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Cellular Automata serve as powerful tools for modeling dynamic processes in real-
world systems. The geometric structure of a cellular automaton directly influences its
algebraic properties, which are governed by the underlying local transition rules. In this
work, we explore the algebraic structure of finite linear Triangular Lattice Moore
Cellular Automata under null boundary conditions. The Moore neighborhood of a
triangular lattice includes 13 neighbors at radius 1. We construct the rule matrices for
finite linear Triangular Lattice Moore Cellular Automata under null boundary
condition. We present an algorithm for the pattern evolution of such automata and
observe the emergence of intricate patterns such as hexagonal fractals and radially
symmetric structures. These patterns are characterized by recursive growth making
them suitable for applications in algorithmic art, digital textiles, and architectural tiling.
Reversibility in two-dimensional Cellular Automata is difficult to determine due to
complex neighborhood interactions. By constructing rule matrices, we provide an
algebraic framework that enables the decidability of the reversibility and retrieval of
previous configurations. This framework offers a systematic approach to study
reversibility in complex lattice structures, laying the foundation for further theoretical

and applied research in finite linear Triangular Lattice Moore Cellular Automata.

1. INTRODUCTION

The interrelationship between elements of a system greatly
influences its behavior. From the mid-20th century, various
scientists started proposing multiple models for this approach.
Cellular Automata (CA) is one of the magnificent models
scientists welcome in this direction of study. Cellular
Automata is a discrete model of computation that plays a
significant role in the simulation of real-world systems. In
1996, von Neumann and Burks [1] initiated the concept of CA
by modeling self-reproduction in biological systems. CA is
modeled with a grid of cells that evolve over discrete
generations depending upon the local transition rules. The
major factors influencing the evolution of two-dimensional
cellular automaton is the lattice shape, type of neighborhood,
the set of states and the nature of the local transition rule.
Cellular Automata rules can be categorized into two main
classifications: linear rules and non - linear rules. The majority
of research in Cellular Automata has focused on one-
dimensional models where the lattice shape is not a critical
factor. However, in two-dimensional Cellular Automata, the
geometry of the underlying lattice significantly influences the
system's dynamics and evolution. In this context, researchers
have extended traditional square lattice models to explore
more complex topologies such as hexagonal and triangular
lattices. These alternative lattice structures introduce different
neighborhood configurations, which directly affect rule
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formulation, propagation behavior, and pattern formation.
Notable studies have examined the impact of such lattice
variations on Cellular Automata behavior, particularly in
modeling natural systems, pattern generation, and
computational complexity.

The choice of lattice geometry such as square, triangular [2],
hexagonal [3, 4], or pentagonal [5] significantly influences
neighborhood configurations and consequently the system's
evolution. Triangular grids produce certain shapes and
patterns that are not possible to achieve with the typical square
grid CA. Zawidzki [6] introduced the concept of Cellular
Automata on a triangular tessellation. Saadat and Nagy [7, 8]
and Morita [9] examined the approach of Cellular Automata
on a triangular grid. One major factor of a Cellular Automata
is the type of neighborhood considered. John von Neumann
proposed a neighborhood model that depends on the current
cell and its adjacent cells. In 1962, Moore [10] proposed an
extended form of the neighborhood proposed by von Neumann.
In this case, the neighborhood depends upon the center cell, its
adjacent cells, and the cells connected with the nodes of the
center cell. The Moore neighborhood of the triangular lattice
consists 13 neighbors which is the highest of any other lattice
for neighborhood of radius 1.

The geometric structure of Cellular Automata promotes
curiosity about decoding the algebraic characterization behind
the automata. A finite Cellular Automata comprises of a finite
number of cells, each mapping to a state. A specific local
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transition rule computes each cell state at the next generation.
A concise and clear representation of the rules using
mathematical logic aids in understanding how the automata
compute the next generation. Das et al. [11, 12], Ganguly et al.
[13], and Pal Chaudhuri et al. [14] characterized the behavior
of CA’s state transition using matrix algebra. The work by
Kaspar et al. [15] on two-dimensional automata laid the
motivation to explore the properties of two-dimensional
Cellular Automata. Two-dimensional CAs, due to their variety
of purposes, are investigated by Packard and Wolfram [16],
Terrier [17], Durand [18], de Oliveira et al. [19], Kari [20], and
many others. References [21-26] investigated the algebraic
properties of two-dimensional CA using matrix algebra.

In infinite Cellular Automata, boundary conditions are
inherently absent, and thus have no influence on the system's
evolution. However, in finite Cellular Automata, boundary
conditions become integral to the dynamics, as they directly
affect the evolution of configurations over time. The
interaction between the finite grid and its boundaries can lead
to emergent behaviors that significantly impact the global
evolution of the system. The two most prevalent boundary
conditions are the null and periodic boundaries and their
effects can be explored from the study of LuValle [27]. The
work by Sahin et al. [28] explores the various boundary
conditions of two-dimensional Cellular Automata using von
Neumann neighborhood. In this work, we consider the finite
Cellular Automata in a two-dimensional grid on a triangular
lattice. In 2017, Uguz et al. [29] examined the reversibility and
structure of the linear, triangular, two-dimensional von
Neumann Cellular Automata with null boundary condition.
However, in their formulation, the current (center) cell was not
included as part of the neighborhood and was therefore
excluded from the rule matrix construction. This omission
deviates from the conventional CA framework, where the
current cell is typically considered an essential part of the
neighborhood. In the present work, we address this limitation
by explicitly incorporating the center cell into the
neighborhood definition and the corresponding rule matrix.

Triangular lattice Cellular Automata are known for their
ability to generate aesthetically pleasing and highly symmetric
patterns that are often difficult to replicate using square or
hexagonal lattices. The inherent angular structure and
rotational symmetry of the triangular grid allows for intricate
interlocking motifs, radial formations, and fractal-like growth
that are naturally aligned with equilateral geometry. These
properties make triangular lattices particularly well-suited for
visual complexity and symmetry, often resembling traditional
tessellations and decorative art. The triangular lattice has
gained significant attention in recent Cellular Automata
research due to its geometric versatility and ability to generate
complex, symmetric patterns which are not easily achievable
with traditional square grids. Saadat and Nagy [8] further
illustrated the expressive potential of triangular lattice Cellular
Automata by generating intricate patterns like mandalas and
trees through alternating rule applications. Ray et al. [30]
utilized probabilistic Cellular Automata on two-dimensional
structures to preserve quantum information, showing how
lattice geometry influences memory stability under noise.
Verhodubs [31] combined ontological frameworks with
Cellular Automata to simulate cognitive processes, leveraging
triangular lattices for spatial efficiency in representing thought
dynamics.

The Moore neighborhood on a triangular lattice is more
complicated than those on square and hexagonal lattices
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because it has more neighbors and different ways they interact.
Despite its rich dynamics, the algebraic characterization of
Triangular Lattice Moore Cellular Automata (TLMCA)
remains largely unexplored in the current literature. This
research aims to fill that gap by creating a way to represent the
rules of how these automata change both locally and globally
using a matrix. By using matrix algebra, we can break down
the complicated local connections, making it easier to analyze
the overall rule structure. This approach simplifies the
complexity and opens a path to examine the reversibility.

In this work, we study the algebraic structure of finite linear
TLMCA under null boundary condition. We consider the
Moore neighborhood under null boundary condition. The
structure of the paper is as follows: Section 2 provides some
basic definitions. The rule matrix for finite linear TLMCA
with null boundary condition is given in Section 3. In Section
4, we provided a method to find the s configuration from the
s + 1% configuration of the finite linear TLMCA with null
boundary condition. Also presented an algorithm to generate
patterns with finite linear TLMCA and the patterns generated
using finite linear TLMCA in Section 4. The illustration of the
pattern evolution and rule matrix evolution is presented in
Section 5.

2. PRELIMINARY DEFINITIONS

The basic definitions of CA are recalled in this section. To
explore more about the fundamentals of CA, refer to the
lecture notes by Kari [32].

Definition 1. A Cellular Automata is stated as a quadruple
(L,Q,N ,F), where, L © Z™ is the m-dimensional lattice, Q
is the finite set of states, N = (vq,V,,..., V) is the set of
neighborhood vectors of distinct states of L, f: QP — Qis
the local transition rule [33].

This work deals with two-dimensional triangular lattice
with Moore neighborhood. The value p denotes the number of
neighbors. In triangular lattice Cellular Automata with Moore
neighborhood, we have n=13.

Definition 2. 4 configuration of the m-dimensional Cellular
Automata with state set Q is defined by the mapping C :
Z™ - Q where Z™ is a m-dimensional lattice and Q is the
finite set of states [23].

Each (i,j)™ element in Z™ is labelled as x;;. The
configuration of the two-dimensional Cellular Automata is
represented by a matrix of order m X n. The configuration at
time 's’ is

(s) (s)
V11 Vin
&= : :
(s) (s)
Um,l vm,n
where, vi(j-) represents the state of each cell x; ; at time 's’.

The m X n (m rows and n columns) arrangement of
lattice points for a two-dimensional finite triangular lattice is
explained in Figure 1.

Definition 3. von Neumann Neighborhood put forth by von
Neumann is two-dimensional and relies on 4 neighborhood
dependency, including the center cell and its adjacent ones [1].



1,2 P 1,n-1
1,1 1.3 R 1,n
2,1 2,3 “ e 2.n

2.2 e oo 2.n-1

m-1,1 m-1,3 vew m-1,n

m-1,2 e m-1,n-1
m,2 e m,n-1
m,1 m,3 oo m,n

Figure 1. m X n triangular lattice

Figure 2. von Neumann neighborhood configuration of the
cell x; ; to be inside upright triangle

Figure 3. von Neumann neighborhood configuration of the
cell x; ; to be inside inverted triangle

For the triangular lattice Cellular Automata there are two
types of von Neumann neighborhood dependencies.

If the cell x; ; lies inside the upward triangle (Figure 2), the
neighborhood vector is given by

(xi,j' Xij+10 Xi+1,js xi,j—l)

If the cell x; ; lies inside the inverted triangle (Figure 3), the
neighborhood vector is given by

(Xi,js Xim1,j Xi j1s Xij—1)

Definition 4. Moore Neighborhood is the extended
neighborhood dependency of von Neumann neighborhood, in
which neighborhood depends on adjacent cells and the cells

connected to the nodes of the center cell (Figure 4 and Figure
5)[10].

Definition 5. The case where the cells on the boundary are
connected to 0 logic state is known as null boundary Cellular
Automata [27].

Table 1 represents the 3 x 3 null boundary CA where each
v; ; represents the state of the corresponding cell x; ;. Table 2
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represents the 3 x 3 periodic boundary cellular automaton.

Figure 4. Moore neighborhood configuration of the cell
X;,j to be inside upright triangle

Figure 5. Moore neighborhood configuration of the cell x; ;
to be inside inverted triangle

Table 1. A 3 x 3 null boundary CA

0 0 0 0 0
0 Vi-1,j-1 Vi-1j Vi-1,j+1 0
0 Vij-1 Vij Vij+l 0
0 Vitlj-1 Vitlj Vitlj+1 0
0 0 0 0 0

Table 2. A 3 x 3 periodic boundary CA

Vi-1,j-1 Vi-1, Vi+lj Vitl,j+1 Vitl,j—-1
Vielj+1 Vi-1j-1 Vi-l, Vielj+1 Vi-l1,j-1
Vij+l Vij-1 Vij Vij+l Vij-1
Vit jt+l Vit j-1 Vitlj Vit j+1 Vitlj-1
Viclj+1 Vi-lj-1 Vi-l,j Viclj+1 Vi-lj-1
X31 X33
0 0 0 0 0 Xazn 7/ Xaan U X
X2 Xi3 X12 X1,
0 XL1 X3 0 X1,1 X13
Xa1 X123 X21 X23
0 X322 0 X3 X22 Xa,1
X32 X33 X32 X31
0 X3 X33 0 X1 X33
X1 X3
00 700 70 Xz X Xy
(@) (b)

Figure 6. (a) Null boundary; (b) Periodic boundary

Definition 6. The case where the extreme cells are next to
one another is known as periodic boundary Cellular Automata.



Figure 6(a) and Figure 6(b) depict the mapping of cells
based on boundary conditions for a finite 3x3 CA [27].

3. FINITE LINEAR TLMCA WITH NULL BOUNDARY

This section defines the Moore neighborhood and
associated linear transition rule for a cell in a triangular lattice.
Let r(v; ;) be the transition rule for each cell in the triangular
lattice. The transition rule is defined in two distinct ways due
to the presence of two categories of neighborhood states,
which are determined by the position of the triangle (upward
and downward). This finite linear TLMCA deals with finite
number of states. We consider ternary state set throughout this
work.

Definition 7. Moore neighborhood of a triangular lattice
Cellular Automata is defined as a 13 — tuple.

If the cell x;; lies inside the inverted triangle, then the
neighborhood vector is defined as

Vi Vier,jp Vij+1 Vij—1 Vier,j+ 1 Vie1,j+20 Vi j+20
Virrj+v Vierj Vier,j-1 Vij-20 Vi-1,j-2) Vi-1,j-1)

If the cell x;; lies inside the upright triangle, then the
neighborhood vector is defined as

(Vi,j' Vij+1 Vit1,jr Vij-1 Vij+2o Vit1,j+20 Vit1,j+1r
Vig1,j-1Visrj-2 Vij-20 Vi-1,j-1 Vi-1,j» Vi-1,j+1)

where, each v; ; represents the state of the cell x; ;.

Definition 8. Local transition rule of the finite linear
TLMCA is defined as R : C* — C**' where R = {r(v;;)}.
V; j represents the state of the cell x; ;.

If v; ; lies inside the inverted triangle

T(Vi,j) = (aovi’]‘ + avi_]_’]' + bvi,j+1 + Cvi,j—l
+ AQVicqji1 T AVio1 e
+ azVijz + b1Vigr i

(1)
+ byVigqj + b3Vigqj
+ CVyj—2 t CViqj—
+ c3v;_q1,j-1) mod 3
If v; ; lies inside the upright triangle
T(vi,j) = (dovi_]- + dvi,j+1 + eVH_Lj +fvi,j—1 +
d1Vi,j+2 + dzvi+1,j+2 + d3Vi+1,j+1 te1Viyrj-1 t+ Q)

€2Vit1,j-2 te3Vyjo+ f1Vi—1,j—1 + szi—1,j +
f3Vi—1,j+1) mod 3

where,

aOI bl Cl all aZ’ a3l bll b2’ b3’ Cll CZ’ C3’ dO’ el f’
dy,dy, ds,er,ez,63,f1, 2, f3 € Zy

Definition 9. A4 finite linear TLMCA is defined as a
quadruple Ty, = (L,Q, N, R) where, L is a two-dimensional
triangular lattice L € Z2, Q is the finite set of states denoted
by vij, Nis the set of all 13-tuple neighborhood vectors
(nq,ny,...,nq3) for all m - n cells of the triangular lattice

Cellular Automata and R is the local transition rule R :
€Y - ¢ andR = {r(v;))}.

The rule matrices for obtaining the next step configurations
of finite linear TLMCA are derived in the following theorems.

Theorem 1. Let Ty, be a finite linear TLMCA under null
boundary condition over the field Z5. Then the rule matrix of
order m X m which updates the st" finite linear TLMCA
configuration C® to (s + 1)t" configuration C*V is given
by

a B O 0O 0 0
i az B -+ 0 0 0
0 v, o 0O 0 0
790 = : :
0o 0 O a B O
\ 0o 0 o 1 ﬁz/
0o 0 0 0O vy, o

where, aq, @y, B1, 82,71, V2 are n X n submatrices and O is
ann X n null matrix. Here m and n are odd positive integers.

Proof. Let Ty, = (L,Q, N, R) be the finite linear TLMCA.
L is an m X n two-dimensional triangular lattice where m and
n are odd positive integers. Q is the finite set of states. Let us
consider the cellular automaton has 3 states {0,1,2}. N is the
set neighborhood vectors. R is the set of local transition rules.
RisdefinedasR: C© — C6*Dwhere R = {r(v;;)}.

If v; ; lies inside the inverted triangle, from Eq. (1)

T'(Vi,j) = (aovi,j +avi_1‘]’ +bvi‘]’+1 +Cvi,j—1 +

WVi_gj1 T Vi ji2 T A3Vijin T D1Viggji +

bzvi+1,j +b3Vi+1,j—1 + C1Vyj2 + CViq - T+
C3Vi_1,j—1) mod 3

If v; ; lies inside the upright triangle, from Eq. (2)

T'(Vi'j) = (dovl“j + dvi,j+1 + eVH_Lj +fvi,j—1 +

d1Vijiz T daVierjia T d3Vigrje1 T €1V o1 +

exViy1,j-2 t€3Vij_a t fivicyjo1 + favieyj t
f3Vi—1,j+1) mod 3

where,

aOI bl c, a]_) a2) a3l bll b2!b3! Cl' CZ’ C3’ dO’ e'f’
dy,dy, ds,eq,ez,63,f1,f2.f3 € Zy

Let v;; =0 when i & {1,2,---m} or j €{1,2,--- n}
because of employing null boundary conditions. By applying
the local transition rule from Egs. (1) and (2) to each cell in
the automata, m - n linear equations are obtained.

T(V1,1) = (dovi1 +dvip +evy s + fv g +divis
+dyvy3 +d3vy; +egvyy

3)
+ e;Vp,_1t e3vy, 1+ fivep
+ f2Vo + f3Vo,2) mod 3
T(Vl,z) = (aovl'z + aVO,Z + bV1,3 + CV1,1 + a1V0_3
+avo4 + azvia + byvys )

+ by + b3vy g + V0 + CoVop
+ c3vp,1) mod 3



T(Vig) = (dgVig + dVipeg + eV, + fvi, /ao b a3 0 0 0 0 0 \
+ d1Vips2 + daVoner + d3Vong f d d dg 0 0 0 O
, , , [c; ¢ a b a3 0 0 0 |
te1Von-1 T €Von 2 +e3vi, (5) |0 e f q, d 0 0 0 |
+ flvo,n—l + fZVO,n a, = 0 0 C1 c N 0 0 0
+ f3Vont+1) mod 3 : :
00 0 0 0 apg b as
T(V21) = (agVz1 +avys + bvy, +cvy + agvy, 0 0 0 0 0 fdo d
’ ’ ’ ’ ’ ’ 0 0 0o 0 O g € Qg
+ayvi3 t+azvys + bivs, ©)
+ byv3y + b3vso + 1V e d3 d; 0 O 0 0 0
+ cvy -1 + C3vy ) mod 3 /b3 b, b; 0 0O 0 0 0 \
ez e e d3 d, 0 0 0|
r(Vz’z) = (dsz’z + dV2’3 + €V3‘2 + szyl + d1V2‘4 | 0 0 b3 b2 b1 0 0 0 |
+ d2V3'4 + d3V3'3 + 61V3‘1 (7) Bl = 0 0 €7 €1 e 0 0 0
+ eyVz0 + e3Vy o+ fivig + fov ; R :
+fzv3,o) m03d23,0 fivii + favae 00 0 0 0 e dy d,
3V1,3 0O 0 0 0 O b; b, by
00 0 0 0 e, e e
r(Vz,n) = (AgVan + aVyp + bVypyq + €V 5 g
t a1Vine1 t QeVingz T A3Va 042 b, by 0 0 0 0 0 0
+ b1V3n41 + byVapn + b3vs g ) (6‘1 e d3 d; 0 0 0 0 w
+ C1Von—2 + CVin_2 0 by b, by (;) 8 g 8
+ C3Vy p—1) Mod 3 0 e e e G
in-1) B2=|0 0 0 by b 00 0
r(v = (dyVy 1 +dv,,, +ev + fv :
( m,1) ( 0 m,-ll_ d y m,2+ d vm+1,1 +]; m,0 0 0 0 0 0 b2 b1 0
1Ym,3 2Vm+1,3 3Vm+1,2 0 0 0 0 O e; e dj
+ e1Vimt10 T €2Vmi1,-1 + €3Vm-1  (9) 00 0 0 0 0 by b,
+ fiVm—10 + foVm-11
+ f3Vm-1,2) mod 3 a a 2 00 0 0 0
£, £, f5 0 0 0 0 0
T(Vmz2) = (AQgVimz + QVim—12 + bV + Vg C; €3 a a1 a 0 0 0
tT A Vp-13 T V14 T Q3Vina V.= 8 8 21 zz fs g 8 g
1= a
+ byVins1s + baVims (10) | P ; |
+ b3Vimy11 + C1Vimo + C2Vim_10 0 0 0 0 O a a; az
+ C3Vm_11) mod 3 0 0 0 0O fi f, f3
0 0 0 0 O €2 C3 a
r(Vm,n) = (dovm,n + dvm,n+1 + €Vm+1n + fvm,n—l
d d f, f3 0 0 0 0O 0 O
+ 1Vm,n+2 + 2Vm+1,n+2 Cs a a; a, 0 0 0 0
+ d3Vimsin+1 T €1Vims1n-1 (11 0 f f, f; 0 0 0 0
+ eVim+in-2 T €3Vmn—2 0 ¢, c3 a a 0 0 0
+ flvm—l,n—l + fzvm—l,n y2=10 0 o0 f; f, 0 0 0
+ f3vm—1,n+1) mOd 3
0 0 0 0 O f, f3 0
These equations can be represented in matrix form as: 0 00 00 - C a
0 0 0 0 O 0 f; f,
a By O 0o 0 0
yi a P, - 0 0O O Example 1. Consider a 3 x 3 finite linear TLMCA under
00 0 v2 @ 0 0 0 null boundary with 3 states {0,1,2}. Find the next
™= : : configuration of
0 0 0 a; B O
0O 0 0 - v a P 1 1
0O 0 0O 0 vy, o ce = [1 1 2]
2 1 2
where, where,
d d d; 0 0
0 1 0 0 0 4 =dy = 0,
b a; 0 0 0
C Qo 3 0 0 O —p = —d = _ _
e3 f dp d dy 0 0 0 a=b=c=d=e=f=a=aq
|0 c; ¢ 0 b 000| =a3 =b =b,=by =c¢c;=¢ =¢ =d;
a=[0 0 e f dy 0 0 O =d,=ds=e,=e =¢e=f=f=f=1
0 0 0 0 O do d d; Solution 1. Given m and n are odd. Therefore, the rule
0 0 0 0 O c a b matrix for the CA is
00 0 0 0 es f dy
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© 11111000 T(Vl n) = (agVin + aVon + bVy g + V15
1 01 111000 ’ ’ ' ' '
110111000 t Q1Von+1 T AgVin T AVop
111011110 + bV + CVip + QVo i (15)
79%=11 11101 1 1 1 4+ b3Vyn_1 + CVig—2 + CVon—z
000110011 ¥ Esvon-1) mod 3
0 0 01 1 110 1
0 00011110 r(v21) = (@oVz1 + avig +bvap + vy + agvey
+ ayvi3 +asvys + bivs, (16)
We have + byvs 1+ b3vsg + vy g
+ ¢vy 1 + c3v40) mod 3
Cr(s+1) — TRmn . C/(s) (12)
T(V22) = (dova +dvys +evsy + vy +divy,
E(S) — [1 2 1 1 1 2 2 1 2]T + d2V3’4 + d3V3’3 + 811/3'1 (17)
+ V30 + e3vyo + fives + fovi
The superscript T denotes the transpose of the matrix. + f3v1,3) mod 3
799 x C®=[1 0112 2 11 0]" (Vo) = (doVan + dVania +€Van + fvan
+ d1Vonsz T daVangz + d3Vzng
The configuration at the next time step is te Vs t eV tesvy, s (18)
10 1 + fivin-1 T f2Vin
C+D = [1 2 2] + f3V1n+1) mod 3
1o T(m1) = (doVma + AVinz + €Vimy11 + fVmpo
Theorem 2. Let Ty, be a finite linear TLMCA under null +diVns + doVinirz + dsVimsa 2
boundary condition over the field Z5. Then the rule matrix of teVmiro t €Vims—1 + €3Vm—1 (19
order m X m which updates the s" finite linear TLMCA * fivm-10 + f2Vm-11
configuration C® 1o (s + 1)** configuration C©*V is given + f3Vm-12) mod 3
by
T(Vinz) = (@QoVimz + QVm_12 + bz + Vi y
Aow O 0O 0 0 t Q1 V13 T A2Vip-14 + A3V 4
wy A My - O O O + b1Vint1,3 + baVims12 (20)
0 w; 4 0o 0 0 + b3Vmi1,1 + C1Vimo + C2Vim-1,0
T(?g — : ., :
R : : + ¢3Vp-11) mod 3
0o 0 0 AAow O
0 0 0 B! AZ Ha T(Vm,n) = (aon,n + AVm-1n + bvm,n+1 + CVinn-1
0o 0 0 0 w, A

+ A1 Vm-1,n+1 + A2Vm-1,n+2

+ a3Vmn+2 + b1Vm+1,n+1 (21)
+ bZVm+1,n + b3vm+1,n—1

+ C1Vmn-2 + C2Vm—-1,n-2

where, A4, 45, 44, Ky, w1, W, are n X n submatrices and O is
ann X nnull matrix. Here m is an odd positive integer and
is an even positive integer.

Proof. Let Tyy = (L,Q, N, R) be the finite linear TLMCA. + C3Vim-1-1) mod 3
L is an m X n two-dimensional triangular lattice where m and
n are odd and even positive integers. @Q is the finite set of states.
Let us consider the cellular automaton has £ states. N is the set

These equations can be represented in matrix form as:

neighborhood vectors. R is the set of local transition rules. R 2)1 Zl ;f g 8 g
is defined as R: € — CG*D where R = {r(v;;)}. Let 01 wzz Aj 0O 0 0
v;j=0wheni ¢ {1,2,---m}orj €{1,2,- n} because of T9¢ = | : : |
employing null boundary conditions. By applying the local 0o 0 0 Y
transition rule from Eqs. (1) and (2) to each cell in the 0 0 0 @1 Ay
automata, m - n linear equations are obtained. 000 0 @ A
where,
T(Vl,l) = (d0V1_1 + dv1_2 + €V2‘1
+ friotdiviztdyvyztdsvy (13) dy d d; 0 O 0 0 0
+ 611/2_0 + €2V2'_1 + 631/1'_1 c aO b ag O 0 0 0
+ fivoo + f2Vo1 + f3Vo2)mod 3 e f dyo d d; 0 0 O
0 ¢ ¢ a, b 0O 0 O
r(v12) = (AgV12 + avoy + bvyz + cvyy + agvp s AMA=[0 0 e f d 0 0 O
+ a2V0'4 + a3V1‘4 + b1V2‘3 (14) 2 -, 2
+ byVa + b3V + CiVi0 F C2Vop 0 0 0 0 O a9 b as
+ c3vp,1) mod 3 0 0 0 0 O f d, d
0 0 0 0 O c, € 3
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ab, b a3 0 0 0 0 0

f do d d; O 0 0 O

cC € 3 b ag 0 0 O

0 e f 4d, d 0 0 O
AL=|10 0 ¢ ¢ a 0 0 O
0 0 0 0 O do d d;

0 0 o 0 O c a b

0 0 o 0 O e; f dg

e d;y d, 0 O 0 0 0

b; b, by 0 0 0 0 0

es f 0 d d; 0 0 O

0 ¢, ¢ 0 d 0 0 O
m=[0 0 e f 0 0 0 0
0 0 0 0 O b, b, 0

0 0 0o 0 O e, e d;

0 0 0o 0 O 0 by b,

b, by 0 0 0 0 0 0

e, e d3 d; 0 0 0 0

0 b; b, by 0 0 0 O

0 e e e d3 0 0 O
b2=10 0 0 by by, 0 0 0
0 0 0 0 O e d;3 d,

0 0 0 0 O b; b, by

0 0 0 0 O € € €

a a, a 0 O 0O 0 0

f, f, f; 0 0 0 0 0

C; C3 a a1 a, 0 0 O

0 o fi f, f; 0 0 O
wy=|10 0 ¢ ¢c3 a 0 0 O
0 0 0 0 0 f, f3 0

0 0 0o 0 O C; a a

0 0 o 0 O 0o f f

£, f3 0 0 0 0 0 0

c3 a a; a, 0 0 0 O

0o f, f, f; 0 0 0 O

0 ¢c; 3 a 0 0 O
w2=10 0 0 f £ 0 0 O
0O 0 o 0 O a a; a

0 0 0 0 0 fi £, f

0 0 0o 0 O C; C3 a

Example 2. Consider a 3 x 4 finite linear TLMCA under
null boundary with 3 states {0,1,2}. Find the next
configuration of

where,
ap=dy, =10
a=b=c=d=e=f=10aq = qa,
=a3 =b =by=by =c;=¢ =c¢ =d;
=dy=dz=e=¢e =6 =f=f=Ff=2
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Solution. Here m is an odd positive integer and n is an even
positive integer.

TR =

RNNOORNOOR OO
ONR OO ONNOO OO
NRORNNRNOO OO
RFOR NNNNOOO OO
OCRNORNNOOO OO

COOCOCONNRONRO
COOCOCONNNNRE O R
COOCONRNNRO RN
cCocoooNNOOORNO
CONNONR OONN R
NNR NN RO R NR NN
NNNORORNRONN

—(s)
c”’=1 20111212110

The superscript T denotes the transpose of the matrix.

TR"EXE(S)
=[9 11 9 8 16 18 16 10 7 12 13 10]"

—(s+1)

C =0 20 2101110 1 1]

The configuration at next time step is

020 2
ce*W=11 0 1 1
1011

Theorem 3. Let Ty, be a finite linear TLMCA under null
boundary condition over the field Z5. Then the rule matrix of
order m X m which updates the s™" finite linear TLMCA
configuration C® to (s + 1)t" configuration C*V is given

a By O 0o 0 0

1 oaz B 0o 0 0

0O v, o 0o 0 0
750 = : :

0 0 0 az Bz O

0o 0 0 Y2 @& Py

o 0 0 0 7 a

where, aq, @y, B1, 82,1, V2 are n X n submatrices and O is
ann X n null matrix. Here m is an even positive integer and
n is an odd positive integer.

Proof. Let Tyy = (L, Q, N, R) be the finite linear TLMCA.
L is an m X n two-dimensional triangular lattice where m and
n are even and odd positive integers. Q is the finite set of states.
Let us consider the cellular automaton has 3 states {0,1,2}.
N is the set neighborhood vectors. R is the set of local
transition rules. R is defined as R : C® — CG*D where
R ={r(v;)}. Let v;; =0 when i € {1,2,--m} or j &
{1,2,--- n} because of employing null boundary conditions.
By applying the local transition rule from Egs. (1) and (2) to
each cell in the automata, m - n linear equations are obtained.

r(vl‘l) = (dovL1 +dvi, +evy; + friotdivys
+dyvy3 + d3vy, +eV;0
+evy 1+ esv; g
+ f1vo,o+f2170,1 + f3vo,2)m0d3

(22)



r(vlyz) = (agV1 t avgp + bviz +cvy 1 +a1vp3
+ ayvp4 + a3y + bivys

(23)
+ byva + b3y + €1V + Vo
+ c3vp,1) mod 3
T(Vin) = (doVin + AVipgr H€Von + fVing
+ diVinsz + daVonsz T d3Vo g
teVon1teVon o tevin ., (24)
+ fivon-1t+ f2Von
+ f3Von+1) mod 3
r(V2,1) = (AgVa1 +avyy +bvyp + vy +aivy,
+ayvi3 t+azvys + bivs, (25)
+ byv3y + b3vyg + vy
+ cvy 1 + C3vy ) mod 3
r(Vz,z) = (d0V2,2 +dv,s+evs, + fV2,1 +divo,
+dyv3 4 +d3vss +evsy (26)
te,vs0 +esvyot+ fivia
+fovi2 + f3v1,3) mod 3
T(Vz,n) = (agVon + aVyp + bVy g + CVop g
ta1Vin41 + Q2Vini2 T A3Van42 27)
+b1V3ns1 + bavsn + b3va g
tc1Vo -2 + GV p_p + €3V 1) Mmod 3
T(Vim,1) = (@QVm1 + QVin_11 + bV p + CVipg
t AQ1Vm-12 T Q2Vm—13 + A3V 3
+ b1Viny12 + baVimy1n (28)
+ D3Vimy10t C1Vin—1 + CVimog 1
+ c3Vp_10) mod 3
T(Vimz2) = (doVimz + AVins + €Vii1a + [Vma
+d1Vma + daVims14 + d3Vimg13 + €1Vima1 (29)
+e2Vms1,0 * €3Vmo + fiVim-11 + foVm-1.
+f3Vim-13) mod 3
r(vm,n) = (aov‘m,n +avy_in t bvm,n+1 + Vi1
ta1Vimn—1n+1 T Q2Vim—1n42 T A3V n12
+b1Vims1n+1 T D2Vinsin + D3Vingin-1 (30)

+Clvm,n—z + szm—l,n—z
+¢3Vm_1n-1) mod 3

These equations can be represented in matrix form as:

a; By O 0o 0 0

i az P 0o 0 0

0 Y2 aq 0o 0 0
780 = : :

0 0 o0 az Bz O

0o 0 0 Y2 a1 By

0o 0 0 0O y;1 ay

where, a4, @y, B1, 52, V1, V2 are n X n submatrices which can
be referred from Theorem I and O is ann X n null matrix.

Example 3. Consider a 4 x 3 finite linear TLMCA under null
boundary with 4 states {0,1,2,3}. Find the next configuration
of

c®) =

= NW O
N WO =
WOoORrRN
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with
a0=d0=0,
a=b=c=d=e=f=2,a4 = q,
=a3 =by =by=b; =c¢c;=1¢ =c¢ =d;
=d, =ds=e, =€ =e=f=f=fR=1

Solution. Here m is an even positive integer and n is an
even positive integer.

70 =

NFRPRPRONRRRPROOOO
P NORRLPRNOODODO OO

SCocococooRRNRNO
CoococoOoORRRENON
CoOoCCoOONRRONR
COOCORRRNOR LN
O OO RNRFEPFNONR R RE
COORROONRN = 1
P RNRNOOR RO OO
R RRNONRNRO OO
NONRRROOOO OO
ONRNRROOOO OO

)
c”=0 1230123012 3

TRS"XE(S)
=11 8 7 9 19 11 16 14 18 14 13 10]”
—(s+1) T
C =2 21012120 21 1]

The configuration at next time step is

cl+D =

N RO N
_ NN
R OoON

Theorem 4. Let Ty, be a finite linear TLMCA under null
boundary condition over the field Z5. Then the rule matrix of
order m X m which updates the s™" finite linear TLMCA
configuration C® to (s + 1)t" configuration C*V is given
by

Ao O 0o 0 0

w; A 0O 0 0

0 w, A 0O 0 0
758 = : :

0O 0 0 Ay o, O

0O 0 0 w, Ay

0O 0 0 0 w, A

where, 14, 15, 14, Uy, W1, W, are n X n submatrices and O is an
n % n null matrix. Here m and n are even positive integers.

Proof. Let Ty = (L,Q, N, R) be the finite linear TLMCA.
L is an m X n two-dimensional triangular lattice where m and
n are even positive integers. Q is the finite set of states. Let us
consider the cellular automaton has k states. N is the set
neighborhood vectors. R is the set of local transition rules. R
is defined as R: C® - C*D where R = {r(v;;)}. Let
vij =0wheni ¢ {1,2,---m}orj &{1,2,-- n} because of
employing null boundary conditions. By applying the local
transition rule from Egs. (1) and (2) to each cell in the
automata, m - n linear equations are obtained.



r(V1,1) = (d0V1,1 + dVl,z +evy st fV1,0 + d1V1,3
+dyvy3 +d3vy; Hevy
+ €e3Vz,-1 +e3vy, 1t f1V0,0
+ fo2Vo1 + f3Vo, mod 3

r(vl,z) = (agviy + vy, +bviz +cviq +agvos
+ ayvp4 + A3V 4 + b1Vys
+ byvy 2 + b3Vy g + 1V + G2V
+ c3vq,) mod 3

T(Vin) = (@Vin + aVon + bVipyr +CViny
t a1 Von+1A0Vin T @Vop
+bVingr + Vi1 + AV
+ b3Von_1 + CVin2 + CVon—2
+ c3Vppn-1) mod 3

T(V5,1) = (agVa1 +avyy + bvy, +cvyp + agvy,
+ ayvi3 +asvyz + bivs,
+ byv3q + b3vsg + vy
+ vy 1 + C3V1 ) mod 3

T(Va) = (dovop +dvys+evs, + vy +diva,
+dyv3 4 +d3vss +e1v3,
+ eyv30 +e3vy + fivin + fovip
+ f3v13) mod 3

r(Von) = (doVon +dvoner +€Vsn + fron g
+ d1Voni2 + daVapgo + d3Vang
teVzn_1 T €eV3p2te3Vyn s
+ fivin-1 + favin
+ f3V1n41) mod 3

(V1) = (V1 + QVi_1,1 + bVia + Vg
t Q1Vm-12 T A2Vip-13 + Q3Vim3
+ b1Vins1,2 + baVing1a
+ b3Vii10 + C1Vim—1 + C2Vimo1,-1
+ C3Vp_10) mod 3

T(Vm2) = (doVmz + dVinz + €Viy12 + fVm1
+ dyVma + daVing1a + d3Vingas
te1Vm+1,1 T €2Vm+1,0 T €3Vmpo
+ fivm-11 * f2Vm-12
+ f3Vm-13) mod 3

T(Vm,n) = (dovm,n + dvm,n+1 + €Vm+1in + fVm,n—l
+ diVmnsz + 2Vint1ns2
+ d3Vimsine1 T €1Vme1n-1
+ e2Vm+1n-—2 T €3Vmn—2
+ fivm-1n-1 + f2Vm-1n
+ f3Vin—1n+1) mod 3

These equations can be represented in matrix form as:

Aoy O 0 0 0
w; Ay up 0o 0 0
0 w, A 0O 0 0
756 = : :
0O 0 0 Ay upy O
\0 0 0 w, A
0O 0 0 0 w, A

€2))

(32)

(33)

(34

(35)

(36)

(37

(3%)

39)
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where, 14, 1,, Wy, Uz, wq, W, are n X n submatrices which can
be referred from Theorem 2 and O is an n X n null matrix.

Example 4. Consider a 4 x 4 finite linear TLMCA under null
boundary with 5 states {0,1,2,3,4}. Find the next configuration
of

01 2 3
Cce = 4 0 1 2
3 4 0 1
2 3 4 0
where,
a0=d0=0,
a=b=c=d=e=f=0,
a =a, = a3 =d;=d,=d;=1,
b1=b2=b3231262233—2,
a=c=cg=fi=f=f=3

Solution. Given m and n are even. Therefore, the rule
matrix for the cellular automaton is

0s _
IR° =

O OO OO WR OO OR OO OO O
O WW OO NODODOONNOD OO O
O WWRWOOONNONODOO O
WOWROOORNNRPL,R OOOO O
WrRO OO OR OO NPRPR OO OO O
O WO OO NNOOD OO OO OO O
NOODOQWONROOOD OO OO O
O OO ROONRODOOD OO OO O
OO OO0 0O 00000000 O

C OO0 OO 0COOCOWWOO NS O
OO0 0O 0O COWWRWOD O
C 00O 0O OWOWRD OO H
cCooCcoOCoOOWRO OO OR O
COCOCOOWWO WO OO NN O
COCOWWO WN OO OW ON H
COCOWWR OO OO RO ON -

C9=[0 12 3 40123401234 0

The superscript T denotes the transpose of the matrix.

—(s)
TEX C =
[3 11 8 3 18 18 28 23 19 34 19 24 8 21 28 9"

E(S+1) _

[0o 22000121110 201 0]

The configuration at next time step is

C(S+1) —

N RO O
oORON
=N
ocooNn o

4. REVERSIBILITY OF FINITE
WITH NULL BOUNDARY

LINEAR TLMCA

In general, a cellular automaton is not memory conserving.
Current investigations suggest that the reversibility of two-
dimensional Cellular Automata is generally undecidable [25].
With the help of rule matrices we can trace back previous
configurations of the cellular automaton using the concept of
invertible matrices. The rule matrices are employed in
obtaining the next state configurations. In turn the previous
configurations of the cellular automaton can be obtained using
the inverse of the rule matrices. In accordance to the concept



used here, a cellular automaton is reversible if the rule matrix
associated with it is invertible. If there exists inverse for the
rule matrices then the following theorem presents the steps
involved in tracing back previous configurations of the cellular
automaton using the information matrix of the current cellular
automaton configuration and inverse of the rule matrix. The
reversibility of the system depends on the reversibility of the
rule matrix. The rule matrix depends on the co-efficient
considered.

4.1 Finding the previous configuration of finite linear
TLMCA

Let T), be a finite linear TLMCA with null boundary and 'k’
possible states per cell. The evolution of this cellular
automaton is governed by the rule matrix 73"". Suppose we
are given the information matrix associated with a
configuration at time step s + 1’, denoted by €'V, and to
determine the configuration at the previous time step s,
denoted C®. The following steps outline how this can be done,
provided the rule matrix is invertible.

Step 1: Convert the information matrix C'¢*V of order
mn X mn into a column vector of order mn X 1 using row-
major ordering.

Step 2: The rule matrix is invertible and hence (77"
exists. Compute

n)—l

C’“) — (7%nn)—1, Cl@+1) (40)
Step 3: By converting the resulting one-dimensional vector
C'® of order mn x 1 into a two-dimensional matrix of order
m X n, we get the configuration at previous time step C ().
The computation of a cellular automaton’s configuration at
previous time step is provided in Example 5.
Example 5. Consider a 3 x 4 finite linear TLMCA under null

boundary with 3 states {0,1,2}. Find the previous
configuration of

0 2 0 2

cltD) = [1 01 1]

1 0 1 1

where,
ao = do = 0,
a=b=c=d=e=f=1a = a,
=a3=b1=b2=b3=C1=C2=C3=d1
=d,=ds=e =€ =€ =f=f=f=2

The information matrix associated with C©* is given by

C'6tY=[9 11 9 8 16 18 16 10 7 12 13 10]”

Solution. Here m is an odd positive integer and n is an even
positive integer.

0 1 2 01 2 2 0 0 0 0 07
101222 200000
210121010000
021002100000
122001202200

T = 222010122122
221221010222
002202100221
000022000120
0000212212012
00 0O0O022 22101

0 0 00 02210 2 1 o
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-1
(7¢°)
115
-0.85
045
-122
-0.10
_| o072
-0.20
-0.74
—0.55
021
-0.73
[ 133

1.69
—0.72
—0.32

—116
—0.40

0.88

0.01
-1.56
—0.41

0.16
—0.55

2.00

175
—0.68
—0.58
—0.70
—0.60

0.72

0.50
—1.64
—0.02
—0.45

0.11

133

—2.49
111
0.65
1.67
0.90

-1.21

—0.44
2.59
0.25
0.27
0.16

—2.66

—1.47
0.74
0.18
0.90
0.58

—0.82

—0.02
0.94
0.40
0.33
0.07

—1.33

115
—0.42
—0.12
—0.60
—0.49

0.39

0.18
—0.68
—0.03
—0.38

0.29

0.66

—2.20
0.84
0.58

154
0.55
—0.99

—0.29
1.90
0.30
0.15
0.35

—2.00

042 -2.53 158 0.39
-025 118 -091 -0.07
-0.15 025 -0.18 —0.20

-042 154 -1.07 -0.22

0.00 089 -0.53 -0.22

038 -132 1.10 0.00
—0.10 0.03 -0.18 035
—0.58 1.90 -1.20 -0.04
0.16 030 -0.01 -0.34
—0.05 0.15 -0.03 0.07

0.13 035 -0.54 0.17

033 -2.00 1.66 0.00 J

—0.19
0.14
0.38
0.19

—0.36
0.47

—0.66

The superscript T denotes the transpose of the matrix.

CORRTARE
[t 2 011121211 0]

The configuration at the previous time step is
0 2 0 2
c®=11 01 1

1 0 1 1

In order to accurately compute the previous configuration
of a cellular automaton, it is essential to store not only the
current configuration but also an associated information
matrix. This matrix captures critical details or auxiliary
variables required to reverse the evolution process. In
simulations that aim to model real-world phenomena, such
information must be recorded during the forward evolution.
Without this, the system's dynamics become irreversible, and
reconstructing past states becomes infeasible.
e Reversibility in Cellular Automata is ensured only when
the rule matrix is invertible; otherwise, the system cannot
uniquely determine its past configurations.
A non-invertible rule matrix results in information loss
during evolution, rendering the automaton fundamentally
irreversible.
To support backward evolution, it is essential to store an
accompanying information matrix along with the
configuration during the forward simulation process.
The invertibility of the rule matrix depends entirely on the
coefficients used in its construction, as these coefficients
directly determine the transition dynamics of the system,
rather than the matrix entries alone.

4.2 Pattern evolution

A significant application of 2D CA is the pattern evolution.
CA can simulate various simple discrete mathematical models
of physical, biological, and computational phenomena.
Applications for symmetric CAs include picture compression,
self-assembling nanostructures, pattern recognition, and
crystal growth simulation. Some symmetric CA designs have
characteristics that can be applied to optimization problems
and cryptography. Bilateral symmetry is a common feature in
simulating biological phenomena or processes. A creative tool
for generating symmetrical patterns in art and design is CA. A
vast array of visually appealing patterns is produced by
adjusting the CA’s rules and parameters. Wall designing is
another area where symmetric CA is used. The employment of
symmetrical patterns offers flexibility in the design aspects,
visual balance, and ease of planning and implementation. A
CA is an algorithmic method for creating patterns. The
proposed model generates intricate patterns such as hexagonal
fractals and radial symmetric structures, both of which are
characterized by recursive growth. These patterns emerge
through repeated application of local rules, resulting in self-



similar and visually coherent motifs. These aesthetically
appealing forms hold strong potential for application in
algorithmic art, digital textile design, and architectural tiling,
where geometric precision and visual regularity are highly
valued.

Algorithm 1 outlines the generation of patterns using the
proposed finite linear TLMCA. In the Algorithm 1, the
transition rule for a state to be inside upright (i + j)%2 = 0
and inverted triangle (i +j)%2 = 1 can be referred from
Definition 8.

Algorithm 1
function GET NEIGHBORS(i, /)
X e Ly <]
if (x + ¥y) %2 = 0then
neighbor_coords « [
(X’ y+ 2)5 (Xa y- 1)3 (Xa y- 2)3 (X + 17 y)a
(X+lvy+ 1)7(X+ IJY' 1),(X+ 1,y-2),
(X_ l,y),(X- lvy+ 1)7(X_ lry_ 1)
]

else
neighbor coords «— [
(Xa y + l)a (X3 y +2)1 (X> y- 1)7 (Xa y- 2)7
x-1Ly),x-1,y+1),x-1L,y+2),(x-1,y-1),
x-1,y-2),x+1,y),x+1,y+1),x+1,y-1)

]
end if

neighbors «— empty list
for each (a, b) in neighbor coords do
p«<—x+ta
gq—y+tb
if (0<p<m)A(0<q<n)then
neighbors.append(lattice[p][q])
else
neighbors.append(0)
end if
end for

return neighbors(i, j)
end function

fori=0tom-1do
forj=0ton-1do
neighbors «— GET_NEIGHBORS(|, j)
if 1+j) % 2 =0 then
lattice[i][j] « fi(lattice[i][j], neighbors)
else
lattice[i][j] « f2(lattice[1][j], neighbors)
end if
end for
end for

return m x n lattice

4.3 Algorithm for triangular lattice evolution of Moore
neighborhood CA

Algorithm 1 presents the steps involved in updating the cell
states of finite linear TLMCA.

Input:

Triangular lattice of size m x n

Assign initial state Q € {0, 1, 2} for each cell (i, ) of the
triangular lattice of size m x n

f1: Transition rule for cell (i,j) when (i + j)%?2
0;and0 < i <m-10<j<n-1

f> : Transition rule for cell (i,j) when (i + j)%2 =

Land0 <i<m-10<j<n-1

Output:

Updated state of the triangular lattice after applying
transition rules.

The steps involved in the Algorithm 1 are explained as
follows:

Step 1: Initialize each cell in the m x n triangular lattice
with an initial state selected from the finite state set to set up
the initial configuration.

Step 2: For every cell at position (i, j), determine the type
of neighborhood it should use by checking whether the sum i
+ j is even or odd. Based on this parity, assign the appropriate
set of neighbor coordinates.

Step 3: Collect the states of all neighboring cells. If a
neighbor lies within the bounds of the lattice, use its actual
state. If it falls outside the boundary, assume its state to be 0
to handle edge cases (null boundary).

Step 4: Apply the local transition rule to compute the new
state of each cell. Use function f if the cell has even parity,
and use function f, if the cell has odd parity. This decision is
made individually for each cell.

Step 5: Store all newly computed states in a separate lattice
to prevent overlapping updates. Once all cells have been
processed, return the final updated lattice as the result of next
generation for the initial configuration.

In Algorithm 1, the rule f; corresponds to the rule defined
for an upright triangle (Eq. (2)) and the rule f, corresponds to
the rule defined for an inverted triangle (Eq. (1)).

v & || %

Seed pattern t=1 t=2 t=3

AA.

Figure 7. Application of rule r(vi, j) for the seed pattern 1 at
time step ‘t = 1,2,--- 7’

2 BT ¢ (8)

Seed pattern t=1 t=2 t=3

v vy

®
-
[

<4

t=4 t=5

Figure 8. Application of rule r(vi, j) for the seed pattern 2 at
time step ‘t = 1,2,:- 7’



oy
LS

Seed pattern

t=12

Figure 9. Application of rule r(vl-_ j) for the seed pattern 3 at
time step ‘t = 0,24, ...,14°

Seed pattern

Figure 10. Application of rule r(vl-, j) for the seed pattern 4

at time step ‘t = 0,2,4,...,14°
% Rude
s3ks B,
@ & L o
Seed pattern t=2 t=4 t=6
- e
@ o

Figure 11. Application of rule r(vl-, j) for the seed pattern
5 at time step ‘t 0,24,..,14°

Figures 7 and 8 depict the patterns evolved by applying the
rule 7 (v; ;) for the seed pattern 1-2. The generations of seed
pattern 1 is vertically symmetric and the generations of seed
pattern 2 is both horizontally and vertically symmetric. The
symmetric property is preserved through all the iterations or
time steps by applying the rule r(v; ;). By applying Algorithm
1, the triangular lattice CA with 20 rows and 21 columns is
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updated with the states in the consecutive pattern evolutions.
For each generation of the triangular lattice CA, the states 0,1
and 2 are coloured with three different colours such as, for seed
pattern 1 - white, black, purple; for seed pattern 2 - white, pink,
blue respectively.

A variety of patterns that cannot be generated by square
lattice CA are observed to emerge in triangular lattices, often
exhibiting extreme symmetry and well-organized structures.
Unlike the square lattice, where a uniform neighborhood is
applied throughout, the triangular lattice alternates between
two different types of neighborhood configurations based on
cell position. Despite this alternating scheme, the evolution
process still produces highly aesthetic and coherent patterns,
highlighting the richness and expressive power of the
triangular lattice structure.

A set of figures are presented to illustrate the intricate
structures produced by the algorithm. These figures display the
emergence of hexagonal fractals and radially symmetric
formations by their recursive growth. These patterns showcase
its potential for creative applications in areas such as
algorithmic art, digital textiles, and architectural tiling. Figures
9-11 depict the emergence of such aesthetic patterns from
simple initial configurations. The patterns are generated using
three distinct states, where white represents 0, black represents
1, and magenta represents 2. Figure 12 depicts the pattern
generation with binary states. Square lattices possess only 4-
fold rotational symmetry (90°), which restricts the formation
of naturally radial or hexagonal patterns. Figures 9-11 exhibit
3-fold rotational symmetry and Figure 12 demonstrates a 6-
fold rotational symmetry.

D
o ® % &
Seed pattern t=2 t=4 t=6
o
o ;
<3
t=8 t=10 t=12 t=14

Figure 12. Application of rule r(vi, j) for the seed pattern 6
at time step ‘t = 0,24, ...,14°

5. PATTERN
EVOLUTION

EVOLUTION AND RULE MATRIX

Transition rules are employed in computing the next
configuration of the CA. Using a matrix allows for efficient
application of transition rules across all cells simultaneously.
The patterns evolved by applying the transition rule
individually to each cell and the configurations obtained by
applying the rule matrix method produce the same result for
any finite m X n cellular automaton under any linear rule of
the finite linear TLMCA

In particular, the Triangular Lattice Moore neighborhood
CA has to deal with 13 neighborhood including itself. For
instance, the configuration ofa 5 X 5 TLMCA is taken here.



The next configuration of current configuration is computed
using both transition rule and transition rule matrices. Figure
13 depicts the lattice representing of states of the TLMCA.
Black colour represents state 2, grey colour represents state 1
and white colour represents state 0.

5.1 Transition rule

Form the Figure 13, we have vi; = vi5 = Vv,, =

V33 = Va1 = Vsa = 2, Vip = Vig = Vpq =

V24 = V32 = V3q = V35 = V43 = Vau =
andvyz = Vo5 = V31 = Vgp = V55 =
The values ay =dy, = 0, a =b>
as; = by =b, =b; =¢, =c¢, =
f=d =d; =d3 =e = e = e3

fz = 1.
By applying the transition rule to each cell individually, we
get

»)
w

r(vi1) = 1(vis) = 7(via) = 7(va3) = 7(va4)
= 1(v32) = 7(v34) = T(vas) = 7(vs2)
= 1(vsa) = r(Vs,s) =2, r(v12) = 1(v21)
= 1(vy2) = T7(va5) = 1(v35) = 7(Va3) = 7(Vas)
= 1r(vs1) = landr(vys) = r(vsy) = 1(vs3)
= 1(V41) = T(Va2) = 1(vs3) = 0.

Therefore, the resulting next step configuration of the
considered triangular lattice is depicted in Figure 14.

Figure 13. Configuration at time ‘s’

Figure 14. Configuration at time ‘s+1’
5.2 Rule matrix

The order of the considered CA is 5 X 5. Here m and n are
odd positive integers. By proceeding with the methodology
involved in theorem 1, the rule matrix is as follows of order 25
x 25,
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a; B O O O
i a; B 0 O
RP=10 v2 a1 B O
0 0 v a P,
0 0 0 v, o
where,
0 1 1 0 07 0 1 1 0 07
1 01 1 0 1 0 1 1 0
a=111 0 1 1| a,=11 1 0 1 1
01 1 0 1 011 01
0 0 1 1 o 0 0 1 1 o
1 1 1 0 07 1 1 0 0 07
1 11 0 0 1 1 1 1 0
=111 11 1] B=10 1 1 1 0
0 0 1 1 1 01111
0 0 1 1 1 0o 0 0 1 1
1 1 1 0 0 1 1 0 0 0
1 11 0 0 1 1 1 1 0
yp=11 1 1 1 1 y,=]0 1 1 1 0
0 01 1 1 011 11
0 0 1 1 1 0 0 0 1 1
[T}%nn] X C/(S) = C'Gs+D)

We obtain a matrix which is the next step configuration of
the given CA by applying rule matrix concept and is denoted
by C(s+1)

212 20
112 2 1
cC6tW =10 2 0 2 1
001 1 2
12022J

The configuration matrix C*D exactly resembles the
configuration obtained by applying the transition rule to all
cells individually.

6. CONCLUSION

This study offers a comprehensive analysis of the algebraic
structure and dynamic behavior of finite linear TLMCA under
null boundary conditions. The Moore neighborhood for a
triangular lattice is very complex, involving 13 neighbors. The
local complexity influences the global complexity. The very
common types of lattices involved in Cellular Automata are
the square, triangular, and hexagonal lattices. This work
decodes the logic behind the complex Moore triangular lattice
Cellular Automata. By constructing rule matrices for the
triangular lattice geometry and proposing an algorithm for
their evolution, we have shown that such systems can generate
distinct and complex patterns that are not possible with
traditional square lattice Cellular Automata. The incorporation
of a backward-tracing mechanism enables the exploration of
reversible configurations, contributing to a more profound
understanding of the conditions under which triangular lattice
Cellular Automata exhibit reversibility. This has significant
implications for applications such as cryptography, where
reversibility and complexity are vital for secure key generation
and encryption schemes. The proposed triangular lattice CA
model successfully generates complex and structured patterns
such as hexagonal fractals and radial symmetric motifs,
characterized by recursive growth. The aesthetic coherence



and

fundamental

geometric regularity of these patterns align with
design  principles, offering  promising

applications in fields such as algorithmic art, digital textile
design, and architectural tiling. In the future, we will explore
the integration of fuzzy logic or probabilistic transitions into
this framework, expanding its applicability to uncertain or
noisy environments. The analytical tools developed in this
work also pave the way for classifying triangular CA rules

based on complexity, reversibility, and computational
universality.
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