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Conjugate gradient techniques are iterative algorithms used to solve unconstrained
optimization problems. Hybrid techniques, which employ the conjugate gradient
technique, are a branch of these algorithms. We apply the maximum mathematical
function to group the essential quantities and determine the associated new conjugate
gradient (CG) parameter that produces homogeneous and mixed and spectral gradient
algorithms. The newly created parameter has a numerator containing the most important
values from the investigation and a denominator with the most important quantities.
Furthermore, using precise inspection operations, the conjugate hybrid gradient
technique meets global convergence requirements. Numerical tests on a variety of test
functions show that the proposed method has better convergence properties and is more
efficient at computing. The parameters 85 and 8) determine the new direction. These
algorithms can yield favourable ratios in particular scenarios, which is an advantage.
Globally convergent functions are defined as convex functions that exhibit uniform
genericity. We have shown numerical data that compare our newly proposed CG
algorithms with standard algorithms to illustrate the efficacy of our approach. The

results were obtained using the parameters S5 and 8} .

1. INTRODUCTION
Consider these unconstrained optimization problems [1]:

(M

min f (x), x € R™

The function f is a mapping from the n —dimensional real
numbers to the real numbers. The gradient of function f at
point x is a continuous and differentiable function that
represents the set of real numbers R. In the subject of
mathematics, there are three main groups of solutions: exact,
approximate, and numerical approaches. Several numerical
techniques can be employed to solve Eq. (1), including the
Newton method, the conjugate gradient method, the steepest
descent method, and the quasi-Newton method. The conjugate
gradient method is indispensable, especially for problems of
significant magnitude, owing to its straightforwardness and
little memory use. The conjugate gradient approach is
extremely efficient. The numerical type was categorized using
conjugate gradient techniques, alternatively, one of its
enhancements. The bracketing method entails commencing
with an initial estimate x° and subsequently iteratively
approaching a solution for Eq. (1) by decreasing until we reach
an iteration x™. At this juncture, we initially calculate the
objective function f(x) and proceed to calculate it for
following iterations x*, x2,x3,x* x>, ... and so on based on
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Eq. (2). The development of a non-linear conjugate gradient
method often entails an iterative procedure with the goal of
attaining the optimal solution [2].
Xp+1 = X + AP (2)
A, the step-length is typically determined by doing a
sequence of line searches proses. The step length x* can be
chosen using the Wolfe, Goldstein, or Armijo criterion to
provide a sufficient reduction in the function value without too

short steps. The direction p* is established when two terms are
present [3].

if k=0,
if k>0,

—IGk+1

3
—9k+1 + Brbrs ®

Pr+1 = {

Further, for the three-term conjugate gradient (TTCG),
Andrei [4] stated that technique enables the use of generic
forms.

if k=0,
if k>0,

—IGk+1

4
—9k+1 + asg — by @

Pk+1 = {

Methods yield distinct formulas both in practical and
analytical contexts are based on the selection of the conjugate
parameter. The most renowned among them are:
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Table 1. Conjugacy parameters for slandered conjugate

gradients
FR g£+1gk+1 cD g£+1gk+1 BA1 YJZZVk
k 9E9k 51 A -PLgk [6] k —p;fgk[ ]
T T T
HS _ i1k g LS _ Jkr19k rg BA2 _ YiVk 14
k dlyk [ ] k —ngk [ ] k gzgk[ ]
T T T
PR _ Gk+1YVk 10 DY _ Gk+19k+1 11 BA3 _ Yie Yk 7
k Ik L10] k DLV [t k p;fyk[ ]

In this context, where I.I called the Euclidean norm, and
Jr+1 given for g(x;41), while y,, = Vfi 1 — Vi represents
vectors, It is imperative to guarantee that the function value
decreases in a manner that is appropriate without an
insufficient number of repetitions. To determine the step
length A%, one can use commonly used criteria such as the
Wolfe, Goldstein, or Armijo conditions. When analyzing the
convergence of the CG technique in theory, it is typical to
employ an inexact line search (ILS) strategy, such as the strong
Wolfe conditions (SWC), to determine the value of A* that
meets the specified criteria, as explained in reference [12].

The step length A, can be determined using different line
search methods, including exact line search and inexact line
search. The exact line search formula is defined as follows:

[+ Aepr) = lllif(}f(xk + Aibi) %)

When dealing with an uncontrolled search line, it is
imperative to adjust the suitable step size to guarantee a
decrease following the given criteria:

[ + 4epi) < f(xx) + 64 gk
Pk g (i + epi)| < —0Di Grs

(6)

Recently, certain academics have introduced novel
approaches and updated methodologies, as indicated by
references [8-14]. In the following sections, we will
thoroughly analyze the provided formula, demonstrate its
diminishing property, and provide significant insights into its
convergence.

2. BACKGROUND FOR ORIGINAL CG

The Fletcher-Reeves (FR) and Liu-Storey (LS) conjugate
gradient methods are two specific adaptations of the conjugate
gradient algorithm that are employed in the context of
unconstrained optimization. Although they have a common
foundation, they vary in the method used to compute the
conjugate direction parameter [5, . Here is a quantitative
comparison of the two methods:

Firstly, the general conjugate gradient (GCG) Algorithm
updates the solution vector x;, and search direction py
iteratively according to the following procedure:

Initialization
X, =initial guess, dy = —Vf(x,), that when k = 0
Iteration
For k=1,23,..
X = Xp—1 + Ag_1Pr-1
where, a, is chosen to minimize f (x;_; + Axpy)
Then the Direction py
P = —Vf(x) + Brpr
Vi) = Vf(xg-1 + Ap-1Pk-1)
B, =(varies between methods types)
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The FR Method:
The parameter ), in the FR technique is calculated as
follows:

8, = I7f G ll?

B 2

The LS Method:
The parameter 5, in the FR technique is calculated as
follows:

_ Vf(xk)T(Vf(xk) - Vf(xk—l))

Br = (8)
“ dﬁyk
3. NEW CG DIRECTION BY RETAIL
HYBRIDIZATION

Recent research has concentrated on improving the
conventional conjugate gradient method, as illustrated in
Table 1, by integrating factors inside the methodology. We
have created a range of hybrid algorithms that exploit the
advantages of classical conjugate gradient techniques. We
investigated multiple hybrid techniques to develop
computationally efficient conjugate gradient methods with
excellent convergence properties. The performance of hybrid
CG surpasses that of ordinary conjugated gradient algorithms
[14, 15]. Malik et al. [13] have recently devised an innovative
approach utilizing a formula. The coefficient is defined as
follows.

Several types of hybrids conjugate gradient methods have
been established in the literature. The most prevalent hybrid
conjugates gradient methods encompass the Touati-Ahmed
and Storey (TS) technique [14], the Hu and Storey (HuS)
technique [9], the Gilbert and Nocedal (GN) technique [3], the
Dai and Yuan (hDY and LS-CD) technique [11], the Li and
Zhao (P-W) technique [16], and the Hybrid-Jinbao [13], Han
and Jiang (HJHJ) approach [15].

The proposed hybrid parameter 8V is of the minimax type.
It is completely different from the parameters proposed in this
research line, as it includes the four most important and
famous basic formulas in the field of conjugate gradient.
Furthermore, it benefits from hybrid algorithms' advantages
and excellent practical performance. The parameter SV is
derived by combining the numerator and denominator terms
from the FR and LS methods. Specifically, we use the
maximum function to select the most significant terms,
ensuring robustness and efficiency, by combining multiple
parts of the regular coupled gradient operator.

gy = max{l|gx+1 13, 411}
max {||gi|l3, — g7 di}

©)

where, ||gx+1l3, gF+1Vk are numerator of the formulas FR
and LS, respectively. Also ||gkll3 and —gld, represent the
denominator of the formulas FR and LS, respectively.

if k=0,
if k>0,

New __
Pk+1 =

{_gk+1 (10)

—Gi+1 + Bior Pres

We also want to enhance the trend by incorporating a
regularization parameter, 8 , into the derivative g, . We



provide our approach utilizing an equation analogous to the
one provided above, incorporating newly computed values for
B and an extra spectral parameter ;. Beginning with Eq. (9),
we integrate the equation for the Bergin and Martinez spectral
trend corresponding to the alteration defined in Eq. (11).

z{:

Moreover, the spectral search direction may expedite the
swift decline towards the ideal point. The main difference
between standard and spectral conjugate gradient methods lies
in the computation of the search direction pj,; (11). The
standard conjugate gradient approach determines the search
direction by applying formula Eq. (10), while the spectral
conjugate gradient method determines the search direction by
scaling using Eq. (11).

In regards to the decision to select a particular value for the
parameter 8, in the proposed direction. The SCD technique,
which is also proposed by Zhang and Zhou [17], is a spectral
conjugate gradient method. Using the conjugate gradient
coefficient (f) and spectral gradient parameter (6},), the SCD
method is executed as follows:

if k=0,

if k>0,

Ik+1
Ok Gr+1 + Br+1Prs

New
Pi+1

(11)

FR Px” G

B = Bk+1' Ok1 = 1+ Bita 2 12)
gl
The direction's final form is provided as determined by new
parameters:
Jr+1 if k=0,
. 13
Plet1 = { Ok+1 Jr+1 + Bler Pio if k>0, (13)

Denoting the conjugate parameter 5 in Eq. (9) and spectral
scaling for the gradient 85 as follows as Eq. (12).

Pk gk
O =1+ B g2

(14)

Our proposed formulation merges the FR and LS formulas,
in addition to the PR and CD formulas, along with their
spectral components. Considering the maximum function,
there are two alternatives in the numerator and two alternatives
in the denominator, so the new parameter for the four specific
circumstances reduces from the fundamental parameters as
follows in Table 2:

Table 2. The reduced possibilities possible from our method of hybridization
If the Numerator is If the Denominator is BN
lgp+all3
max{llgi1l3, gk1yi} =l gusill3 pY = ”;lllzz = prF
max{llgil13, — gk di} = llgxll3 P . y
max{llgis1ll3 gki1¥i} = Ghr1V BN = “9“”2 =g
k
llgic+1 13
max{llgill3, — ghdi} = lgell3 g = _’;“ 2= pep
max{llgill3, — gk di} = — gidx gl kyk
max{||gill, — gidi} = — gidy BN = _"; = PR
k

The updated formula of the trend comprises eight
parameters  or  their  enhancements,  BfRX,, B +1,
BEP,, and BER, respectively with their spectral cases Birx,

LS, BEED, and BEER respectively depending with Eq. (15).

The procedure of the technique that contain new
coefficients B} alongside 8} is delineated in the subsequent
algorithm.

3.1 Retail hybridization (FR-LS) algorithm

Step (Initialization): when k =0 setting x, € R" and
compute all f(xy), g(xq), consider p, = — go and 45 = 1/
llgoll2-

Step (Test of convergence): [|g,|l < €, stop, and x;, is the
optimal solution elsewhere continue with next step.

Step (Compute the a;): that holding the Wolfe conditions
and update variable xj,; = X, + A Dy

Compute values fi11, Gr+1, Vi P

Step (Direction): compute p = — 0 g1 + BY pi, where,
BY computed as in Eq. (9) and 8Y in Eq. (14).
Step (Powell restart): If satisfied then set py ., =
Pr+1 = P-

Step (The initial guess A;): Compute the initial guess for:

e )

—Jr+1 else

(724 1P

_ 15
lpr—1ll2 (13)

increase k return.

To substantiate the analytical proof of the suggested
algorithm, we examine the specifics of the assumptions,
theorems, and theories relevant to it.

4. ANALYSIS OF CONVERGES

Given the following assumptions, we must demonstrate that
the new CG algorithms possess the fundamental attribute of
global convergence.

4.1 Assumptions (A)

(i) The set S, defined as S = {x:x € R™, f(x) < f(x)}, is
bounded. Here, x, represents the initial point, and there
exists a positive constant such that, for all B > 0 as given
below in Eq. (16).

(i1) In a neighbourhood Q of S, the function f is continually
differentiated, and its gradient g satisfies the Lipschitz
continuity condition. This means that there exists a non-
negative constant L > 0 such that:

—gWI £L|lx—y|l forallx,y €0

[{69) (16)

Clearly, based on the Assumption (A, i), there exists a
positive constant D such that:
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B=max{llx—yll, Vxy€S} (17)
Let B represent the diameter of Q2. Based on assumption (A,
ii), we may conclude that there is a constant y > 0, which

satisfies the following:
lgll<y, Vxes (18)
In particular studies of computer graphics approaches, the
necessity of an appropriate descent or descent requirement is
crucial, however this condition might be challenging to uphold
consistently [18].

4.2 Theorem (Descendant Property)

Assuming that the assumptions (A) are valid and employing
a line search method that satisfies the strong Wolfe (SW)
requirements considering Eq. (6), demonstrating that the
search directions p;, obtained from Egs. (13) and (14), satisfy
the descent condition:

Pi+19k+1 < 0 (19)

Proof: We prove the theorem using mathematical induction.

For k = 0, the initial search direction is typically chosen as
9odo = llgoll < 0.

Thus, this satisfies the descent condition (19) for k = 0.

Assume that for some k, the descent condition holds:
gF_1dg_q < Otrueforallk — 1> 1.

We now prove that the descent condition holds for k, i.e.,

Starting with the definition of direction py,; in Eq. (14),
multiply both sides by: g = gr41-

Pre1g = =0 Ngll> + BYpvLg, BY =

We analyze the four possible cases for:

T
max{llgr+113.95 41k}
max {llgll3,~ g5 di}

Case (i): If max{llgi+1ll3 ghs1Vi} = llgrsall5 and
max {|lg,ll3, — gfdi} = llgill3 implies By = BEX.

Case (ii): max{||9k+1”%’g£+1Yk} = gl€+1yk and
[;rngx N gill3, — gkdi} = lgill5 = — gidi  implies By =

k

Case (iii): If max{llgx+1113 gk+1Vk} = Gh+1Vx and
max {||gi|13, — gk di}=ll gl

That B = lgk+1l3 _ pcp
k - ghdg k-
Case (iv): If max{llgkﬂllé,giﬂyk}: Ji+1Yx and
g y
max{l|lg,ll3, — gidi} = llgsll3 that By = ETln%k'

As we have seen, the proposed formula in the special case
of the four is reduced to known formulas.
Case(i): R, Case(ii): BE°, Case(iii): BF° and Case(iv):
PR
i
In all four cases, the descent condition is satisfied [5, 10, 19,
20]. By the principle of mathematical induction, the descent
condition holds for all k. This completes the proof.

4.3 Lemma (Bounded of BV)

Assume that the method is designed so that there exist
constants A>0 and b>1 for which the normalized conjugate
gradient parameter satisfies [4]:

Yy <llgrll <¢, Vk =1 (20)
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and
BN < b 21
If |[pg |l < w, then |B| < i for all.
1©>0 (22)

4.4 Corollary (Bounded of 9%)

Suppose that the assumptions (A) hold and line search with
SW conditions Eq. (5), consider the search directions py
generated from Egs. (13) and (14) then 9} is bounded.

Proof: by using Cauchy Schwarz property and Lipschitz
inequality implies.

T T
Pk Gk 1 |prgel
| = ‘1+BN <1+—
| k| k lgxll? 2b |9;€9k|
1 |d 12 _
< +_| k”}’12c| ——2c=b
2b ||kl 2by

4.5 Property (Bounded of 1;)

Assuming the existence of a descending direction p;, and gy
that satisfy the Lipschitz condition, where L is a constant that
applies to all points within the line segment connecting x and
y. Provided that the line search direction fulfills the strong
Wolfe condition [21]:

1—0)lpe”
A = Llpkzgkl (23)
Lilpll
Proof: using curvature inequality in Eq. (5).
opi” gk < D" Gier < —0Dk" G (24)

= o gk < D Jr+1

Subtracting p,T g, from both of (25) and applying the
Lipschitz condition results:

(1= )" g < " (Grerr — 9i) < LA llpelI? (25)
Since py, is the descent direction and ¢ < 1, then (3.4) holds
(1-o)|pkgkl|

Llipil?

The Lemma, known as the Zoutendijk condition, is utilized
to demonstrate the global convergence of any nonlinear
conjugate gradient algorithm. Zoutendijk [22] initially
referenced it in relation to the resilient Wolfe line search Eq.
(5). The condition will be formally delineated in the
subsequent Lemma.

k =

4.6 Lemma

Considering that the hypotheses (A) are accurate. Let us
analyze the iteration process outlined by Egs. (2) and (3),
where the descent condition (pf g, < 0) is true for all k > 1,
and the condition (5) for 4, is satisfied. Subsequently,

Pk 9x)*
2
£ Tl

(26)



Proof: by employing the initial inequality stated in Eq. (5),

we may derive f(xi1) — f () < S gi" Pr-
By combining this information with the results stated in
Lemma (Bounded by 4,), we obtain:

8(1-o0) (ngpk)z
L D 12

fin—fes| @7

By leveraging the boundedness of function f, as indicated
in assumptions (A), therefore:

(ngpk)Z

< oo
llpe|I?

(28)

k>1

4.7 Theorem

Assuming that A is correct, and considering the new
algorithm formed by Egs. (2), (3), (13), and (14), where 4, is
determined using the strong Wolfe line search Eq. (5), then
lim (infllgell) = 0.

Proof: The contradiction approach is utilized to establish the
incorrectness of the conclusion. Thus, we make the
assumption that the magnitude of [|g,|| # 0, as mentioned
earlier. Furthermore, it is confirmed that there exist two
constants, ¢ and vy, both of which are bigger than zero. For all
k greater than or equal to 0, ¢ < ||gx || < 7.

Now, by computing the square norm on both sides of our
newly determined direction.

P+ = =R Gir1 + Bi P

Ipksall = |=O% Giesr + BEprc||
< 1911¥||gk+1" + ﬂllcv+1||pk”
< Igk+1ll + BRy1lIpil (Cauchy Schwarz inequality)
<by+bA=E,

where, E = by + bA.

Thus, ||pr+111? < (€)?, by doing division with the quality
k4]l c? yo PR+l
lgreal® ™ lgieall® > “F=Tligiesal®

”gk+1”4 we obtain:
CZ]/_Z = oo,
That is in contrast with Lemma (4.7), then Lim inf || g, || =
k—oo

0.

5. THE OUTCOMES
TEST

OF THE COMPUTATIONAL

To evaluate the dependability and efficacy of our proposed
New-CG  approach, we performed comprehensive
computational tests comparing it with two established
conjugate gradient algorithms: the Fletcher—Reeves (FR) [5]
and LS [9] methods. Our evaluation framework was
constructed to facilitate a thorough comparison by outlining
the test configuration, performance metrics, and dataset
attributes.

5.1 Test configuration and benchmark problems

We chose a varied array of test functions from the CUTE
collection, renowned for its variety of optimization challenges.
The selected test problems exhibit a variety of characteristics:

* Dimensionality: We evaluated the issues at different

2174

scales, specifically with 100, 400, 700, and 1000 variables.
This variation enables the evaluation of scalability and
robustness across both small and high-dimensional contexts.

* Problem Characteristics: The test functions encompass
both convex and non-convex landscapes, along with functions
exhibiting varying degrees of smoothness and nonlinearity.
This variety guarantees that the efficacy of the methods is
assessed across a wide range of optimization scenarios.

* Implementation: To guarantee numerical precision, we
conducted all tests utilizing Fortran software with double-
precision arithmetic.

5.2 Evaluation metrics

We evaluated each method's performance using the
following metrics, which are crucial in the context of
numerical optimization:

* Iterations: The total number of iterations required to
satisfy the convergence criterion. This metric reflects the
efficiency of the method in navigating the solution space.

* Function Evaluations: The number of function evaluations
performed, which is typically the most computationally
intensive part of the algorithm. This serves as an indirect
measure of the computational cost per iteration.

* CPU Time: The overall CPU time required to achieve
convergence. This metric provides a practical indication of the
method's  efficiency in  real-world  computational
environments.

The convergence criterion used in all experiments was:

I7f (Ger Il < 1% 107° (29)

ensuring that each algorithm attained a high level of accuracy.
The diagram illustrates the percentage P of tasks that were
finished in a time frame less than the intended duration for
each respective method. The graph displays the accuracy rate
of each method in solving test questions on the right side,
together with the efficiency of a certain strategy in solving test
questions on the left side. The topmost curve is the curve that
exhibits the highest level of efficacy in terms of problem-
solving efficiency.

5.3 Integration of performance curves

Figures 1-3 illustrate the performance curves for the New-
CG, FR-CQG, and LS-CG methodologies:

* Figure 1 illustrates the percentage P of test issues resolved
within a specified the number of iterations, emphasizing the
efficacy of each strategy.

* Figure 2 illustrates the accuracy attained by each method,
indicating the number of function evaluations required for
convergence.

* Figure 3 presents a comprehensive analysis of CPU
performance, detailing resource utilization and the scalability
of the problem.

The uppermost curve in each figure represents the strategy
exhibiting the superior overall performance regarding
computing efficiency and accuracy.

The comparative method developed by researchers Dolan
and Moré [23], which consisted of generating performance
curves for each algorithm, indicated that the proposed method
is superior than the traditional methods. The higher the curve,
the greater the likelihood that the greatest number of functions
will be solved and that the objective will be accomplished.
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5.4 Discussion

We demonstrate how the properties of traditional methods
overlap with those of the method that we have invented.
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Comparing Mathematically
A. Revision for §:

FR: If we see in Eq. (7), this formula depends only on the
norm of the gradients at the current and previous iterations.

LS: As we see in Eq. (8), this formula involves both the
gradients and the search direction, potentially providing more
information about the problem structure.

New: The vectors used in both formulas include.

B. Conjugacy Condition:

Both approaches have the goal of preserving the conjugacy
of search directions. However, the LS method is typically seen
as more adaptable because it incorporates the search direction
dk in its update. Our method certainly achieves this property
since we use hybridization.

C. Computational Complexity:

Both methods have comparable computing complexity,
with the main computational task being the evaluation of the
gradient and line search. At the same pace of calculations
without the expense of the calculations of the gradation and
the search line, since we took some balances between the two
methods.

D. Behavior and Performance:

e The FR approach is generally uncomplicated and
frequently yields satisfactory results, however it can be
susceptible to variations in the precise line search.

The LS method's extensive utilization of information
enhances its resilience, particularly in situations when the
problem is inadequately conditioned.

Failures of results are often, however, subject to
differences in the exact line search for FR corrected by the
flexibility of the LS method, especially in situations
where the problem is not sufficiently defined.
Convergence:

The FR-CG algorithm is proven to converge for convex
functions when accurate line searches are used.

LS-CG exhibits superior practical performance on non-
quadratic problems; however, it might require precise line
search to achieve resilience.

The new nested algorithm shows superior practical
performance on non-quadratic and LS-competitive
problems.

The primary differentiation lies in their computation of the

parameter beta, which leads to differential features and

potential performance attributes.

6. CONCLUSION

This article demonstrates the effectiveness of new hybrid
conjugate gradient algorithms in solving unconstrained
optimization problems by optimizing a new parameter based
on the essential quantities extracted from the objective
function. Theoretical analyses demonstrate that this method
guarantees global convergence. Meanwhile, numerical tests
illustrate the superiority of the new algorithms in terms of
computational efficiency and convergence speed compared to
conventional algorithms. Using the parameters ), and 6,
indicates the method’s ability to identify effective
optimization directions in the solution space, enhancing its
suitability for diverse applications. The results demonstrate
that the proposed method represents a qualitative addition to
the conjugate gradient approach, especially in cases requiring
general nonlinear and convex functions unsuitable for global
convergence.
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