharge coefficient, with a range of Cd (1.51-4.04), 

followed by trapezoidal with a sidewall angle (α = 6°), 

arced-trapezoidal geometry with a sidewall angle (α = 

12°), and trapezoidal with sidewall angle (α = 12°), 

respectively. 
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▪ Furthermore, the discharge coefficient (Cd) was observed 

to gradually increase with both the ratio of weir height to 

water depth (p/y₁) and the ratio of channel width to water 

depth (B/y₁), while it gradually decreases as the upstream 

Froude number (Fr₁) increases in the subcritical flow 

conditions of this study.  

▪ Finally, nonlinear regression analysis was applied to 

develop analytical equations for estimating discharge for 

each model based on dimensional analysis parameters. 

The four resulting equations exhibited strong agreement 

with experimental data, with accuracy assessed using 

RMSE, APE, and R², which were 5%, 2%, and 0.99, 

respectively. 
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