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This study investigates the combined effects of Joule heating, viscous dissipation, and 

oscillatory suction/injection on radiative magnetohydrodynamic (MHD) flow between 

two infinite parallel porous plates. Unlike previous studies that examine these factors 

individually, this research presents a comprehensive analysis incorporating all these 

effects simultaneously under unique boundary conditions—specifically a moving upper 

plate and a fixed pressure gradient. The governing momentum and energy equations are 

solved via an implicit finite difference method, and the solutions are validated using an 

analytical eigenfunction expansion technique for special cases. The influences of key 

parameters—including magnetic field strength, radiation intensity, heat generation rate, 

suction frequency, and thermal diffusivity—on the velocity and temperature profiles 

are examined and discussed. The results provide insights for novel insights relevant to 

thermal systems involving conductive fluids in porous channels. 
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1. INTRODUCTION

The effect of many different factors on 

magnetohydrodynamic (MHD) systems and in various 

conditions has been studied in the past decades. MHD flow has 

many different applications, like MHD pumps, MHD 

generators, accelerators, and many others. Among these 

studies, permeable plates were addressed with the influence of 

various factors. A free convective (FC) flow between vertical 

porous parallels is caused due to the repeated heating of the 

plates with porous features, as studied by Jha and Ajibade [1], 

where the flow is considered completely developed and 

steady. The unstable magnetohydrodynamic flow of a viscous 

incompressible non-Newtonian Casson fluid between 2-plates 

with porous features in parallel nonconducting in a medium 

with porous features with a hall effect and uniform injection 

and suction have been worked by Wahiduzzaman et al. [2]. 

Palani and Gnanambigai [3] worked out the outcome of 

magnetic field (MF) and thermal radiation (TR) on FC flow on 

a moving vertical plate with porous characteristics. The flow 

of the fluid and heat transfer of a pseudo-plastic non-

Newtonian NF over a porous surface has been worked out by 

Maleki et al. [4], considering suction and injection. The 

impacts of viscoelastic parameters and viscous dissipation 

(VD) on the MHD- FC flow of a viscoelastic fluid on a porous 

surface accelerated with radiation were demonstrated by 

Fagbade et al. [5]. The transient flow of MHD-FC of an 

incompressible medium over a porous, periodically moving 

plate with slippage at the surface was investigated by Nandi 

and Kumbhakar [6] in the existence of rotation and Hall 

current. The effects of permeability of porous materials and 

injection/suction with VD on an incompressible medium 

passing through a vertical porous channel were theoretically 

investigated [7]. A systematic solution of transferring heat and 

a transient flow of magnetohydrodynamic of a liquid with 

viscous on a porous oscillating vertical plate exists in TR [8]. 

Ahammad et al. [9] explained a study of the effectiveness of 

magnetohydrodynamic and suction velocity in transferring 

heat in a porous fluid neighboring a vertical porous plate. 

Loganathan and Elamparithi [10] explained the heat transfer 

and flow in MHD mixed convection into an infinite vertical 

porous with the Dufour effect. 

Moreover, the effectuality of Joule heating (JH) and VD on 

many MHD systems has been studied. The effectiveness of 

MHD-FC flow across a vertical plate with heat conduction, 

and JH was investigated [11]. Abo-Eldahab and El Aziz [12] 

examine the effectiveness of JH and VD on MHD- FC flow 

across a vertical plate in the existence of both the influence of 

Hall and ion-slip currents. The effect of JH and VD on the 

momentum and thermal transfer of the flow of MHD across an 

inclined plate was studied [13]. Jaber studied the impacts of 

VD and JH on MHD-FC flow across a stretched isothermal 

vertical sheet [14]. Shamshuddin and Satya Narayana [15] 

observed the effectuality of JH and VD on the MHD squeezing 

flow between two Riga plates. Sharma and Gandhi [16] 

studied the transient magnetohydrodynamics heat transfer for 

a viscous incompressible fluid via a vertical stretching surface 

under the impact of velocity slip in the existence of heat 
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absorption. Pal and Talukdar [17] studied the influences of 

convection and TR on an unstable MHD in transferring heat 

for a viscous liquid passing a vertically moving plate. The 

impacts of JH and non-linear TR on magnetohydrodynamics 

viscoelastic flow of NF (nanofluid) due to stretching in the 

surface in lateral directions were investigated [18]. The 

effectiveness of nonlinear convection, Joule dissipation, and 

viscous flow on an incompressible fluid's velocity profile and 

temperature passing a flat plate during an oscillatory motion 

was investigated [19]. Abdullah theoretically worked out the 

impact of the periodic flux of heat and VD on the flow of 

magnetohydrodynamics via a canal vertically with heat 

generation [20]. 

In this work, the influences of VD and JH on radiative MHD 

flow through parallel porous plates, which were analyzed in 

the existence of oscillatory suction and injection, were 

examined. The study was carried out theoretically via the NFD 

(numerical finite difference) technique, and the findings were 

verified using the analytical eigenfunction expansion 

technique for special cases. While several studies have 

separately addressed the impacts of Joule heating, viscous 

dissipation, radiation, and oscillatory suction/injection on 

MHD flows, limited attention has been given to their 

combined effect in a confined channel between parallel porous 

plates under both a moving boundary and a constant pressure 

gradient. Moreover, most existing works focus on steady or 

non-oscillatory boundary conditions, neglecting the dynamic 

influence of periodic suction/injection on the thermal and flow 

fields. This study addresses these gaps by analyzing an 

unsteady MHD flow between porous plates with a moving 

upper boundary, accounting simultaneously for Joule heating, 

viscous dissipation, radiative heat transfer, and oscillatory 

suction/injection. This integrated approach offers new insights 

relevant to advanced thermal systems, such as porous heat 

exchangers, MHD pumps, and filtration devices involving 

electrically conducting fluids. 
 

 

2. MATHEMATICAL MODELING 
 

Considering a transient MHD developed fully laminar flow 

of an incompressible viscous fluid passing into a canal 

restricted by two infinitely non-conducting porous plates with 

a distance h between them. Initially, the plates are stationary 

and have a surrounding temperature of T0. When t > 0, the top 

plate gained a U0 (velocity) while the lower plate was 

stationary, and the lower and top plates were sustained at two 

constant temperatures (𝑇𝑤1 and 𝑇𝑤2), respectively. The fluid 

is acted upon by the motion of the top plate and a constant 

pressure gradient 𝜕𝑝/𝜕𝑥 in the 𝑥  trend with oscillatory 

suction and injection 𝑉(𝑡) = 𝑉0(1 + ϵcos(𝜔∗𝑡)). 

The channel undergoes a normal magnetic field B0. The 

viscous heating, heat generation, Joule heating, and radiation 

effects are considered in the physical model shown in Figure 

1. By assuming Boussinesq's approximation with constant 

fluid properties, the unstable two-dimensional boundary layer 

flow can be proven by the following formulas: 
 

𝜕𝑢∗

𝜕𝑡∗
+ v(𝑡)

𝜕𝑢∗

𝜕𝑦∗
= −

1

𝜌

𝜕𝑝∗

𝜕𝑥∗
+ 𝜈

𝜕2𝑢∗

𝜕𝑦∗2 −
𝜎𝐵0

2

𝜌
𝑢∗ (1) 

 

𝜕𝑇

𝜕𝑡∗ + v(𝑡)
𝜕𝑇

𝜕𝑦∗ =
𝑘

𝜌𝑐𝑝

𝜕2T

𝜕𝑦∗2 +
𝜈

𝑐𝑝
(

𝜕𝑢∗

𝜕𝑦∗)
2

+ 𝜎𝐵0
2𝑢∗2 −

𝜕𝑞𝑟

𝜕𝑦∗ +
𝑄0

𝜌𝑐𝑝
(T − 𝑇w1)  

(2) 

 
 

Figure 1. Physical model description 

 

The considered primary and boundary conditions (BCs) are: 

 

𝑡∗ ≤ 0: 𝑢∗ = 0, 𝑇 = 𝑇𝑤1, 0 ≤ 𝑦∗ ≤ ℎ 

𝑡∗ > 0: 𝑢∗ = 0, 𝑇 = 𝑇𝑤1, at 𝑦∗ = 0 

𝑢∗ = 𝑢0, 𝑇 =  𝑇𝑤2, 𝑎𝑡 𝑦∗ = ℎ 

(3) 

 

When radiation is estimated via the Rosseland 

approximation, the radiative heat flux is  

 

𝑞𝑟 =
−4𝜎∗

3𝑘∗

𝜕𝑇4

𝜕𝑦∗
 (4) 

 

Using Taylor series expansion for 𝑇4, then 

 

𝜕𝑇4

𝜕𝑦∗
≅ 4𝑇0

3
𝜕𝑇

𝜕𝑦∗
 (5) 

 

And then 

 

𝜕𝑞𝑟

𝜕𝑦∗
= −

16𝜎∗

3𝑘∗
𝑇0

3
𝜕2𝑇

𝜕𝑦∗2 (6) 

 

Using Eq. (5), Eq. (2) becomes 

 

𝜕𝑇

𝜕𝑡∗
+ v(𝑡)

𝜕𝑇

𝜕𝑦∗
=

𝑘

𝜌𝑐𝑝

(1 +
16𝜎∗

3𝑘𝑘∗
𝑇0

3)
𝜕2𝑇

𝜕𝑦∗2 

+
𝜈

𝑐𝑝

(
𝜕𝑢∗

𝜕𝑦∗
)

2

+ 𝜎𝐵0
2𝑢∗2 +

𝑄0

𝜌𝑐𝑝

(T − 𝑇w1) 

(7) 

 

where, υ, T and k are kinematic viscosity, fluid temperature, 

and thermal conductivity, respectively. u* and cp are axial 

velocity and specific heat, respectively. 

The governing equations (GEs) are given in dimensionless 

form using the next dimensionless variables: 

 

𝑥 =
𝑥∗

ℎ
, 𝑦 =

𝑦∗

ℎ
, 𝑡 =

𝜈𝑡∗

ℎ2
, 𝜔 =

ℎ2𝜔∗

𝜈
 

𝑢 =
𝑢∗

𝑢0

, 𝜃 =
𝑇 − 𝑇𝑤1

𝑇𝑤2 − 𝑇𝑤1

, 𝑝 =
ℎ𝑝∗

µ𝑢0

 

(8) 

 

The dimensionless equations become: 

 

𝜕𝑢

𝜕𝑡
+ 𝑆(1 + ϵcos(𝜔𝑡))

𝜕𝑢

𝜕𝑦
= −

𝜕𝑝

𝜕𝑥
+

𝜕2𝑢

𝜕𝑦2
− 𝑀𝑢 (9) 
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𝜕𝜃

𝜕𝑡
+ 𝑆(1 + ϵcos(𝜔𝑡))

𝜕𝜃

𝜕𝑦
 

=
(1 + 𝑅)

𝑃𝑟

𝜕2𝜃

𝜕𝑦2
+ 𝐸𝑐 (

𝜕𝑢

𝜕𝑦
)

2

+ 𝑀𝐸𝑐𝑢2 + 𝑄𝜃 

(10) 

 

where, 

 

𝑀 =
𝜎𝐵0

2ℎ2

µ
, 𝐸𝑐 =

𝑢0
2

𝑐𝑝(𝑇𝑤2−𝑇𝑤1)
, 𝑃𝑟 =

𝜇𝑐𝑝

𝑘
 

𝑅 =
16𝜎∗𝑇0

3

3𝑘𝑘∗ , 𝑄 =
𝑄0ℎ2

𝜇𝑐𝑝
, 𝑆 =

ℎ𝑉0

𝜈
 

 

The corresponding dimensionless BCs are 

Initially, 

 

𝑡 ≤ 0:  𝑢 = 0, 𝜃 = 0, for all y 

𝑡 > 0:  𝑢 = 0, 𝜃 = 0, at 𝑦 = 0 

𝑢 = 1, 𝜃 = 1, as 𝑦 = 1 

 

In formulating the governing equations, the Boussinesq 

approximation is employed to account for buoyancy effects 

without introducing significant complexity, which is valid for 

small temperature differences typically encountered in such 

flows. The Rosseland approximation used for radiative heat 

flux assumes that the fluid medium is optically thick, typically 

valid when the optical thickness 𝜏 ≫  1 . This condition 

implies that radiative energy is diffused across the medium 

rather than directly transmitted. While this assumption is 

commonly adopted for thermal MHD flows in dense or 

particulate-laden fluids, its accuracy may diminish in optically 

thin media. However, for the moderately absorbing fluid and 

channel geometry considered here, the approximation offers a 

practical simplification without significantly compromising 

accuracy. Fluid properties are considered constant, which is a 

reasonable assumption for low to moderate temperature 

variations in incompressible MHD flows with weak thermal 

gradients.  

 

 

3. NUMERICAL ANALYSIS 

 

Eqs. (9) and (10) with their initial and BCs are numerically 

solved using the finite-difference Crank-Nicolson method, an 

implicit numerical technique  that produces accurate results. In 

this method, the forward finite difference approximation 

represents the derivatives in the time domain, while the central 

finite difference approximation represents the derivatives in 

the spatial domain.  

 

𝜕𝑢

𝜕𝑡
=

𝑢𝑖
𝑛+1 − 𝑢𝑖

𝑛

𝛥𝑡
 (11) 

 

𝜕2𝑢

𝜕𝑦2
=

(𝑢𝑖+1 − 2𝑢𝑖 + 𝑢𝑖−1)

(𝛥𝑦)2
 

𝜕𝜃

𝜕𝑡
=

𝜃𝑖
𝑛+1 − 𝜃𝑖

𝑛

𝛥𝑡
 

(12) 

 

𝜕2𝜃

𝜕𝑦2
=

(𝜃𝑖+1 − 2𝜃𝑖 + 𝜃𝑖−1)

(𝛥𝑦)2
 

 

The indexed variable i represents the point location in the y 

direction, while n represents the time level. The step sizes ∆y 

= 0.01 and ∆t = 0.01 are taken in the discretization domain.  

The following formulas transform the dimensionless 

governing equations into the following finite difference 

equations. 

 
𝑢𝑖

𝑛+1−𝑢𝑖
𝑛

𝛥𝑡
+ S(1 + ϵcos(𝜔𝑡𝑛+1))

𝑢𝑖+1
𝑛 −𝑢𝑖

𝑛

𝛥𝑦
= −

𝑑𝑝

𝑑𝑥
  

+
(𝑢𝑖+1

𝑛+1 − 2𝑢𝑖
𝑛+1 + 𝑢𝑖−1

𝑛+1) + (𝑢𝑖+1
𝑛 − 2𝑢𝑖

𝑛 + 𝑢𝑖−1
𝑛 )

2(𝛥𝑦)2

−
𝑀

2
(𝑢𝑖

𝑛+1 + 𝑢𝑖
𝑛) 

(13) 

 
𝜃𝑖

𝑛+1−𝜃𝑖
𝑛

𝛥𝑡
+ S(1 + ϵcos(𝜔𝑡𝑛+1))

𝜃𝑖+1
𝑛 −𝜃𝑖

𝑛

𝛥𝑦
=

(1+R)

2𝑃𝑟
[

(𝜃𝑖+1
𝑛+1−2𝜃𝑖

𝑛+1+𝜃𝑖−1
𝑛+1)

+(𝜃𝑖+1
𝑛 −2𝜃𝑖

𝑛+𝜃𝑖−1
𝑛 )

(𝛥𝑦)2 ] + 𝐸𝑐 [
𝑢𝑖+1

𝑛 −𝑢𝑖
𝑛

𝛥𝑦
]

2

+

M𝐸𝑐𝑢𝑖
𝑛+1 +

𝑄

2
(𝜃𝑖

𝑛+1 + 𝜃𝑖
𝑛)  

(14) 

 

Then, Eqs. (13) and (14) are converted to the following 

implicit form  

 

𝑢𝑖−1
𝑛+1 + 𝑑1𝑢𝑖

𝑛+1 + 𝑢𝑖+1
𝑛+1 = b1 (15) 

 

𝜃𝑖−1
𝑛+1 + 𝑑2𝜃𝑖

𝑛+1 + 𝜃𝑖+1
𝑛+1 = 𝑏2 (16) 

 

where,  

 

d1 = −2 [1 +
(𝛥𝑦)2

𝛥𝑡
+

𝑀(𝛥𝑦)2

2
] 

b1 = −2𝛥𝑦
𝑑𝑝

𝑑𝑥
+ 2(𝛥𝑦)2S(1 + ϵcos(𝜔𝑡𝑛+1))(𝑢𝑖+1

𝑛 − 𝑢𝑖
𝑛) 

−
2(𝛥𝑦)2

𝛥𝑡
𝑢𝑖

𝑛 − (𝑢𝑖+1
𝑛 − 2𝑢𝑖

𝑛 + 𝑢𝑖−1
𝑛 ) + 𝑀(𝛥𝑦)2𝑢𝑖

𝑛 

𝑑2 =
𝑃𝑟(𝛥𝑦)2𝑄

(1 + 𝑅)
−

2𝑃𝑟(𝛥𝑦)2

𝛥𝑡(1 + 𝑅)
− 2 

𝑏2 = −
2𝑃𝑟(𝛥𝑦)2

(1+𝑅)
{

𝜃𝑖
𝑛

𝛥𝑡
− S(1 + ϵcos(𝜔𝑡𝑛+1))

𝜃𝑖
𝑛+1−𝜃𝑖

𝑛

𝛥𝑦
+

(1+R)(𝜃𝑖+1
𝑛 −2𝜃𝑖

𝑛+𝜃𝑖−1
𝑛 )

2𝑃𝑟(𝛥𝑦)2 + 𝐸𝑐 [
𝑢𝑖+1

𝑛 −𝑢𝑖
𝑛

𝛥𝑦
]

2

+ M𝐸𝑐𝑢𝑖
𝑛 +

𝑄

2
𝜃𝑖

𝑛}  

 

Eqs. (15) and (16) constitute a tridiagonal system of 

equations at the time level (n + 1) that are solved for the 

velocity u and temperature θ using the Thomas algorithm and 

depending on the values at time level n. 

The Crank-Nicolson method used in this study is 

unconditionally stable for linear problems and conditionally 

stable for nonlinear problems, which was carefully accounted 

for in our implementation. The convergence of the solution 

was verified through iterative residual checks at each time 

step. Additionally, a grid independence test was conducted by 

comparing results for different mesh sizes. It was observed 

that further refinement caused negligible change (< 1%) in 

velocity and temperature profiles, justifying the chosen step 

sizes (Δy = 0.01, Δt = 0.01) as an optimal balance between 

accuracy and computational cost. 
 

 

4. ANALYTICAL SOLUTION 

 

The solution of numerical has been verified by contrasting 

it with the analytical solution under particular conditions. The 

equations for momentum and energy are solved using the 

eigenfunction expansion technique. 
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4.1 Velocity solution 
 

A negligible S parameter is used to solve the velocity 

equation analytically. 

 

𝜕𝑢

𝜕𝑡
= −

𝑑𝑝

𝑑𝑥
+

𝜕2𝑢

𝜕𝑦2
− Mu (17) 

 

The corresponding BCs are 

When  

 

𝑡 ≤ 0: 𝑢 = 0, For all y 

𝑡 > 0: 𝑢 = 0, at 𝑦 = 0 

𝑢 = 1, at 𝑦 = 1 

(18) 

 

To apply the eigenfunction expansion method, the BCs 

must be transformed into homogeneous, linear equations. 

Consequently, the variable that follows is presented: 

 

𝐻1(𝑦, 𝑡) =  𝑢(𝑦, 𝑡) − y (19) 

 

Therefore, the velocity equation will be: 

 

𝜕𝐻1

𝜕𝑡
=

𝜕2𝐻1

𝜕𝑦2
− M𝐻1 − My −

𝑑𝑝

𝑑𝑥
 (20) 

 

Below are the corresponding BCs 

When  
 

𝑡 ≤ 0: 𝐻1 = −𝑦, For all values of y 

𝑡 > 0: 𝐻1 = 0, at 𝑦 = 0 

𝐻1 = 0, at 𝑦 = 1 

(21) 

 

Let 𝐻1(𝑦, 𝑡) = 𝜙1(𝑦)𝑎1(𝑡). 

By replacing the function 𝐻1(y, t) and its derivatives into the 

homogeneous form of Eq. (20), the eigenvalue problem can be 

found. 

 
𝑑2𝜙1

𝑑𝑦2 + 𝜆𝜙1 = 0, 𝜙1 (0) = 𝜙1(1) = 0  

𝑑𝑎1

𝑑𝑡
+ (𝑀 + 𝜆)𝑎1 = 0  

(22) 

 

The eigenvalue problem solution is:  

 

𝜙1𝑛(𝑦) = 𝑠𝑖𝑛(√𝜆1𝑛𝑦) (23) 

 

And the eigenvalues are: 

 

𝜆1𝑛 = (𝑛𝜋)2 (24) 

 

where, n = 1, 2, 3, ..., ∞. 

Then, the solution of 𝐻1(𝑦, 𝑡) is coming as: 
 

𝐻1(𝑦, 𝑡) = ∑ 𝑎1𝑛(𝑡)

∞

𝑛=1

𝑠𝑖𝑛(√𝜆1𝑛𝑦) 

 

By substituting 𝐻1(𝑦, 𝑡) into the nonhomogeneous Eq. (20), 

the solution of 𝑎1𝑛(𝑡) is 

 

𝑎1𝑛(𝑡) = 𝑎1𝑛(0)𝑒−(𝑀+𝜆1𝑛)𝑡 

+
2[−

𝑑𝑝

𝑑𝑥
+(

𝑑𝑝

𝑑𝑥
+𝑀)(−1)𝑛]

𝑛𝜋(𝑀+𝜆1𝑛)
[1 − 𝑒−(𝑀+𝜆1𝑛)𝑡]  

(25) 

By applying the initial condition 
 

𝐻1(𝑦, 0) = −y 
 

Then 𝑎1𝑛(0) =
2(−1)𝑛

𝑛𝜋
. 

Finally, the dimensionless velocity will take the form: 
 

𝑢(𝑦, 𝑡) = 𝑦 + ∑ {
2(−1)𝑛

𝑛𝜋
𝑒−(𝑀+𝜆1𝑛)𝑡 +∞

𝑛=1

2[−
𝑑𝑝

𝑑𝑥
+(

𝑑𝑝

𝑑𝑥
+𝑀)(−1)𝑛]

𝑛𝜋(𝑀+𝜆1𝑛)
[1 − 𝑒−(𝑀+𝜆1𝑛)𝑡]} 𝑠𝑖𝑛(𝑛𝜋𝑦)  

 

4.2 Temperature solution 
 

The analytical solution to the energy equation involves the 

use of negligible Ec and S parameters. 
 

𝜕𝜃

𝜕𝑡
=

(1 + 𝑅)

𝑃𝑟

𝜕2𝜃

𝜕𝑦2
+ Q𝜃 (26) 

 

The corresponding BCs are 

When 
 

𝑡 ≤ 0: 𝜃 = 0, for all y 

𝑡 > 0: 𝜃 = 0, at 𝑦 = 0 

𝜃 = 1, at 𝑦 = 1 

(27) 

 

The boundary conditions must be transformed into 

homogeneous, linear equations to use the eigenfunction 

expansion approach. Consequently, the subsequent variable is 

presented: 
 

𝐻2(𝑦, 𝑡) =  𝜃(𝑦, 𝑡) − y (28) 
 

Then, the energy equation will be: 
 

𝜕𝐻2

𝜕𝑡
=

(1 + 𝑅)

𝑃𝑟

𝜕2𝐻2

𝜕𝑦2
+ Q𝐻2 + Qy (29) 

 

The corresponding BCs are listed below: 

When  

 

𝑡 ≤ 0:  𝐻2 = −𝑦, For all values of y 

𝑡 > 0: 𝐻2 = 0, at 𝑦 = 0 

𝐻2 = 0, at 𝑦 = 1 

(30) 

 

Let  

 

𝐻2(𝑦, 𝑡) = 𝜙2(𝑦)𝑎2(𝑡) 

 

The eigenvalue problem can be obtained by replacing the 

function 𝐻2(𝑦, 𝑡) and its derivatives with the homogeneous 

part of Eq. (29). 

 

𝑑2𝜙2

𝑑𝑦2
+ 𝜆𝜙2 = 0, 𝜙2(0) = 𝜙2(1) = 0 

𝑑𝑎2

𝑑𝑡
+ (

(1 + 𝑅)

𝑃𝑟
𝜆 − 𝑄) 𝑎2 = 0 

(31) 

 

The solution of the eigenvalue problem is:  

 

𝜙2𝑛(𝑦) = 𝑠𝑖𝑛(√𝜆2𝑛𝑦) (32) 
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The eigenvalues are: 
 

𝜆2𝑛 = (𝑛𝜋)2 (33) 
 

where, n = 1, 2, 3, ..., ∞. 

Then, the solution of 𝐻2(𝑦, 𝑡) is coming as: 
 

𝐻2(𝑦, 𝑡) = ∑ 𝑎2𝑛(𝑡)

∞

𝑛=1

𝑠𝑖𝑛(√𝜆2𝑛𝑦) 

 

By replacing 𝐻2(𝑦, 𝑡) into the nonhomogeneous Eq. (29), 

then the time-dependent function 𝑎2𝑛(𝑡) solution is 
 

𝑎2𝑛(𝑡) = 𝑎2𝑛(0)𝑒
−(

(1+𝑅)
𝑃𝑟

𝜆2𝑛−𝑄)𝑡
 

−
2𝑄(−1)𝑛

𝑛𝜋 (
(1 + 𝑅)

𝑃𝑟
𝜆2𝑛 − 𝑄)

[1 − 𝑒
−(

(1+𝑅)
𝑃𝑟

𝜆2𝑛−𝑄)𝑡
] 

(34) 

 

By utilizing the condition: 
 

𝐻2(𝑦, 0) = −𝑦 
 

Then 𝑎2𝑛(0) =
2(−1)𝑛

𝑛𝜋
. 

Lastly, the following solution has been used for the 

dimensionless temperature. 
 

𝜃(𝑦, 𝑡) = 𝑦 + ∑ {
2(−1)𝑛

𝑛𝜋
𝑒

−(
(1+𝑅)

𝑃𝑟
𝜆2𝑛−𝑄)𝑡

−
2𝑄(−1)𝑛

𝑛𝜋(
(1+𝑅)

𝑃𝑟
𝜆2𝑛−𝑄)

[1 −∞
𝑛=1

𝑒
−(

(1+𝑅)

𝑃𝑟
𝜆2𝑛−𝑄)𝑡

]} 𝑠𝑖𝑛(𝑛𝜋𝑦)  

 

 

5. RESULTS AND DISCUSSION 

 

The impacts of injection, radiation, heat source, viscous 

dissipation, magnetic flux, Joule heating, oscillatory suction, 

and heat transfer over a horizontal channel are examined in 

this work. Graphic representations of the θ (temperature 

profile) and u (velocity profile) are provided for various M 

(magnetic parameter), R (radiation parameter), Ec (Eckert 

number), Q (heat-generating parameter), S (suction 

parameter), Pr (Prandtl number), and ωt (frequency 

parameter) values. 

 

 
 

Figure 2. Impact of M (magnetic parameter) on u 

 

 
 

Figure 3. Impact of M on θ 

 

 
 

Figure 4. Impact of Pr on θ 
 

 
 

Figure 5. Impact of S (suction parameter) on θ 

 

Figure 2 displays the impact of M on u. It is shown that the 

fluid flow slows down as the M rises. When the transverse MF 

is applied to the channel, the Lorentz force is created, which 

resists the flow and causes the flow to be retarded. The impacts 

of M on the θ, Figure 3. It is demonstrated that the temperature 

rises as the M increases. This is because energy is produced 

while the walls are maintained at a steady temperature and in 
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slow motion. 

The impact of the Pr on the θ is displayed in Figure 4. It is 

detected that when the Pr rises, the θ also increases. This 

results from heat building up due to viscous dissipation, 

raising temperature readings. 

 

 
 

Figure 6. Impact of S on u 
 

 
 

Figure 7. Impact of Ec (Eckert number) on θ 

 

 
 

Figure 8. Impact of R (radiation parameter) on θ 
 

 

Figures 5 and 6 depict the impact of S on temperature and 

velocity distributions. When S increases, u and θ values 

decrease. This is because the heated fluid particles move 

toward the surroundings and are replaced by cold fluid 

particles, causing the fluid to slow down and reduce 

temperature values.  

Figure 7 illustrates how the Ec affects temperature. When 

the viscous dissipation effect increases, so does the 

temperature. This occurs because the interactions between its 

particles raise the fluid's internal energy and temperature. 

Figure 8 illustrates how the R affects the temperature 

distribution. It demonstrates that as the radiation parameter 

values increase, the temperature drops.  

Figure 9 shows the θ for numerous values of the Q. As Q 

increases, θ values rise due to increased heat generation. This 

effect results from increased convection rates brought on by 

heat generation.  

Figures 10 and 11 display the u and θ at various values of 

the ωt, which spans from 0 to π. The u and θ values increase 

as the ωt value increases.  

Figure 12 shows the transient velocity at different locations. 

The transient velocity profile has a periodic pattern due to 

periodic suction or injection. 

 

 
 

Figure 9. Impact of heat generating parameter Q on θ 

 

 
 

Figure 10. Impact of frequency parameter ωt on u 
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Figure 11. Impact of ωt on θ 

 

 
 

Figure 12. Transient velocity at different locations 

 

 
 

Figure 13. Numerical and analytical results for velocity and 

temperature profiles 

 

The increase in fluid temperature with the Eckert number is 

due to enhanced viscous dissipation, where mechanical energy 

is irreversibly converted into internal energy (heat) within the 

fluid, leading to temperature rise. In contrast, a higher 

radiation parameter indicates stronger radiative heat transfer 

from the fluid to the surroundings, which acts as a thermal 

sink, thereby reducing the fluid temperature. Regarding 

suction/injection, the periodic mass exchange through the 

porous plates introduces oscillatory momentum and thermal 

disturbances. When combined with the magnetic field, the 

Lorentz force generated opposes fluid motion, modifying the 

phase and amplitude of velocity and temperature profiles. This 

interaction can dampen or amplify flow oscillations depending 

on the frequency and strength of the suction relative to 

magnetic resistance. Such coupling significantly influences 

transient thermal response and energy transport in the system. 

Excellent agreement is discovered when comparing the 

numerical results for particular circumstances with the results 

produced by the analytical approach, as shown in Figure 13 

and Table 1. 

 

Table 1. Comparison of numerical and analytical techniques  

 

Time 

Velocity Temperature 

Numerical 

Result 

Analytical 

Result 

Numerical 

Result 

Analytical 

Result 

0.1 0.5319 0.5386 0.4326 0.4372 

0.2 0.7938 0.7924 0.5127 0.5085 

0.3 0.8737 0.8700 0.5202 0.5152 

0.4 0.8981 0.8937 0.5209 0.5158 

0.5 0.9055 0.9009 0.5209 0.5159 

 

 

6. CONCLUSIONS 

 

This study presents a detailed analysis of unsteady radiative 

MHD flow between parallel porous plates under the combined 

effects of Joule heating, viscous dissipation, and oscillatory 

suction/injection. The velocity and temperature fields were 

obtained using both numerical (Crank-Nicolson method) and 

analytical (eigenfunction expansion) techniques, with 

excellent agreement observed for specific cases. Key findings 

include: 

(a) Fluid temperature increases with Joule heating, viscous 

dissipation, and the Eckert number, but decreases with 

stronger radiation and suction effects. 

(b) The magnetic field suppresses fluid motion while 

enhancing thermal energy due to Joule heating. 

(c) Periodic suction/injection introduces oscillations in 

both flow and temperature profiles, which are 

influenced by magnetic damping. 

(d) The relative contributions of Joule heating and viscous 

dissipation vary depending on magnetic field strength 

and velocity gradients, highlighting the importance of 

parameter interplay in heat generation mechanisms. 

These results are applicable to thermal control in MHD-

based engineering systems, such as heat exchangers with 

porous media, MHD pumps, filtration devices, and 

geophysical flows where thermal and electromagnetic 

interactions play a role. The model can be extended to three-

dimensional or axisymmetric flows. Further research may 

incorporate nonlinear radiation models, temperature-

dependent properties, or spatially varying magnetic fields to 

enhance realism and broaden applicability. 
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NOMENCLATURE 

 

a1,2 separation variables 

B0 magnetic flux density, T 

Cp specific heat, J·kg-1·K-1 

Ec Eckert number 

k thermal conductivity, W·m-1·K-1 

M magnetic parameter 

p* pressure, pa 

p nondimensional pressure 

Pr  Prandtl number 

qr radiative heat flux, W·m-2 

Q0 heat generation coefficient 

Q heat generating parameter 

R radiation parameter 
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S suction parameter 

T temperature, K 

Tw1,2 plates temperatures, K 

t* time, s 

t nondimensional time 

u* velocity, m·s-1 

u nondimensional velocity 

x*, y* Cartesian coordinates, m  

x, y nondimensional coordinates 

 

 

Greek symbols 

 

𝜙1,2  separation variables 

𝜽 nondimensional temperature 

λ1,2 separation constants 

υ kinematic viscosity, m2·s-1  

ρ density, kg·m-3 

σ electrical conductivity, siemens m-1 

𝜔∗
 frequency of suction velocity oscillation, rad·s-1 

𝜔 frequency parameter 
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