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This study investigates the dynamics of two-phase immiscible fluids, which are
critically important for chemical engineering, petrochemistry, biotechnology, and
ecology. Fundamental aspects of phase interactions are analyzed, including the
influence of capillary forces, viscosity, and surface tension. Modern modeling methods
are considered, such as the finite element method, the volume-of-fluid method, and the
phase field method, as well as numerical solutions based on the Navier-Stokes
equations. The study proposes an improved finite volume method with adaptive grids,
ensuring high accuracy in accounting for capillary and gravitational forces. Improved
stability and computational accuracy have been achieved, making the method promising
for optimizing liquid separation processes, controlling flows in porous media, and
enhancing heat exchange efficiency.

1. INTRODUCTION

Two-phase immiscible liquids are systems consisting of two
distinct liquids that do not dissolve into each other and are
separated by a well-defined interface. The analysis of these
systems has significant practical importance, as it enables the
optimization of separation processes, improves heat exchange
quality, and enhances the efficiency of devices such as
extractors, reactors, and pumps. Problems related to such
systems are often complex due to the multitude of factors that
must be considered, including phase interactions, surface
tension, turbulence, and the specifics of mass and energy
exchange between the phases.

Various methods are used to solve two-phase system
problems, including theoretical models, numerical
simulations, and experimental studies. The application of
hydrodynamics, heat transfer, and mass transfer methods,
along with specialized phase interaction models, helps to
achieve accurate and effective solutions. For example,
numerical methods such as the finite volume method, the finite
element method, and Lagrangian methods allow for the
modeling of phase dynamics and interactions in complex
geometries and conditions. These methods not only help
validate theoretical assumptions but also facilitate the
development of new models that more accurately describe
real-world behavior.
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2. LITERATURE
STATEMENT

REVIEW AND PROBLEM

This paper provides a literature review on the problems of
two-phase immiscible fluids and the methods for their
solution. The analysis of such systems has significant practical
importance, as it allows for the optimization of separation
processes, improvement of heat exchange, and enhancement
of device efficiency.

The objective of this literature review is to systematize and
analyze existing approaches, theories, and methods used to
solve problems related to the dynamics of two-phase
immiscible liquids. The review covers various aspects of
modeling and solving such problems, including analytical,
numerical, and experimental methods. Special attention is
given to approaches that account for capillary and interfacial
phenomena, as well as surface tension between liquids. This
study focuses on various methods, such as the Volume of Fluid
(VoF) method, the phase-field method, and the smoothed
particle method, along with their applications in modeling
complex processes like droplet breakup and coalescence,
phase transitions, and the interaction of two liquids under
different physical conditions.

Another key objective is to enhance the computational
efficiency of these methods, identify their advantages and
limitations, and determine the most suitable approaches for
practical applications, such as filtration, liquid extraction, and
process control in petrochemical and other industries.


https://crossmark.crossref.org/dialog/?doi=10.18280/mmep.120622&domain=pdf

3. THE AIM AND OBJECTIVES OF THE STUDY

The aim of the study includes numerical and experimental
approaches aimed at modeling the dynamics of two-phase
systems. The main innovation is the use of a combined
approach that integrates the phase field method with adaptive
computational grids, allowing for more precise modeling of
liquid interfaces. For numerical analysis, the finite volume
method, the phase field method, and the smoothed particle
method are employed. Unlike classical methods, the proposed
approach provides higher accuracy at phase boundaries while
reducing computational costs.

It is important to consider that such systems require a
comprehensive approach due to the interaction of various
factors, such as gravity, capillary forces, viscosity, turbulence,
and surface tension. To achieve the research objective, 48 full-
text sources were analyzed. The application of various
methods aimed at a detailed study of two-phase system
dynamics improves process efficiency and minimizes losses.

4. MATERIALS AND METHODS
4.1 Types of problems for two-phase immiscible liquids

4.1.1 Modeling of two-phase flow systems

Recent studies [1-6] have focused on modeling the flow of
two immiscible liquids, such as oil and water, in pipes,
reservoirs, or open systems. This problem involves
determining the distribution of pressure, velocity, temperature,
and phase behavior [7-9].

In investigations examining how submergence ratio affects
pump performance, the length of the two-phase flow section
was held fixed, while liquid flow rates were recorded across
different submergence levels. Conversely, to assess the impact
of two-phase section length, the height of the liquid column
was kept unchanged, and measurements were carried out for
various lengths of the two-phase region (see Figure 1).
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Figure 1. Experimental apparatus of airlift [3]

Because the operation of the airlift pump is inherently
unsteady, the liquid flow rate recorded during experiments
tends to oscillate around specific levels. To ensure greater
consistency and reliability of the data, a time-averaging (TA)
approach was employed for the liquid flow rate measurements.
The averaged values were determined using the flowing
procedure:
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The graphs and illustrations are provided with detailed
explanations. For example, Figure 2 illustrates the averaged
profile of the liquid surface velocity under different flow
regimes.
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Figure 2. The averaged profile of the liquid surface velocity
under different flow regimes [3]

Under the assumption that the air expands isothermally
within the pipe, the energy supplied to the airlift pump
corresponds to the work required for air compression. In
contrast, the useful output is represented by the gravitational
potential energy gained by the lifted liquid. The pump's
efficiency is thus characterized by the ratio of the useful output
to the energy input, and can be expressed as follows:

_pgQL(L—H)
p=tdan =

) 2
PQsin iz @
a

where, Q;, is the volumetric flow rate of the liquid, Q; is the
volumetric flow rate of the gas, P;, is the inlet air pressure, p
is the liquid density, and P, is the atmospheric pressure.

The interaction between the liquid and gas surface velocities
was analyzed for submergence depths of 2.8, 2.5, and 2.0
meters. The results indicate that operating the pump at greater
submergence levels generally leads to improved performance.
However, since the points of maximum liquid flow and peak
efficiency do not coincide, the choice of gas flow rate during
real-world application should be tailored to the operational
objective—whether it prioritizes higher efficiency or greater
liquid throughput.

The proposed model has a significant error at high gas flow
rates. To improve accuracy under such conditions, this study
introduces a more precise and simplified calculation formula
for the airlift pump, based on a model that accounts for
pipeline losses.

The Bernoulli equation for the gas injection interface and
the horizontal liquid level is established as follows:

P
Py =Pyt pugH +— (V3 = VD) = W, = W, 3)



where, P; and P, are the section and atmospheric pressures
(N/m?), p; is the liquid density (kg/m?), g is the gravitational
acceleration (m/s?), H is the distance between the gas inlet and
the horizontal liquid level, V; and V; are the liquid flow
velocities at respective sections (m/s), W, and W; represent
pipeline and local losses between sections. The indices 1, 2, 3,
G, and L denote sections 1-1, 2-2, horizontal section 3-3, gas
phase, and liquid phase, respectively.

n LfVipy
W=y LR )
" i=1 2D;
n gVip,
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where, &, = 0.3, &, = 0.5, 5 = 0.45, g, = 1, f1is the pipeline
friction coefficient, ! is the pipeline length (m), D is the
pipeline cross-sectional area (m?), € is the local loss
coefficient, with subscripts i and j indicating the ith and j-th
sections of the pipeline, |; =3.2544+H—Lm,l[, =
0.15m, I3 =0.2m, I, =0.35m.

In the injector, gas is injected with a volumetric flow rate.
Assuming that the velocity of the mixture leaving the injector
is V, and neglecting gas density variations, we obtain the
volume continuity equation:

AV, = Q¢ + AV, = Q¢ + Q, (6)
Qo Q
V2_7+V1_V1(1+QL> @)

where, 4 is the pipe cross-sectional area (m?).

At the gas injection point, the density of the gas is
significantly lower than that of the liquid. As a result, the gas
mass flow rate is negligible in comparison to the liquid mass
flow rate. This allows the application of the continuity
equation in simplified form:

P24V, = p AVy (3)
— E — piL
P2 = P v, (1 N &) ©9)
QL

where, p, is the density of the mixture at the gas inlet (kg/m?).
Applying the momentum equation to the injector as a
control volume, we obtain:

Q
Pz:P1_PLV1(V2_V1)=P1_PLV1IG (10
Thus, combining Egs. (3) and (10):
PL . 2
P, =Pa+PL9H+7(V3 — Vi) - W, — W,
0 (11)
—p V. &
pPLVy 1

Furthermore, the momentum equation for the two-phase
gas-liquid section above the injection port gives:

PLV12( QG) pLgL

P,=P,+K 14— ) +—F—

) Q14 % (12)
sQ,,
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K=— 13
5 (13)
The slip ratio S is given by:
V 0.35,/gD
o=Y8 _19402% 23D (14)

Vi L Vi

Experimental observations reveal that the liquid flow rate
rises with an increase in gas injection up to a certain point,
after which it tends to level off. Notably, the highest liquid
throughput does not always align with the point of maximum

pumping efficiency.

4.1.2 Interface dynamics between two liquids

Studies investigate the behavior of the interface between
two immiscible liquids, such as when one liquid (e.g., water)
drips or bubbles in another (e.g., oil) [10-16]. The modeling of
water droplets in oil, their breakup, coalescence, or shape
change is also explored [17].

The VoF approach is commonly employed to capture the
interface between immiscible phases, whereas the Phase-Field
method provides a framework for simulating the evolution of
droplets and bubbles. Furthermore, periodic forcing at the
phase boundary has been shown to modify cavity behavior,
offering potential for advanced fluid manipulation
techniques [18]. For mesh-free simulations involving droplets
and bubbles in liquid media, the Smoothed Particle
Hydrodynamics (SPH) method is widely utilized.

The mathematical model relies on the Navier—Stokes
framework, formulated for incompressible, immiscible two-
phase flows. The governing equations include the continuity
equation and the momentum conservation equation, expressed
as follows:

V-u=0 (15)

a(pu) B
5t + V- (pu®u) =

—Vp+ V- [u(Vu+VuN)]+pg+f

(16)

where, u is the velocity vector, p is pressure, g is the
gravitational force vector, f is the external force vector, and
t is time. The fluid parameters p and u represent the density
and dynamic viscosity, respectively. From a physical
property’s perspective, the flow solver includes relationships
for density and dynamic viscosity, given as:

p=Fp®+(1-F)p® (17)

p=Fu*+ 1 —-Fyu’ (18)
where, the two fluid phases are denoted as a and b, with F
representing the volume fraction of phase a within each
computational cell.

Several numerical schemes are available for discretizing the
governing equations, including the finite difference (FDM),
finite volume (FVM), and finite element (FEM) methods. In
this study, the computations were performed using a flow
solver operating on a Cartesian grid.

4.1.3 Surface tension model
In cases where interfacial forces play a crucial role, surface
tension cannot be neglected. The Continuum Surface Force



(CSF) model is incorporated into the Navier-Stokes equations
to account for surface tension effects. This force can be
expressed as:

fese = oknd (19)

where, o is the surface tension coefficient, n is the interface

normal, k = —V - n is the interface curvature and § is the

Dirac delta function. We use the approximations § = |VF|
vF . .

and n = wEl to model surface tension as a function of the

volume fraction F.

Recent studies on the method of moment determination
from liquid focus on improving computational efficiency and
expanding their relevance for real-world applications.
Additionally, they aim to address issues related to accuracy,
reliability, and efficiency (Figure 3).
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Figure 3. Algorithm for solving the Navier-Stokes equations

4.1.4 Modeling of capillary and surface phenomena

Capillary effects are fundamental to the behavior of two-
phase systems, particularly in processes such as liquid
extraction and filtration. Prior studies [15, 19, 20] have
examined phenomena like capillary rise in narrow tubes and
the interaction of droplets at fluid interfaces.

To incorporate capillary forces into numerical models,
phase-field approaches are employed, which include
formulations for surface tension and Van der Waals
interactions. In the case of a liquid film of thickness HHH
confined between two parallel surfaces, the Van der Waals
attraction manifests either as a surface-normal stress or as a
disjoining pressure distributed within the film.

When transitioning to a Lagrangian description, the
governing equations for weakly compressible, viscous flows
are expressed in the following form [21, 22]:

P —pV-u (20)
du
pr =V o+F+F (21)
dx
ikl (22)

where, p is the density, ¢ is time, u is velocity, o is the total
stress tensor, r is position. F;, Fy represent surface tension
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forces and Van der Waals forces per unit volume, respectively.
a
+u-V.

The symbol % denotes the material derivative, % =

In experimental studies and theoretical analysis [23, 24],
real-time tracking of physical fields and intuitive analysis of
morphological evolution remain challenging, and the

investigation of droplet collision dynamics is still ongoing.

4.1.5 Modeling of phase separation and state change

These problems [25-27] involve analyzing the phase
transition of one of the liquids, such as evaporation,
condensation, or freezing, which can affect the behavior of a
two-phase system. This includes modeling the separation of
oil and water when one of the phases evaporates or condenses
due to changes in temperature or pressure.

4.1.6 Modeling of two-phase flows in porous media

The study [28] presents modeling of two-phase flows in
porous media, which is used, for example, to evaluate oil
displacement by water in oil reservoirs or the filtration of
liquids through porous membranes.

Modeling oil displacement by water in an oil reservoir
requires considering capillary and gravitational forces, as well
as interactions with the porous material. Due to the complexity
and nonlinear nature of the Stokes-Darcy equations, obtaining
an analytical solution is often impossible.

Darcy's Law describes the flow of fluid through a porous
medium and is expressed as:

k
q=—-=Vp (23)

u

where, g is the fluid flux density, k is the permeability
coefficient, u is the dynamic viscosity of the fluid, Vp is the
pressure gradient.

Darcy's Law is applicable to laminar fluid flow through a
porous medium [29, 30]. For high-velocity or turbulent flows,
more complex models may be required, such as extended
Darcy equations accounting for turbulence or two-phase flow
equations.

In cases involving complex geometries, multicomponent
fluids, or anisotropic materials, modifications of Darcy's Law
must be applied, or more advanced approaches should be used,
such as solving the Navier-Stokes equations in porous media.

4.2 Methods for solving problems of two-phase immiscible
liquids

4.2.1 VoF method

The VoF method is used to track and compute the
boundaries between two fluids. This method assumes that each
grid cell stores the fraction of each fluid, allowing for the
tracking of phase boundaries and the changing shape of
droplets. It is well-suited for modeling fluid flows and
interactions between liquids [16, 31]. A computational grid is
used to solve the Navier-Stokes equations for each fluid. At
each time step, the interface position between the fluids is
calculated, and the grid is adapted accordingly.

422 FEM

In the following studies [32-35], the FEM is used for the
numerical solution of equations describing fluid behavior,
such as equations for multi-fluid systems. This method allows
working with unstructured grids, which is useful for modeling
complex geometries.



Features: It allows solving equations for each phase
separately, as well as their interaction.

It is effective for solving problems involving the mechanical
behavior of fluids (e.g., in droplet and bubble dynamics). Each
fluid is modeled through its own system of equations, and then
interactions between the fluids are determined through phase
boundary conditions.

4.2.3 Phase-field method

The phase-field method [36] is used to model the dynamics
of the interface between two phases, where the transition
between fluids occurs through a continuous variation of a
field. It allows tracking changes in the shape and size of liquid
droplets or bubbles, as well as their merging or breakup.

Diffuse crack model in the phase-field method.

¢pot(u' D=y, + Yp + Vrrac — Yexr (24)

The first part of the total potential energy is the elastic
energy . , which can be decomposed into tensile and
compressive components. In this implementation, only the
tensile component can crack, and the damaged material
degrades using the degradation function g(¢), which is
defined as follows:

9@ =10—-¢)?+k (25)
where, k is a small number.
The linear strain tensor € = &(u) is formulated as:
_ 1 aui N au] 2
Sij - 2 axj axi ( )

Under the assumption of isotropic linear elasticity, the
linear energy density ¥, () is expressed in terms of the
constants 4 and y as:

1
Y, = E’lsiigjj + uEjE; 27
Then, the degradation function, which contains the phase-
field value, reduces the tensile strain energy density. Since the

strain energy consists of tensile strain (+) and compressive
strain (—), the elastic energy is expressed as:

+ 1, (e)"dN
The plastic energy density 1, for linear isotropic hardening
is formulated as:

Yp(6,d) = %ﬁ(dﬁz (29)

where, H(d) is the hardening modulus of the degraded
material, and ¢ is the accumulated plastic strain. It should be
noted that both compressive and tensile plastic deformation
equally contribute to crack propagation, which differs from the
state of elastic deformation. The plastic deformation energy
can be expressed as:

1._
Pp(8) = [,[(1 - ¢)* + kKIGH(@)6* +5,8)]de - (30)
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The surface energy density function in phase-field theory is
written as follows:

1 l
r@V0) =5 2+ 5 [Tl (1)

Using the crack surface density function (8), the considered
fracture energy can be regarded as the minimum energy
required to create a new crack region and can then be
expressed with the critical energy release rate G, as:

erch = fn Ge vy, &, Vp)dQ

1 ! 2 (32)
= [ Ge [ % + = |[Vy| 1d02
21, 2

This function allows modeling complex interactions
between fluids and phase boundaries.

The phase-field method was chosen for its accurate
modeling and computational efficiency, reducing the typically
high computational costs associated with detailed modeling
without losing accuracy. It is effective for the dynamics of
droplets, bubbles, and other interfacial phenomena.

4.2.4 SPH method

In studies [37, 38], this method utilizes particles
representing the fluid to track its movement in space. The
particles are not confined to a grid and can adapt to changes in
the shape and position of the interface. It has an advantage over
traditional methods (e.g., VoF) as it does not require a grid,
making it more suitable for modeling systems with dynamic
interfaces. It can be used for modeling droplets and bubbles.

Each particle represents a fluid element that interacts with
neighboring particles. The equations of motion and
interactions are solved for each particle.

4.2.5 Methods considering capillary forces and surface tension
The studied methods [39-41] are used to model phenomena

related to surface tension between two immiscible liquids,

such as emulsification, capillary rise, or bubble formation.

In this sensitivity study, two dimensionless numbers are
introduced to determine which phenomenon dominates under
various surface tension conditions. The first is the Bond
number Bo(-), which represents the ratio of gravitational
forces to surface tension forces:

lZ
Pe

Bo =——
o

(33)

where, p (kg/m®) is the liquid density, g (m/s?) is the
gravitational constant, ¢ (kg/s?) is the surface tension, / (m) is
the characteristic length of the molten bath. The second
introduced number is the Nusselt number Nu(—), which is
defined as:

hl

Nu=—
ke

(34)

where, h(W/(m?-K)) is the convective heat transfer
coefficient of the molten bath, k(W /(m - K)) is the thermal
conductivity of the liquid, / (m) is the characteristic length, in
this case, the length of the molten bath.

The effective thermal conductivity is determined using a
high-fidelity numerical simulation of thermo-hydrodynamic



behavior. This refined property can then serve as input for a
reduced-order model, allowing it to account for neglected
multiphysics effects and improve the accuracy of predicted
temperature distributions. As a result, reduced-order models
offer a reliable and time-efficient alternative for thermal
analysis with significantly lower computational costs.

This study presents mesoscale numerical modeling of
thermofluid dynamics using specialized software. The
simulated shape and size of the molten pool show strong
agreement with experimental observations. Building on this
validation, two parametric studies are carried out to investigate
the influence of recoil pressure and capillary forces under
molten pool conditions.

The outcomes of the two parametric studies help define a
process—material parameter space, highlighting which
physical mechanisms significantly affect the system and which
can be considered negligible. This insight enables informed
decisions about when a detailed multiphysics model is
necessary and when a simplified, computationally efficient
reduced-order model can be reliably used without substantial
loss of accuracy.

4.2.6 Description of adaptive finite volume method

The adaptive grid strategy is based on error estimation of
interface curvature, where refinement is triggered when local
curvature exceeds a predefined threshold. Grid cells near the
interface are refined using a quadtree/octree structure,
maintaining volume conservation. The capillary force is
coupled through the CSF model, with surface tension forces
applied at reconstructed interfaces using smoothed volume
fraction gradients [41-44].

5. RESEARCH RESULTS

This study examined problems related to two-phase
immiscible liquids, specifically those involving the behavior
of two liquids that do not form a single phase, such as water
and oil or water and mercury. The considered models included
both classical hydrodynamic problems and more complex
cases involving gravity, capillary forces, and viscosity.

5.1 Methods used

1. Computational Fluid Dynamics (CFD): Numerical
modeling of two-phase flows is carried out using methods such
as VoF, Level-Set, and SPH. These techniques are well-suited
for capturing dynamic interfaces and resolving complex
interactions between fluid phases.

2. Theoretical Modeling: Application of the Navier-Stokes
equations for each phase, considering boundary conditions and
interactions between liquids. Various forces (gravity, surface
tension, viscosity) and phase separation effects were taken into
account.

3. Analytical Methods: In some cases, such as idealized
problems (flat or cylindrical interfaces, steady-state flows),
analytical approaches were used, including solving the Navier-
Stokes equations for steady or unsteady flows in specific
geometries.

5.2 Discussion of research results

Solving two-phase immiscible liquid problems is crucial for
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various engineering applications, such as liquid separation in
oil refining, liquid extraction methods, and heat transfer
applications.

Additionally, capillary effects and gravitational phase
separation play a key role in the dynamics of two-phase
systems. The influence of these factors depends significantly
on the density ratio and surface tension between the liquids.
For example, in a "water-oil" system, gravitational separation
is dominant, whereas in systems with liquids of similar
densities (e.g., different types of oils), capillary effects may
have a greater impact on interface stability.

5.3 Future research perspectives

1. Advancement of Numerical Methods: The development
of new computational techniques and improved solvers will
enable more accurate modeling of complex two-phase systems
under real-world conditions.

2. Investigation of Microscopic Effects: To enhance the
prediction accuracy of liquid behavior at small scales, models
incorporating molecular and microscopic interactions (such as
molecular interactions at phase interfaces) must be developed.

3. Practical Applications: Developing new technologies and
methods for liquid separation in industrial processes [45-47],
such as oil extraction and refining, as well as in medicine and
the food industry, where the stability and dynamics of two-
phase systems are critical. The authors apply their result to the
problem of filtration theories, and the applied nature of the
study is explained by the fact that such a problem formulation
is typically used to investigate viscous solutions of a two-
phase fluid flow, based on the classical law of energy
conservation.

6. CONCLUSIONS

The study has shown that the proposed finite volume
method with an adaptive grid significantly improves the
accuracy of two-phase fluid modeling. The main contribution
of this work is the development of a new modeling approach
that accounts for capillary and gravitational forces with
enhanced precision. In the future, the method can be extended
to incorporate turbulence effects and nonequilibrium
processes, as well as the development of accelerated
computational processing algorithms.

Future Research Directions:

1. Improvement of numerical methods for accounting for
molecular interactions.

2. Development of more accurate models of capillary and
surface phenomena.

3. Application of the proposed method in the petrochemical
and medical industries to enhance liquid separation.

4. Development of accelerated computational processing
algorithms.

REFERENCES

[1] Aldanov, Y.S., Toleuov, T.Z., Tasbolatuly, N. (2022).
Approximate solutions of the Riemann problem for a
two-phase flow of immiscible liquids based on the
Buckley—Leverett model. Bulletin of the Karaganda
University. Mathematics  Series, 106(2): 4-17.
https://doi.org/10.31489/2022m2/4-17



(3]

(3]

(6]

(7]

(8]

(9]

[10]

[11]

[12]

[13]

[14]

Aldanov, Y., Toleuov, T., Tasbolatuly, N. (2022).
Construction of approximate solutions to the Riemann
problem for two-phase flow of immiscible liquids by
modifying the vanishing viscosity method. Eastern-
European Journal of Enterprise Technologies, 117(4):
40-48. https://doi.org/10.15587/1729-4061.2022.258098
Zhu, J., Du, Y., Li, M., Fu, M., Han, X., Peng, F., Shen,
Y. (2024). Evaluate the performance of the vertically
upward gas—liquid two-phase flow in an airlift pump
system. International Journal of Multiphase Flow, 181:
105016.
https://doi.org/10.1016/j.ijmultiphaseflow.2024.105016
Shimizu, K., Takagi, S. (2021). Study on the
performance of a 200 m airlift pump for water and
highly-viscous shear-thinning slurry. International
Journal of Multiphase Flow, 142: 103726.
https://doi.org/10.1016/j.ijmultiphaseflow.2021.103726
Du, Y., Zhu, J., Han, X., Fu, M., Li, M., Shen, Y. (2024).
Gas state equation and flow mechanism of gas—liquid
two-phase flow in airlift pump system. Physics of Fluids,
36(5): 055142. https://doi.org/10.1063/5.0201317
Fujimoto, H., Nagatani, T., Takuda, H. (2005).
Performance characteristics of a gas—liquid—solid airlift
pump. International Journal of Multiphase Flow, 31(10-
11): 1116-1133.
https://doi.org/10.1016/j.ijmultiphaseflow.2005.06.008
Rim, U.R. (2024). Numerical analysis of air—water two-
phase upflow in artificial upwelling of deep ocean water
by airlift pump. Computers & Fluids, 271: 106177.
https://doi.org/10.1016/j.compfluid.2024.106177
Shimizu, K., Takagi, S. (2021). Study on the
performance of a 200 m airlift pump for water and
highly-viscous shear-thinning slurry. International
Journal of Multiphase Flow, 142: 103726.
https://doi.org/10.1016/j.ijmultiphaseflow.2021.103726
Sanei, F., Jasim, D.J., Salahshour, S., Akbari, O.A.,
Emami, N. (2024). Numerical simulation of the
nanofluid flow and heat transfer in porous microchannels
with different flow path arrangements using single-phase
and two-phase models. International Journal of
Thermofluids, 24: 100846.
https://doi.org/10.1016/].1j£t.2024.100846

Kozlov, V., Saidakov, V., Kozlov, N. (2024). Dynamics
of low-viscosity liquids interface in an unevenly rotating
vertical layer. Fluid Dynamic and Material Process,
20(4): 693-703.
https://doi.org/10.32604/fdmp.2024.048068

Min, J., Guo, Z. (2023). Spectral analysis of heat flux
across a nanostructured solid diamond-liquid water
interface: A nonequilibrium molecular dynamics study.
Thermal Science and Engineering Progress, 44: 102068.
https://doi.org/10.1016/j.tsep.2023.102068

Loison, A., Kokh, S., Pichard, T., Massot, M. (2024). A
unified two-scale gas—liquid multi-fluid model with
capillarity and interface regularization through a mass
transfer between scales. International Journal of
Multiphase Flow, 177: 104857.
https://doi.org/10.1016/j.ijmultiphaseflow.2024.104857
Agrawal, M.S., Gaikwad, H.S., Mondal, P.K., Biswas, G.
(2019). Analysis and experiments on the spreading
dynamics of a viscoelastic drop. Applied Mathematical
Modelling, 75: 201-209.
https://doi.org/10.1016/j.apm.2019.05.015

Yuan, X., Chai, Z., Shi, B. (2019). Dynamic behavior of

[15]

[17]

[18]

[19]

[20]

(21]

[22]

(24]

[25]

droplet through a confining orifice: A lattice Boltzmann
study. Computers & Mathematics with Applications,
77(10): 2640-2658.
https://doi.org/10.1016/j.camwa.2018.12.044

Zhang, C., Guo, Z., Wang, L.P. (2023). A
thermodynamically consistent diffuse interface model
for multi-component two-phase flow with partial
miscibility.  Computers &  Mathematics  with
Applications, 150: 22-36.
https://doi.org/10.1016/j.camwa.2023.09.006

Hergibo, P., Phillips, T.N., Xie, Z. (2024). Resolving
subgrid-scale structures for multiphase flows using a
filament moment-of-fluid method. Computers & Fluids,
285: 106455.
https://doi.org/10.1016/j.compfluid.2024.106455

Ai, Y., Wu, H., Markov, V., Zhao, J., Li, X. (2023).
Impact of fuel properties on the transition of liquid-gas
interface dynamics under supercritical pressure.
Combustion and Flame, 257: 113005.
https://doi.org/10.1016/j.combustflame.2023.113005
Han, R., Bai, J., Qin, S., Wang, M., Li, J., Yuan, W., Li,
Y. (2024). Breakdown and interface dynamics of pulsed
discharge plasma across air-water interface: From single
to repetitive stimulation. International Journal of
Multiphase Flow, 180: 104960.
https://doi.org/10.1016/j.ijmultiphaseflow.2024.104960
Xia, G., Wen, X., Chen, X. (2024). Enhancing negative
differential thermal resistance effect at the solid-fluid
interface by using surfactant: A molecular dynamics
study. International Communications in Heat and Mass
Transfer, 159: 108167.
https://doi.org/10.1016/j.icheatmasstransfer.2024.10816
7

Bekezhanova, V.B., Stepanova, LV. (2024).
Mathematical modeling of concentration influence on
evaporative convection in a bilayer system of binary
mixtures. International Journal of Heat and Fluid Flow,
107: 109385.
https://doi.org/10.1016/j.ijheatfluidflow.2024.109385
Xu, X., Dey, M., Qiu, M., Feng, J.J. (2020). Modeling of
van der Waals force with smoothed particle
hydrodynamics: Application to the rupture of thin liquid
films. Applied Mathematical Modelling, 83: 719-735.
https://doi.org/10.1016/j.apm.2020.03.003

Firouzi, B., Zamanian, M. (2019). The effect of capillary
and intermolecular forces on instability of the
electrostatically actuated microbeam with T-shaped
paddle in the presence of fringing field. Applied
Mathematical Modelling, 71: 243-268.
https://doi.org/10.1016/j.apm.2019.02.016

An, X., Dong, B., Li, W., Zhou, X., Sun, T. (2021).
Simulation of binary droplet collision with different
angles based on a pseudopotential multiple-relaxation-
time lattice Boltzmann model. Computers &
Mathematics ~ with  Applications, 92:  76-87.
https://doi.org/10.1016/j.camwa.2021.03.036

Petersen, K.J., Rahbarimanesh, S., Brinkerhoff, J.R.
(2023). Progress in physical modelling and numerical
simulation of phase transitions in cryogenic pool boiling
and cavitation. Applied Mathematical Modelling, 116:
327-349. https://doi.org/10.1016/j.apm.2022.11.028
Shen, Y., Zhang, R., Han, D., Liu, X. (2024). Problems
and corrections of classical mathematical model for
piecewise linear system. Communications in Nonlinear



[26]

(28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

Science and Numerical Simulation, 139: 108300.
https://doi.org/10.1016/j.cnsns.2024.108300
Ghalambaz, M., Aljaghtham, M., Chamkha, A.J.,
Abdullah, A., Mansir, 1., Ghalambaz, M. (2023).
Mathematical modeling of heterogeneous metal foams
for phase-change heat transfer enhancement of latent
heat thermal energy storage units. Applied Mathematical
Modelling, 115: 398-413.
https://doi.org/10.1016/j.apm.2022.10.018

Tyurenkova, V.V., Smirnova, M.N., Stamov, L.L,
Smirnov, N.N. (2024). Mathematical modeling of
droplet collisions in sprays under microgravity
conditions. Acta  Astronautica, 219: 459-466.
https://doi.org/10.1016/j.actaastro.2024.03.036
Panfilov, M. (2018). Physicochemical Fluid Dynamics in
Porous Media: Applications in Geosciences and
Petroleum Engineering. Wiley, VCH Verlag GmbH &
Co.KGaA. https://doi.org/10.1002/9783527806577
Ishaq, M., Rehman, S.U., Riaz, M.B., Zahid, M. (2024).
Hydrodynamical study of couple stress fluid flow in a
linearly permeable rectangular channel subject to Darcy
porous medium and no-slip boundary conditions.
Alexandria  Engineering  Journal, 91:  50-69.
https://doi.org/10.1016/j.2¢j.2024.01.066

Berdyshev, A., Baigereyev, D., Boranbek, K. (2023).
Numerical method for fractional-order generalization of
the stochastic Stokes—Darcy model. Mathematics,
11(17): 3763. https://doi.org/10.3390/math11173763
Wu, X., Li, C.,, Luo, X., Feng, J., Wang, L. (2024).
Description of phase separation motion in gas—liquid
two-phase flow. International Journal of Multiphase
Flow, 181: 104998.
https://doi.org/10.1016/j.ijmultiphaseflow.2024.104998
Darbhamulla, N.B., Jaiman, R.K. (2024). A finite
element framework for fluid—structure interaction of
turbulent cavitating flows with flexible structures.
Computers & Fluids, 277: 106283.
https://doi.org/10.1016/j.compfluid.2024.106283
Ballini, E., Formaggia, L., Fumagalli, A., Keilegavlen,
E., Scotti, A. (2024). A hybrid upwind scheme for two-
phase flow in fractured porous media. Computer
Methods in Applied Mechanics and Engineering, 432:
117437. https://doi.org/10.1016/j.cma.2024.117437
Stoter, S.K., van Sluijs, T.B., Demont, T.H., van
Brummelen, E.H., Verhoosel, C.V. (2023). Stabilized
immersed isogeometric analysis for the Navier—Stokes—
Cahn—Hilliard equations, with applications to binary-
fluid flow through porous media. Computer Methods in
Applied Mechanics and Engineering, 417: 116483.
https://doi.org/10.1016/j.cma.2023.116483

Rek, Z., Sarler, B. (2024). Formulation of the method of
fundamental solutions for two-phase Stokes flow.
Engineering analysis with boundary elements, 158: 199-
210. https://doi.org/10.1016/j.enganabound.2023.10.024
Liu, Y., Feng, Y., Wu, Z., Alamdari, M.M., Wu, D., Luo,
Z., Gao, W. (2024). Dynamic crack propagation in
elasto-plastic materials using phase-field virtual
modelling method. Computer Methods in Applied

2076

[37]

[39]

[40]

[41]

[42]

[43]

[45]

[47]

Mechanics and  Engineering,  429: 117160.
https://doi.org/10.1016/j.cma.2024.117160

Frenning, G. (2024). A mean-strain estimate for plastic
particles intended for distinct-particle simulations at high
relative density. Computer Methods in Applied
Mechanics and  Engineering,  431: 117257.
https://doi.org/10.1016/j.cma.2024.117257

Esteban, A., Gomez, P., Zanzi, C., Lopez, J., Bussmann,
M., Hernandez, J. (2023). A contact line force model for
the simulation of drop impacts on solid surfaces using
volume of fluid methods. Computers & Fluids, 263:
105946.
https://doi.org/10.1016/j.compfluid.2023.105946
Alphonso, W.E., Baier, M., Carmignato, S., Hattel, J.H.,
Bayat, M. (2023). On the possibility of doing reduced
order, thermo-fluid modelling of laser powder bed fusion
(L-PBF)-Assessment of the importance of recoil
pressure and surface tension. Journal of Manufacturing
Processes, 94: 564-577.
https://doi.org/10.1016/j.jmapro.2023.03.040

Darshan, M.B., Magnini, M., Matar, O.K. (2024).
Numerical modelling of flow boiling inside
microchannels: A critical review of methods and
applications. Applied Thermal Engineering, 257:
124464.
https://doi.org/10.1016/j.applthermaleng.2024.124464
Popinet, S. (2009). An accurate adaptive solver for
surface-tension-driven interfacial flows. Journal of
Computational ~ Physics,  228(16): 5838-5866.
https://doi.org/10.1016/j.jcp.2009.04.042

Brackbill, J.U., Kothe, D.B., Zemach, C. (1992). A
continuum method for modeling surface tension. Journal
of  Computational  Physics, 100(2):  335-354.
https://doi.org/10.1016/0021-9991(92)90240-Y
Mirjalili, S., Jain, S.S., Dodd, M. (2017). Interface-
capturing methods for two-phase flows: An overview
and recent developments. Center for Turbulence
Research Annual Research Briefs, 2017: 117-135.
https://doi.org/10.1016/j.compfluid.2021.104993

Jain, AK., Denner, F., van Wachem, B. (2024).
Dispersion of particles in a sessile droplet evaporating on
a heated substrate. International Journal of Multiphase
Flow, 180: 104956.
https://doi.org/10.1016/j.ijmultiphaseflow.2024.104956
Bekbauov, B., Berdyshev, A., Baishemirov, Z., Bau, D.
(2017). Numerical validation of chemical compositional
model for wettability alteration processes. Open
Engineering, 7(1): 416-427. https://doi.org/10.1515/eng-
2017-0049

Shiyapov, K., Baishemirov, Z., Zhanbyrbayev, A.
(2024). Advanced mathematical modelling of leaching
processes in porous media: An averaging approach.
Mathematical Modelling of Engineering Problems,
11(1): 151-158. https://doi.org/10.18280/mmep.110116
Panfilov, M.B., Baishemirov, Z.D., Berdyshev, A.S.
(2020). Macroscopic model of two-phase compressible
flow in double porosity media. Fluid Dynamics, 55: 936-
951. https://doi.org/10.1134/S001546282007006X





