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The radiant panel has gained attention due to its versatility in both structural 

applications and energy requirements. However, limited research has focused on wall 

panels and their performance with variable energy sources. This study presents a new 

mathematical model designed to improve the thermal performance prediction of radiant 

wall panels. The model utilizes the method of separation of variables to address a 

discontinuous, time-dependent heat sink represented as a Heaviside step function. 

Subsequently, the differential equation governing two-dimensional heat conduction in 

a panel containing a serpentine tube is solved. Analytical solutions are pursued for both 

steady and unsteady conditions, and the findings are compared with experimental 

results and simulations conducted using ANSYS-Fluent. Our analysis reveals that 

keeping a constant water inlet temperature and increasing the flow rate leads to a 

significant 76.7% temperature reduction. Additionally, changing the tube diameter and 

adjusting the panel's aspect ratio result in temperature differentials decreasing by 83% 

and 70%. Increasing the aspect ratio by two enhances heat removal efficiency by around 

0.6%. 
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1. INTRODUCTION

Human body temperature is generally influenced by the 

environment, and the body’s response to that effect depends 

on a number of variables. This exchange of energy between 

individuals and their surroundings is most often due to 

radiation. The latter is an energy transmission via 

electromagnetic waves that occur everywhere, especially in 

relatively large areas. Nowadays, traditional air conditioning 

systems mainly regulate the sensible temperature, humidity, 

and ventilation amounts in the target space. However, the 

parameter, also known as a mean radiant temperature, or 

MRT, is usually not accounted. Other systems, though, those 

incorporate the radiation with air conditioning process such as 

radiant heating/cooling panels, or RCPs, can be more 

preferable due to their advantages in thermal comfort. 

These RCPs are very adaptable to most building designs and 

layouts, thus they may be retrofitted into existing structures or 

installed in a new construction. Also, they use less energy than 

the conventional air conditioning systems and generate less 

noise pollution, since they do not rely on forced air, which can 

disperse allergens and contaminants throughout the space [1]. 

In addition, they may be fueled by renewable energy sources 

such as solar or geothermal energy, which further reduces their 

environmental effect. With radiant cooling panel, chilled water 

is pumped via pipes implanted in building’s walls. The pipes 

may be mounted on surfaces, or they can be embedded into the 

walls. When cold water flows through the system, it absorbs 

heat from the panel and cools its wall surface. This treated 

surface subsequently emits cool energy to the room’s 

inhabitants, providing a pleasant and conditioned interior. 

Additionally, the chilled surfaces handle a sizable volume of 

air, which enhances the comfort of the interior environment 

even more. The low exergy destruction characteristics of 

radiant systems may allow for a more comfortable living 

environment, according to the study conducted by Koca [2]. 

Reducing free convective heat transfer, which is a primary 

source of discomfort in living spaces, and boosting radiative 

heat transfer can be done by arranging the large surfaces as 

heat sources or sinks. The three main types are radiant ceiling, 

floor, and wall panel systems. The question is which side of 

the room would be ideal for installing the radiant panel. The 

popular positions are used to be on the floor and/or ceiling. 

Others, though, believe that walls or windows can also be 

effective. However, for any form of this air conditioning 

system, numerous works were accomplished. Possibly, 

beginning with the review papers can give a complete survey 

for this subject. 

1.1 General surveys 

Krajčík et al. [3] provided an overview of the possible 

benefits and disadvantages of radiant wall against radiant 

ceiling and floor systems. The study demonstrated that, when 

correctly planned and implemented, radiant wall panels paired 

with low-grade energy sources may provide cost-effective and 

environmentally friendly heating systems. Furthermore, 

radiant wall panels are easier to install than radiant ceiling and 

floor ones, which could result in energy savings under certain 

conditions. In the research of Karakoyun et al. [4], sidewalls 
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served as heat sinks to ease the summertime circumstances that 

can develop when building’s walls are inadequately insulated 

or exposed to solar radiation. Convective and radiative heat 

fluxes were computed. A hydraulic radiant sub-floor was 

found to have a large heat transfer boost from 3% to 5%. A 

heated floor has a higher overall heat transfer coefficient than 

the colder one because of stronger air movements. This is due 

to the tendency of air molecules over a hot floor to rise due to 

buoyant forces outweighing gravity forces. The average 

efficiency of a radiation-based cooling system was 91% for all 

treated floors. The researchers Krajčík and Šikula [5] 

identified and directly compared four different types of wall 

cooling systems, three of which can be retrofitted into existing 

buildings. It is demonstrated how multiple configurations of 

pipe placement, material layers, and core thermal conductivity 

enable compromise between the various performance 

indicators to construct a system with desired specifications. 

According to the study of Koca et al. [6], radiant wall 

applications have become more popular than floor and ceiling 

ones because of their benefits, although there had never been 

any experimental studies on radiant wall cooling before. 

Radiative and convective heat transfer accounted for, 

respectively, 67% and 33% of the total heat transfer when a 

radiant wall cooling panel was considered. 

Conroy and Mumma [7] presented an overview of the 

fundamental heat transfer equations used to calculate the mean 

temperature of radiant cooling panel as a function of panel’s 

design, material, flow rate, coolant temperature, and space 

temperature. The design issue, they said, is to ascertain the 

mean panel temperature for a particular mass flow rate and 

geometry. A complete review by Hassan and Abdelaziz [8] 

revealed that the majority of research within reach noted that 

radiant systems perform better than all other devices if the 

temperature of the chilled water is low enough with affordable 

surface condensation. For a better explanation of the dynamic 

cooling properties of radiant panel systems, they found that 

transient mathematical models should be created to replace the 

widely utilized steady-state models. Also, for radiant systems 

to operate in both heating and cooling modes, sophisticated 

control strategies are necessary. Finally, to assess the effect of 

chilled water tube arrangement, tube diameter, and tube 

spacing on the temperature uniformity of thermally activated 

slabs, design formulas are needed. Hu et al. [9] summarized 

works on radiant cooling systems, including those on radiant 

system conduction, cooling loads, cooling capacity, heat 

transfer coefficients of cooling surfaces, thermal performance 

of buildings, and radiant system control strategy. The aim was 

to provide a scientific support for passive cooling building 

solutions, thermal performance optimization, and radiant 

cooling system design. Because of the thermal mass 

surrounding the hydraulic pipes, the direct heat transfer of 

cooling surfaces was not similar to that removed by the 

internal water systems. 

 

1.2 Previous experiments 

 

There are studies that included real-scale data. For 

illustration, a real hospital room was selected for the cooling 

ceiling system by Fonseca [10]. The thermal efficiency of the 

cooling device was acquired by the temperature variations 

while the circuit’s overall pressure drop was estimated from 

water flow rates. For the six tests with water supply 

temperatures changing from 11.4℃ to 17.7℃, a correlation 

between the thermal power and average surface temperature 

was developed. In the study of Seyam et al. [11], several sizes 

and locations of full-scale room models were simulated to 

examine heating panels. The accuracy of the numerical 

technique was confirmed by experimental measurements. 

They found that the location of the heater influenced the 

temperature distribution, and it was reported that the heater 

surface temperature should not exceed 29℃ to ensure a 

thermal comfort when the inside air temperature was 23℃. 

The investigator Koca et al. [6] conducted a number of tests to 

assess the hydronic radiant wall cooling system’s capabilities. 

To obtain realistic results, the radiant wall’s convective, 

radiative, and total heat transfer coefficients were measured in 

a climatic test chamber. The mean values of these coefficients 

were 8.25, 5.52, and 2.41 W/m2.K, respectively. Radiation was 

responsible for 70% of the total heat transfer on average. The 

cooling capacity of the panel with aluminum conductive layer 

was around 21% more than that of the traditional panel. The 

experimental and numerical study of Çolak et al. [12] dealt 

with the shortcomings of radiant-cooled wall devices. The 

convection, radiation, and total heat transfer coefficients were 

computed using seven different artificial neural network 

models. 

In order to achieve more cost and performance 

improvements, radiant systems have been integrated with 

other passive methods. The study that was published by Shen 

et al. [13] explored the use of a ground-source heat exchanger 

and glass box with embedded pipe as a direct use of natural 

energy for winter heating. Numerical analyses of heat and 

fluid flow were additionally performed for the pipe implanted 

in the window. The system’s effectiveness was evaluated 

using ground-source water at varied water flow rates and 

outside temperatures. Hot water was used to warm the 

window, which is usually cooler than the room temperature. 

Thus, in the winter, a greater proportion of natural resources 

can be used efficiently because these sources like the ground 

are sufficient to reduce the heating burden. The investigators 

Jiang et al. [14] introduced their innovative refrigerant-direct 

radiant cooling system (RDRC) to the field. The terminal 

surface temperature of the RDRC was uniformly distributed, 

and the system was very effective. According to the findings, 

the aspect ratio of 0.88, copper pipe diameter of 6.0 mm, 

copper pipe spacing of 40.0 mm, and fin height of 40.0 mm 

were all recommended. Following Radzai et al. [15], the 

elevated risk of surface condensation is the reason why radiant 

cooling is occasionally used in hot and humid conditions. 

Surface condensation is less likely to occur when the supply 

water temperature is higher than the dew point of indoor air. 

However, the radiant panel system will not work to its fullest 

capacity if the supply water temperature is increased. They 

concluded that the flow is crucial to maximizing the cooling 

capacity of the system. The optimal goals for these systems 

also include reducing pressure drop, raising cooling capacity, 

and adjusting temperature homogeneity. 

 

1.3 Other approaches 

 

A considerable amount of studies has also been devoted to 

numerical and theoretical methods. Jeong and Mumma [16] 

used panel performance data generated by a verified analytical 

model to statistically quantify the impact of various design 

factors and their combinations on the panel cooling capacity. 

The model, which was a first order linear equation, was for 

both natural and mixed convection conditions. A brand-new 

semi-analytical numerical model was developed by Tye-
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Gingras and Gosselin [17] in order to calculate the temperature 

field and steady-state heat transfer of such panels. The model 

was then compared to the entirely analytical one that 

ASHRAE advised. The analytical model was satisfactory and 

accurate but not particularly flexible because the tube spacing, 

heat transfer coefficient, and fin efficiency must remain 

constant across the whole tubing length for the methodology 

to be applicable. Shin et al. [18] conducted theoretical research 

to assess the relationship between heat flux and design factors 

using the calculation method from the ASHRAE Handbook. 

Graphic charts were made to help designers take into 

consideration during the design stage: Heat flux, difference 

between the maximum and minimum floor surface 

temperatures, and the maximum floor surface temperature.  

By using theoretical and numerical data, Acikgoz and 

Kincay [19] found that the radiative to convective heat transfer 

coefficients are ranged from 0.88 to 1.79. Novel correlations 

for the radiative heat-transfer coefficient and ratio of the 

radiative to convective heat-transfer coefficients were also 

created for walls cooled by radiation. Various room sizes, 

emissivity ratings, and temperature ranges were tested. In 

Acikgoz and Kincay [19]’s work, the engineering equation 

solver (EES) was used to examine the total and radiative heat 

transfer rates in an enclosure heated from a single wall at 

different surface emissivities. They showed that the average 

radiative coefficient, ranged between 5.4 and 5.5 W/m2.K, 

slowly varies with room size. They claimed that the overall 

heat transfer coefficient is between 10.2 and 10.8 W/m2.K for 

an emissivity value of 0.9. The average radiation to total heat 

transfer ratio was found to be between 64 and 67 percent. Su 

et al. [20] developed a two-dimensional mathematical model 

of steady state heat transfer using the finite difference 

technique. The surface and internal temperatures of the 

concrete panel were focused on during the numerical 

modeling. It was noticed that the concrete panel’s thermal 

inertia constantly lowers the temperature of the panel. 

To explore further related works to the current, Zhang et al. 

[21] has created a mathematical model for unsteady state heat 

transport. The indoor parameters during the summertime were 

examined, and the findings showed that the ceiling surface’s 

temperature dropped quickly after the startup period. The 

radiant heat flux, however, from the ceiling decreased swiftly 

to a low point before slowly climbing back to a steady state. 

When subjected to heat flux from the bottom through 

convection and radiation, the flow passage designs had an 

impact on how well the panel performs in the steady state. 

They demonstrated how the panel aspect ratio should be 

altered to promote more uniform panel temperature 

distribution and save pumping power. A simplified model for 

top-insulated metal ceiling radiant cooling panels with 

serpentine tube arrangement was produced in the study of Yu 

et al. [22], in order to anticipate mainly the output water 

temperature and cooling capacity. The simplified model 

assumed thermal symmetry and ignored the edges of the semi-

circular tubes. The results showed that (1) the tube spacing has 

a significant effect on cooling capacity within the useful range 

of tube spacing from 0.05 to 0.3 m, (2) the tube thermal 

conductivity has a significant effect on cooling capacity if it is 

less than 1.0 W/m.K, (3) the panel thickness has a significant 

effect on cooling capacity if it is less than 0.5 mm, and (4) the 

water flowrate should be sufficient to keep the flow in 

turbulent regime. To analyze certain floor heating system 

parameters, Oubenmoh et al. [23] performed simulations for 

design optimization. They investigated several under-floor 

heating configurations using a two-dimensional simulation 

model. Analyses were conducted on three patterns including, 

serpentine, counter flow spiral, and modulated spiral. The 

main findings revealed that the stream velocity does not 

considerably influence the thermal behavior of the under-floor 

heating system. Thus, by reducing the water inlet velocity, the 

energy consumption of the pump can be decreased, but 

additional piping diameter considerations are required. Also, 

the temperature of the incoming water has a major effect on 

the heating time. Ultimately, more optimization is needed to 

reduce the amount of energy used for heating. 

The performance of a radiant panel containing serpentine 

tube arrangement was investigated by Mosa et al. [24] with 

aspect ratio between 0.24 and 2.79. It was found that the aspect 

ratio of 1.05 pertains to more energy efficient panel. The paper 

of Qin et al. [25] offered a simplified model and anticipated 

cooling load based on the concept of human thermal comfort. 

The relationships between design, operating, and thermal 

comfort characteristics were investigated using simulations. 

According to the findings, the radiant surface temperature, 

fresh-air supply temperature, and area ratio were all fairly 

linearly related to the indoor air temperature, whereas the 

relative humidity had a little effect. When building radiant 

cooling panels with a dedicated fresh-air system, the sensible 

load equation and condensation model can be utilized as 

guidance. In their work, Zhao et al. [26] addressed the usage 

of a regular shape for the heat source, such as a circle, 

rectangle, or square to calculate heat conduction analytically. 

On the other hand, the same publication mentioned that 

research into transient heat conduction has been rather limited. 

This is because flexible heater designs were not taken into 

account when it comes to the conventional heaters. The 

objective was to build a model for transient heat conduction 

using the separation of variables approach, which will then be 

utilized to verify the finite element analysis. By choosing the 

shape of the serpentine heat source, they were able to achieve 

the temperature uniformity of their model under a variety of 

scenarios. In their reconstruction of radiant cooling panels, 

Xing and Li [27] performed a comparison using liquid cooling 

panels. On the basis of numerical calculations, the effects of 

the panel’s dimensions, flow channels, and materials on the 

thermal and hydraulic performance of the new radiant cooling 

panels were carefully evaluated. The rebuilt radiant cooling 

panels performed thermally better than the traditional pipe-

panel radiant cooling panel. 

 

1.4 The current aims 

 

Another important attention was paid to the heat sources, 

especially at motion, such as those used in continuous casting, 

surface hardening, and welding processes. When there are 

several passages, the heat may be intermittent. 

The analysis of heat conduction in a medium that was being 

heated by a moving heat source was the subject of the Kim’s 

study [28]. He assessed the temperature distribution 

surrounding a rectangular-shaped source traveling steadily 

along a bar’s axis. Using Fourier series assumptions, the 

transient temperature field from a moving heat source was 

examined. The outcome of the heat source’s passage 

demonstrated that the temperature increase brought on at a 

certain location close to the source tends to stabilize. In the 

analysis of Eremin et al. [29], the issue for a multilayer 

construction was reduced to a single layer with discontinuous 

(piecewise-continuous) medium using the asymmetric unit 
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function (Heaviside function). The nonlinear differential 

equation (nonlinearity of the second kind and the 

thermalphysical properties depend on the spatial variable) was 

reduced to a linear one by adding a new independent variable, 

and its direct integration enabled obtaining an accurate 

analytical solution to the problem under consideration. 

Therefore, in an era marked by rapid technological 

advancements and increasing demands for passive solutions, 

this research sets a vital foundation for further investigations 

into radiant heating and cooling from a mathematical 

perspective. Previous studies have overlooked the unsteady 

heating and cooling loads, revealing a significant gap in our 

understanding. It is crucial to recognize that hot or cold coolant 

can originate from various sources that do not necessarily 

maintain a constant power output. Additionally, this research 

emphasizes the importance of designing systems that can 

effectively handle large areas. There is an urgent need for a 

comprehensive equation that consolidates all potential 

variables, as it would greatly facilitate numerical simulations 

and experimental designs. Supporting this initiative will not 

only enhance our theoretical framework but also pave the way 

for practical applications in the field. 

The following mathematical derivations aim to produce 

temperature distribution formula by assuming piecewise 

function to the total heat transfer of the panel. Then, computer 

simulations are run for validation and more performance 

evaluation. Note that while the Heaviside step function 

assumption is original, the concept of treating the heat source 

term in separate variables is not; see for example [26]. 

Further, when Heaviside step function exists, a new 

formation of Laplace Transform will be introduced for this 

type of input in this area of research. 

 

 

2. MATHEMATICAL ANALYSIS 

 

2.1 Geometry specifications 

 

It is assumed that the flow inside the inserted tube is 

incompressible, and the physical properties of the solid box 

and fluid remain unchanged by temperature. The mathematical 

derivations will be entirely for the solid slab represented by a 

linear partial differential equation. The flow inside the tube is 

maintained at high Reynolds number while it absorbs 

/transmits (with focusing on absorption here) its energy to the 

adjacent layers. In Figure 1, the geometry is visualized as a 

rectangular panel resembling that of conventional radiant wall 

serving in many applications. The materials are chosen copper 

for both the box and tube. The water coming from the upper 

inlet terminal is at a controlled temperature while others will 

be calculated accordingly (bottom and average surface 

temperature). 

The box is 𝑊 ×  𝐻 ×  𝛿, where the thickness (𝛿) is along 

the z-axis. The tube with diameter (𝑑) embedded inside the 

box is serpentine in shape with multiple turns (𝑁𝑠 ). The 

Reynolds number (𝑅𝑒)  =  𝑢𝑚𝑎𝑥𝑑 ∕ 𝜇 is based on the 

maximum pipe’s velocity. The Prandtl number (𝑃𝑟) is taken 

6.9 for water at 25℃. The three important parameters (a, c, 

and Ls) represent the inner distances of rounded tube, and their 

equations are shown in Table 1, where 𝑅 is the tube radius. 

The control volume and its boundary conditions that will be 

used for the panel design are shown in Figure 2. The figure 

shows a U-turn section of serpentine tube with three views: the 

solid panel, bent tube, and boundary conditions around the 

whole control volume. The panel is exposed to heat by one 

face while others are fully insulated. Since the radiation and 

natural convection take place along the panel, the suggested 

model of internal heat will be for the 𝑦-direction only. The 

upper panel temperature or 𝑇𝑡𝑝 is a linear function in terms of 

𝑥, where 𝑇𝑤𝑖  is the water inlet temperature. 

 

 
 

Figure 1. Geometry illustration of the current analysis: (i) the 

solid box and (ii) the tube 

 

 
 

Figure 2. Three sketches for whole domain showing the main dimensions and boundary conditions 
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Table 1. Geometry specifications of the current analysis 

 

Part Formula Value 

Panel size W×H×𝛿 0.86×1.923×0.045 

Serpentine turns 𝑁𝑠  20 

Tube diameter d 0.04 

Vertical distance 𝑐 =
𝐻−(𝑁𝑠+1)𝑑

𝑁𝑠+2
  0.049 

Axial distance a=W-(2c-2d) 0.68 

Variable y 𝑦 = 𝐻 − (𝑦 + 𝑛𝑐 + 𝑛𝑅)  0.68 

Whole length of 

serpentine tube 

𝐿𝑠 = (𝑁𝑠 + 1)𝑎 + 𝑐𝑁𝑠 +
𝜋𝑅𝑁𝑠  

16.55 

 

2.2 Cooling load assumption 

 

Air conditioning systems should be able to manage 

interruption and/or multiple indoor settings due to varied 

demands during the day. Since the unit step function is a 

mathematical tool for representing abrupt changes in the 

variables of any circuit, it can simulate the on/off action of 

such systems. These assumptions can be noticed in some 

previous studies like Rahbari et al. [30], where step function 

heat pulse, which was used to imitate heat conduction in a one-

dimensional slab, was formed up of Heaviside function. Based 

on the proposed design of the current radiant panel, the heat 

load is estimated to be on range of 300 to 500 watts with these 

changes in the water inlet velocity, temperature, and diameter 

as follows: 

 

𝑞̇(𝑦, 𝑡) =
𝑞̇

𝐴𝑠𝑢𝐴
𝑞1(𝑦)𝑞2(𝑡) (1) 

 

where, 𝐴𝑠 is the total heat transfer area of the tube, and 𝑢 is the 

water velocity used due to 𝑞1(𝑦). In Eq. (1), the symbol A is a 

factor in m-1 for temporal variation, or 2π∕R, based on the 

assumption of 𝑞2(𝑡) . The fully-developed velocity (𝑢 ) of 

water at the inlet is 

 

𝑢 =
𝐺

4𝜌𝜐
(𝑅2 − 𝑟2) (2) 

 

where, 𝐺 = 4𝑢𝑚𝑎𝑥𝜌𝜈 ∕ 𝑅
2  is the pressure drop factor of 

Poiseuille flow in Eq. (2). At the air flow side, in most cases 

where the air velocity is small like 0.2 m∕s or where the 

difference between the MRT and air temperature is small such 

as 4℃, the operative temperature can be averaged with 

sufficient approximation to the MRT as presented next [31]. 

As presented by Uponor [32], if a cubic meter room is 

considered, and the air temperature, 𝑇𝑎, is at 24.93℃, the area 

of each side will be multiplied by its mean temperature, and 

the sum will be divided by the total areas and value MRT = 

23.87. Thus, for the air side, the operative temperature 𝑇𝑎𝑣  is 

(𝑇𝑎+MRT)∕2 = 24.4℃. The fin effectiveness of radiant panel 

can be expressed by means of the panel heat removal factor 

(HR), which is the ratio between the actual absorbed heats to 

that removed if the entire panel was at the inlet fluid 

temperature. It can be written as [7]. 

 

𝐻𝑅 =
𝑇𝑎𝑣−𝑇𝑝

𝑇𝑎𝑣−𝑇𝑤𝑖
   (3) 

 

where, the design challenge is to determine the panel average 

temperature Tp for a given mass flow rate and geometry 

specifications. 

 

2.3 Separation of variables 
 

In this article, the separation of variables method will be 

used for the heat conduction equation, adopting the earlier 

work of Abdulrasool et al. [33]. The partial differential 

equation for the solid box is non-homogeneous and linear, so 

superposition assumptions will be used for homogeneity. This 

governing equation for the panel is represented by the 

transient, source, and diffusion terms as follows: 
 

1

𝛼

𝜕𝑇

𝜕𝑡
=
𝜕2𝑇

𝜕2𝑥
+
𝜕2𝑇

𝜕2𝑦
+
𝜕2𝑇

𝜕2𝑧
+
𝑞̇

𝑘
  (4) 

 

And the applied boundary conditions as shown in Figure 3. 
 

𝜕𝑇

𝜕𝑥
|
𝑥=0

= 0,
𝜕𝑇

𝜕𝑥
|
𝑥=0

= 0,
𝜕𝑇

𝜕𝑥
|
𝑥=0

= 0, and 𝑇𝑦=𝐻 = 𝑇𝑡𝑝 , 

 

as in the study conducted by Radzai et al. [15], where a 

constant heat flux is only used on one side of the plate (i.e. 

temperature linear behavior). This study suggests two cases 

which are performed for the source term: the steady case 

where the differential equation turns into 

 

𝜕2𝑇

𝜕2𝑥
+
𝜕2𝑇

𝜕2𝑦
+
𝑞̇(𝑦)

𝐾
= 0 (5) 

 

The theory of superposition yields two parts as shown in 

Figure 3. 

 

 
 

Figure 3. Superposition technique for the differential equation with variable heat sink 
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𝑇(𝑥, 𝑦) = 𝑇1(𝑥, 𝑦) + 𝑇2(𝑦)  (6) 

 

where, the first term is for temperature variations in two-

dimensional space while the second one is for the external 

effect such as heat sink. Thus, the initial guess solution can be 

 

𝑇1(𝑥, 𝑦) = 𝑋(𝑥)𝑌(𝑦)  (7) 

 

If Fourier series, an infinite sum of periodic functions, is 

implemented in one dimension as follows 

 

𝑥′′ + 𝜆2𝑥 = 0 (8) 

 

The solution is  

 

(𝑥) = 𝐴1𝑐𝑜𝑠(𝜆𝑥) + 𝐴2𝑠𝑖𝑛(𝜆𝑥) (9) 

 

where, two constants 𝐴1 and 𝐴2 appear in the solution. From 

the boundary conditions, 𝐴2 is zero, and the Eigenvalues are 

𝜆 =  𝑛𝜋/𝑊, where n = 0, 1, 2, 3… etc. Based on previous 

explanations, the equation for 𝑦-axis becomes 

 

𝑌′′ − 𝜆2𝑦 = 0  (10) 

 

And the solution is 

 

𝑌(𝑦) = 𝐴3𝑐𝑜𝑠ℎ(𝜆𝑦) + 𝐴4𝑠𝑖𝑛ℎ(𝜆𝑦) (11) 

 

where, the 𝐴4 also vanishes due to the boundary condition at 

the panel’s bottom. From Eq. (7), the steady temperature at any 

position is given by 

 

𝑇1(𝑥, 𝑦) = 𝐴𝜊 + ∑ 𝐴𝑛 𝑐𝑜𝑠(𝜆𝑥) + 𝑐𝑜𝑠ℎ(𝜆𝑦)
∞
𝑛=0   (12) 

 

The remaining solution part of Eq. (6) will be obtained from 

 
𝜕2𝑇

𝜕𝑦2
=
−𝑞̇𝑞1(𝑦)

𝐾
  (13) 

 

where, the Heaviside function is the prescribed function in the 

𝑦 -direction since the pipe divisions lead to separate heat 

transfer regions. The equation involving all of the relevant 

geometry parameters is shown below: 

 

𝑞1(𝑦) = ∑ (𝑅2 − 𝑦𝑛
2)[−𝜃 (𝑦𝑛 −

𝑐

2
) − 𝜃 (𝑦𝑛 −

𝑁
𝑛=0

(
𝑐

2
+ 𝑑)) + 𝜃(𝑦𝑛 − (

3𝑐

2
+ 𝑑)) − +𝜃(𝑦𝑛 − (

3𝑐

2
+ 𝑑))]  

(14) 

 

where, 𝜃 denotes to the Heaviside function. After substituting 

Eq. (13) into Eq. (14) and performing double integrals, the 

result is 

 

𝑇2(𝑦) =
−𝑞̇

𝐾
∫𝑞1(𝑦)𝑑𝑦 + 𝐴5𝑦 + 𝐴6 (15) 

 

To evaluate the constants, boundary conditions are imposed 

to give that 𝐴5= 0, and 

 

𝐴6 =
𝑞̇

𝑘
∫𝑞1(𝑦)𝑑𝑦|𝑦=𝐻 (16) 

 

The final form of temperature distribution equation in this 

case is 

𝑇(𝑥, 𝑦) = 𝐴0 +∑𝐴𝑛 𝑐𝑜𝑠(𝜆𝑥) 𝑐𝑜𝑠ℎ( 𝜆𝑥)

∞

𝑛=1

+
𝑞̇

𝑘
(∫𝑞1(𝑦)𝑑𝑦|𝑦=𝐻 − 𝑞1(𝑦)𝑑𝑦) 

(17) 

 

where, 

 

𝐴0 =
1

𝑊
∫ 𝑇𝑡𝑝𝑑𝑥

𝑊

0

 (18) 

 

𝐴𝑛 =
2

𝑐𝑜𝑠ℎ(𝜆𝐻)𝑊
∫ 𝑇𝑡𝑝𝑐𝑜𝑠 (𝜆𝑥)𝑑𝑥
𝑊

0
  (19) 

 

It is believed that the discontinuity comes also from the 

system operating with time. That is expressed as follows 

 

1

𝛼

𝜕𝑇∗

𝜕𝑡
=
𝜕2𝑇∗

𝜕𝑥2
+
𝜕2𝑇∗

𝜕𝑦2
+
𝑞̇

𝐾
 (20) 

 

In this case, the notation will be 𝑇∗  for unsteady 

temperature. The superposition theory can be applied again 

such as 

 

𝑇∗(𝑥, 𝑦, 𝑡) = 𝑇1
∗(𝑥, 𝑦) + 𝑇2

∗(𝑦, 𝑡)   (21) 

 

where, the first term (𝑇1
∗) is for the steady part, whose solution 

was derived previously. The second part will be analyzed next. 

The differential equation for this part becomes 

 

𝜕2𝑇2
∗

𝜕𝑦2
−
1

𝛼

𝜕𝑇2
∗

𝜕𝑡
=
−𝑞̇𝑞1(𝑦)𝑞2(𝑡)

𝑘
 (22) 

 

In this situation, the assumption is changed to 

 

𝑇∗(𝑦, 𝑡) = 𝑌(𝑦)𝛤(𝑡) (23) 

 

Fourier solution is utilized in y-axis and gives 

 

𝑌(𝑦) = 𝑐1 𝑐𝑜𝑠(𝜇𝑦) + 𝑐2 𝑠𝑖𝑛(𝜇𝑦) (24) 

 

and from the boundary conditions, 𝑐2 = 0, and 𝜇 = 𝑘𝜋/
2𝐻, where k = 1, 3, 5, ... etc. After substituting the derivatives 

of the above function into Eq. (22), we obtain 

 

𝑐𝑜𝑠(𝜇𝑦) [
1

𝛼
𝛤̇𝑘(𝑡) + 𝜇

2𝛤𝑘(𝑡)] =
−𝑞̇𝑞1(𝑦)𝑞2(𝑡)

𝑘
 (25) 

 

The two sides of Eq. (25) will be multiplied by 𝑐𝑜𝑠(𝜇𝑦) and 

be integrated to 𝑦 =  𝐻. So that, the Fourier coefficient can be 

evaluated via 
 

[𝛤̇𝑘(𝑡) + 𝜇
2𝛤𝑘(𝑡)]

=
2𝑞̇𝛼

𝐾𝐻
𝑞2(𝑡)∫ 𝑞1(𝑦)

𝐻

0

𝑐𝑜𝑠(𝜇𝑦) 𝑑𝑦 
(26) 

 

If a constant such as 
 

𝑓𝑘 =
2𝑞̇𝛼

𝐾𝐻
∫ 𝑞1(𝑦)
𝐻

0

𝑐𝑜𝑠(𝜇𝑦) 𝑑𝑦 (27) 

 

Then, a time-dependent ordinary differential equation is 

constructed as follows 
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𝛤̇𝑘(𝑡) + 𝜇
2𝛼𝛤𝑘(𝑡) = 𝑓𝑘𝑞2(𝑡) (28) 

 

The time-varying function, 𝑞2(𝑡), is assumed herein as a 

piecewise-defined function with three intervals or 
 

𝑞2(𝑡) = {
2                       𝜋 < 𝑡 < 2𝜋
2 𝑐𝑜𝑠(4𝑡)

𝑡2
        2𝜋 < 𝑡 < 3𝜋
               𝑡 > 3𝜋

 (29) 

 

where, the first two types (wavy and constant) are comparable 

to those reported by Ghasemi and Aminossadati [34], while 

the third example serves as a test. Then the in-line function for 

𝑞2(𝑡) can be written as 
 

𝑞2(𝑡) = 2 + (2 𝑐𝑜𝑠(4𝑡) − 2)𝜃(𝑡 − 2𝜋) + (𝑡
2

− 2 𝑐𝑜𝑠(4𝑡))𝜃(𝑡 − 3𝜋) 
(30) 

 

This can be substituted into Eq. (28) leading to 
 

𝛤̇𝑘(𝑡) + 𝜇
2𝛼𝛤𝑘(𝑡) = 𝑓𝑘(𝑦(2 + (2 𝑐𝑜𝑠(4𝑡) − 2)𝜃(𝑡 −
 2𝜋) + (𝑡2 − 2 𝑐𝑜𝑠(4𝑡))𝜃(𝑡 − 3𝜋)) 

(31) 

 

Before using Laplace Transform to the Eq. (31), a new 

Laplace formation will be introduced first as follows: 
 

ℒ (𝑡𝑖𝜃(𝑡 − 𝑔)) = 𝐹(𝑠)𝑒−𝑔𝑠∑
(𝑔𝑠)𝑖

𝑖!

𝑖

𝐾=0

 (32) 

 

Now, executing this new and other equations of integral 

transform to each term of Eq. (31) yields to 

 

𝑠𝛤𝑘(𝑠) − 𝑇2
∗(𝑦, 0) + 𝜇2𝛼𝛤𝑘(𝑠) 

= 𝑓𝑘

(

 
 
 2

𝑠
+

−32𝑒−2𝑠𝜋𝑠2

+𝑒−3𝑠𝜋 (9𝜋
2𝑠4 + 144𝜋2𝑠2 + 6𝜋𝑠3

−2𝑠4 + 96𝑠𝜋 + 2𝑠2 + 32
)

𝑠3(𝑠2 + 16)

)

 
 
 

 
(33) 

 

All terms are transferred to 𝑠-parameter in this new 

algebraic equation. After that, Inverse Laplace Transform will 

be implemented for all terms to reach that 

 

𝛤𝑘(𝑡) = 𝑓𝑘ℒ
−1[

2

𝑠(𝑠+𝜇2𝛼)
+ 

32𝑒−2𝑠𝜋𝑠2+𝑒−3𝑠𝜋(9𝜋2𝑠4+144𝜋2𝑠2+6𝜋𝑠3−2𝑠4+96𝑠𝜋+2𝑠2+32)

𝑠3(𝑠2+16)(𝑠+𝜇2𝛼)
+

𝑇2(𝑦,0)

𝑓𝑘

(𝑠+𝜇2𝛼)
] 

(34) 

 

For simplicity, after obtaining the outputs of Eq. (34), the 

solution of Eq. (31) will be divided into sub-divisions from 𝑃1 

to 𝑃4 as follows: 

 

𝑃1 = 16 + 𝜇
2𝛼2 + 16(−2(𝑐𝑜𝑠2(𝑡))

+ 1) 𝑐𝑜𝑠(𝑡) 𝑠𝑖𝑛(𝑡) 𝜇6𝛼3

+ 𝑒−𝜇
2𝛼(𝑡−3𝜋)(𝜇8𝛼4 − 𝜇4𝛼2

− 16) + (−8(𝑐𝑜𝑠4(𝑡)

+ 8(𝑐𝑜𝑠2(𝑡)) − 1)𝜇8𝛼4 

(35) 

 

𝑃2 = 16𝜇
4𝛼2(−2 + 2𝑒−𝜇

2𝛼(𝑡−2𝜋)

+ 2𝜇2𝛼 𝑠𝑖𝑛(𝑡) 𝑐𝑜𝑠(𝑡)(2(𝑐𝑜𝑠2(𝑡))

− 1) + 𝜇4𝛼2(𝑐𝑜𝑠2(𝑡))(𝑐𝑜𝑠2(𝑡)

− 1))𝜃(𝑡 − 2𝜋) 

(36) 

𝑝3 =
2𝜃(𝑡 − 3𝜋)(−3𝜋𝑒−𝜇

2𝛼(𝑡−3𝜋) + 𝑡)

𝜇4𝛼2
 (37) 

 

𝑃4 =

2 + (
𝑇𝑠2(𝑦, 0)
𝑓𝑘

𝜇2𝛼 − 2) 𝑒−𝜇
2𝛼𝑡

+𝜃(𝑡 − 3𝜋)(−9𝜋2𝑒−𝜇
2𝛼(𝑡−3𝜋) + 𝑡2

𝜇2𝛼
 

(38) 

 

And the full equations will be 
 

𝛤𝑘(𝑡) = 𝑓𝑘(𝑦)[
2𝑃1𝜃(𝑡 − 3𝜋) + 𝑃2
(𝜇4𝛼2 + 16)𝜇6𝛼3

− 𝑃3 + 𝑃4] (39) 

 

Thus, the complete solution of Eq. (22) is 
 

𝑇2
∗(𝑦, 𝑡) = 

∑𝑓𝑘 𝑐𝑜𝑠(𝜇𝑦)

∞

𝑘=1

[
2𝑃1𝜃(𝑡 − 3𝜋) + 𝑃2
(𝜇4𝛼2 + 16)𝜇6𝛼3

− 𝑃3 + 𝑃4] 
(40) 

 

𝑇∗(𝑥, 𝑦, 0) = 𝑇(𝑥, 𝑦)  

𝑇2
∗(𝑦, 0) =

𝑞̇

𝑘
(∫𝑞1(𝑦)𝑑𝑦|𝑦=𝐻 −∫𝑞1(𝑦)𝑑𝑦) 

(41) 

 

And the final solution of unsteady Eq. (20) is 
 

𝑇∗(𝑥, 𝑦, 𝑡) = 𝐴0 

+∑𝐴𝑛 𝑐𝑜𝑠(𝜆𝑥) 𝑐𝑜𝑠ℎ(𝜆𝑦)

∞

𝑛=1

+∑𝑓𝑘 𝑐𝑜𝑠(𝜇𝑦)[
2𝑃1𝜃(𝑡 − 3𝜋) + 𝑃2
(𝜇4𝛼2 + 16)𝜇6𝛼3

− 𝑃3 + 𝑃4]

∞

𝑘=1

 

(42) 

 

 

3. DATA VALIDATION 

 

One drawn result from Eq. (42) will be compared to its 

similar data by Koca et al. [6] for validation purpose. The 

experiment took place in a full-scale room mimicking modern 

building characteristics. It followed ASHRAE standards for 

thermophysical parameters and experimental setup. 

Measurements focused on the inlet and outlet water 

temperatures during steady-state conditions. The hydraulic 

system enabled heat flow through the cooling system under 

these conditions, with conditioning panels and surface 

temperatures serving as steady-state indicators. However, 

these conditions may not apply universally, as fluctuations 

could affect the cooling process. Results were based on 

average values calculated over 30-minute intervals of stability. 

A formulation for the cooled radiant wall was proposed but 

found to be overestimated by about 3.2% compared to 

standard values. 

Figure 4 is to demonstrate the similarity and dependability 

of our derived model compared to Koca’s experiment [22], 

where six temperature data consisting of the water inlet and 

average surface temperature for the wall panel were borrowed 

from Koca [22]. 

In fact, this experiment was chosen over others of RCP for 

the following reasons: First, all of its geometric parameters 

and boundary conditions are comparable to those of the current 

investigation. Second, there is little research on cooled radiant 

wall systems–just one study has been published in the 

literature. 
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Figure 4. Panel surface temperature vs. water inlet 

temperature data obtained from current derived solution Eq. 

(42) and experimental from Yu et al. [22] 

 

In fact, this experiment was chosen over others of RCP for 

the following reasons: First, all of its geometric parameters 

and boundary conditions are comparable to those of the current 

investigation. Second, there is little research on cooled radiant 

wall systems–just one study has been published in the 

literature. Both behaviors show the average panel temperature 

increases as the input water warms up. However, the 

discrepancies between data and trends of the two approaches 

are obvious. Despite that there are common experimental 

uncertainties and empirical formations encountered in the 

Koca data [22], the most possible cause for this data gap is the 

distribution of panels. This can be explained by the divisions 

of system in Koca’s experiment into seven panels [22], each 

containing three bent tubes whereas our model represents one 

panel with one embedded tube. In the event that everything is 

exactly analogous to that experiment, we think our model can 

still predict meaningful readings very close to the realistic 

data. However, the current theoretical and experimental results 

have a Mean Absolute Error (MAE) of 1.54916, which is 

calculated according 𝑀𝐴𝐸 =
∑ |𝑦𝑖−𝑥𝑖|
𝑛
𝑖=1

𝑛
 where 𝑦𝑖  = the current 

prediction, 𝑥𝑖 = the experimental value and 𝑛 = total number 

of data points.  

In addition, numerical simulations were performed for 

selected data and operation conditions. This was achieved by 

using Ansys 2022 R1 workbench that includes Design 

Modeler, Meshing, and Fluent. The solid enclosure and the 

liquid contained within the ten-turn serpentine tube represent 

distinct computing domains within the experimental setup. To 

effectively replicate the experiment and affirm the theoretical 

derivation, the entire geometry is positioned in a vertical 

orientation. The upper end of the tube serves as the inlet, 

whereas the lower end functions as the outlet. Heat is applied 

uniformly to one side of the box and varies with time, while 

the opposite side maintains a constant temperature. The 

alterations in the flow regime, which have the potential to 

influence the outcomes of the experiment, are governed by the 

input velocity of the fluid in the tube. Our computations 

integrate the effect of gravitational force acting in the vertical 

direction, consistent with the theoretical derivation. 

The geometry sizes are the same those in Table 1 with two 

bodies being built for the solid box and fluid. The mesh was 

then constructed with option of Tetrahedrons Method. The 

number of cells was tested at 4325706, 1919101, 1884469, and 

1758594 for both zones together. The denser mesh reads 

minimum orthogonal quality of 0.5 and maximum mesh aspect 

ratio of 10. The boundary conditions were assigned as 

following: Velocity-inlet, temperature-inlet, outflow, and 

mixed heat flux. These are distributed for the inlet, outlet, and 

the inner wall face in x and y directions, in front of the 

conditioned room. The results of each simulation for different 

meshes were acquired and compared with each other. The 

maximum dissimilarity between the panel bottom 

temperatures were found to be small enough, around 0.05% 

for the three intense meshes, so the mesh with 1919101 cells 

was chosen for the rest of the analysis. Figure 5 shows an 

example of numerical validations for the analytical solutions 

presented in this study at a constant heat load of 364 watts. The 

temperatures were recorded at different flow rates and found 

to lessen gradually. The explanation of this decrease is obvious 

since the heat load was fixed at one value. That means high 

water velocity causes less temperature span between the panel 

top and bottom temperatures. The average temperature of the 

panel surface, 𝑇𝑝, is higher than the bottom temperature, 𝑇𝑏𝑝, 

due to the cooling process by the wall.  

The highest discrepancy of data produced by the two 

approaches was between 2.5 and 5% at different flow rates, 

with around 0.6 MAE. The assumption of heat sink made in 

the analytical study or the turbulent models of ANSYS 

package may be responsible for the shown gap between the 

solutions of the two solvers. Readers should be aware that the 

theoretical derivation only deals with the energy equation of 

the panel experiencing the heat load that is modified, not the 

Navier-Stokes equations. Two approaches were between 2.5 

and 5% at different flow rates. The assumption of heat sink 

made in the analytical study or the turbulent models of 

ANSYS package may be responsible for the shown gap 

between the solutions of the two solvers. Readers should be 

aware that the theoretical derivation only deals with the energy 

equation of the panel experiencing the heat load that is 

modified, not the Navier-Stokes equations. To highlight the 

underlying physical interpretation, these assumptions suggest 

that the heat drawn from the fluid acts as a heat source within 

the theoretical framework. Additionally, the variability 

introduced to this heat source originates from the flow 

fluctuations. In mathematical terms, this heat source is 

depicted as a piecewise function, reflecting its proximity to 

real-world applications in this domain. However, it is crucial 

to scrutinize the validity of these assumptions in greater detail 

and to compare them with alternative mathematical models to 

enhance their general applicability. 

 

 
 

Figure 5. Bottom and average panel temperatures vs. flow 

rate data obtained from the current solution of Eq. (42) and 

those of Ansys 
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4. RESULTS 

 

4.1 Theoretical data 

 

The following results, which illustrate this control concept 

of each radiant cooling panel’s parameter, are presented in a 

manner similar to those of Uponor [32]. The outputs of Eq. 

(42) are the panel average surface temperature, 𝑇𝑝, and bottom 

panel temperature, 𝑇𝑏𝑝 . Other parameters such as flow rate, 

water inlet temperature, and cooling load are controlled. 

Figure 6 exhibits the profiles of 𝑇𝑝 and 𝑇𝑏𝑝 at multiple cooling 

loads with constant flow rate and water inlet temperature. 

 

 
 

Figure 6. Analytical temperature solutions of Eq. (42) at 

constant flow rate, constant water inlet temperature, and 

variable heat loads 

 

When the flow rate is fixed, the cooling load causes the 

temperature differential between the water’s inlet and outflow 

to increase about 434.9%, which raises the bottom temperature 

of panel. The average temperature of the panel is obviously 

higher than the bottom temperature as the cooling load grows. 

It is well known that the system works best when the panel is 

sufficiently close to the water inlet temperature. This 

demonstrates that the panel cooling role weakens with 

increasing cooling loads (700% in this case) if either the water 

inlet temperature or the water flow velocity is held constant. 

So that, to improve performance, the supplied water’s flow 

conditions or properties must be altered. 

When the water input temperature was changed to meet the 

needs of the cooling load, the temperature difference between 

𝑇𝑤𝑖  and 𝑇𝑏𝑝  deviated noticeably to higher values. These 

behaviors are magnified within a box in Figure 7 which is also 

drawn at a constant flow rate but variable 𝑇𝑤𝑖 and loads. To 

clarify, this temperature difference was 0.08 at 178.7 watts 

while it raised to 0.14 at 364.4 watts, i.e., 75% increase in the 

temperature span if 103.9% change happens to the loads. 

 

 
 

Figure 7. Analytical temperature solutions of Eq. (42) at 

constant flow rate, variable water inlet temperatures and 

cooling loads 

 
 

Figure 8. Analytical temperature solutions of Eq. (42) at 

variable flow rates, constant water inlet temperature, and 

variable cooling loads 

 

From the perspective of cooling cycle design, it can 

decrease the water inlet temperature 𝑇𝑤𝑖  to satisfy the set-point 

temperature requirements. However, there is still an issue with 

the dew point temperature of interior air, which, if 𝑇𝑤𝑖  is too 

low, results in condensation on the radiant wall surface. The 

fluid flow rate in Figure 8 differs from 0.0003139 to 0.001883 

m3/s, and along with the flow rate, the plate temperatures drop. 

As the cooling demand rises, the difference between 𝑇𝑤𝑖  and 

𝑇𝑏𝑝 narrows (76.7%), despite the fact that there is just a small 

variation in the load–361.66 to 366.64 watts (1.4%)–compared 

to the prior tests. It is therefore possible to whether adjust the 

water inlet temperature or flow rate to meet the demands of the 

cooling load. Previous calculations demonstrated that the 

cooling loads vary more slowly as water flow rate increases 

than as water inlet temperature decreases. On the other hand, 

a high flow rate promotes more pumping power to the 

serpentine tube, while a low water inlet temperature 

maximizes the need to high cooling capacity of the chiller, 

although it also requires marginally high flow rate. 

The design factors of radiant cooling panel are the panel size 

and the total, effective heat transfer area. Using Eq. (42), the 

aspect ratio of W/H can be modified to obtain the best 

performance. In Figure 9, at a fixed cooling load, 364.47 watts, 

and water inlet temperature, the temperatures of 𝑇𝑝  and 𝑇𝑏𝑝 

were calculated with some panel’s aspect ratios, W/H. The 

temperature difference between 𝑇𝑤𝑖  and 𝑇𝑏𝑝  narrows from 

0.71 to 0.12 (about 83%) as the aspect ratio changes from 0.11 

to 0.56 (or 410%). It is anticipated to reach a constant 

temperature gap when the aspect ratio reaches one as an 

optimal design, see Mosa et al. [24]. It can be seen that the 

improvement in the device’s width affects the heat transfer 

significantly due to the enlargement in the heat transfer area. 

 

 
 

Figure 9. Temperature vs. aspect ratio of the solid box by 

Eq. (42) at variable flow rates, constant inlet temperature and 

cooling load 
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Figure 10. Temperature vs. vertical tube spacing by Eq. (42) 

at variable flow rates, constant inlet temperature and cooling 

load 

 

The space between the multiple turns of serpentine tube was 

changed to some values. Figure 10 presents the relationship of 

𝑇𝑝 and 𝑇𝑏𝑝 with this vertical tube spacing, or c, at constant 𝑇𝑤𝑖. 

At some cooling loads, the several pipe turns are the better, 

since the heat sink will be increased as the heat transfer area 

becomes larger. In fact, as the tube spacing rises from 0.031 to 

0.24 (about 674%), the temperature differential between 𝑇𝑤𝑖  
and 𝑇𝑏𝑝 increases from 0.14 to 0.42 (200%), greatly enhancing 

the heat transfer. Therefore, performance will be better with 

higher flow rate when 𝑐 is small. In addition, for Figure 11, the 

temperature of Eq. (42) is evaluated at different tube 

diameters. As the tube diameter increases, the temperature of 

the device lowers since the flow rate will be higher. The values 

showed temperature differences between 𝑇𝑤𝑖  and 𝑇𝑏𝑝  from 

0.37 to 0.11 (about 70%) if 𝑑 is changed from 0.01 to 0.06 m 

(500%). 

 

 
 

Figure 11. Temperature vs. tube diameter by Eq. (42) at 

variable flow rates, constant inlet temperature and cooling 

load 

 

Finally, it is known that this type of system is steady during 

its operation excluding the initial transient period. However, 

there are some possible on/off times this system experiences. 

In Figure 12(i), the data of Eq. (29) is plotted with respect to 

time to illustrate the fluctuations of heat amplitude. According 

to the imposed heat, the bottom panel temperature changes 

with time for two consecutive periods as in Figure 12(ii). This 

is an example of how the system works under some external 

impacts. However, the transient function in Eq. (29) can be 

modified with complying to the real-life application, so the 

panel duty can be controlled to fulfill the target space needs 

and obtain ultimately the best performance. In this regard, the 

Eq. (42) was developed for that purpose with any desired size 

and optimized goals. In Figure 13, the panel size of W and H 

as presented in Table 1 was used. The figure shows the 

temperature distribution with 𝑥 = 0 and 𝑦 = H on the water 

inlet side and with 𝑥 = W and 𝑦 = 0 on the outflow side. Note 

that there is a temperature fluctuation at the top which differs 

more clearly than that at the bottom. That is because a spatially 

changing function is implemented on the panel top boundary 

to incorporate that of water, or 𝑇𝑤𝑖 . The maximum temperature 

is about 10.14℃ as shown in Figure 13(i), and the panel heat 

removal factor (HR) is about 0.986. However, when the 

device’s height and thus the number of pipe turns are doubled, 

the maximum temperature reaches roughly 14℃, and HR = 

0.838 (15% decrease). Figure 13(ii) shows the results of 2H, 

which means the panel becomes warmer as it takes more 

energy from long multiple-passages tube leading to less HR. 

The flow rate does not have to be accelerated, but the energy 

will be increased due to the large temperature span between 

the water inlet and outlet. On the other side, when the width of 

the panel is doubled, the panel cools down to lower 

temperatures as seen in Figure 13(iii), and HR= 0.992 (0.6% 

increase). The cooler the panel will be, the higher the thermal 

performance is achieved; however, at this point, the water flow 

rate must be high given that the heat exchanger width (𝑎) 

becomes wider. 

If the whole panel is increased in size, the fluid flow rate 

can be supplied with affordable pressure drop, and the panel’s 

temperature will be lowered to desired values. In Figure 

13(iv), both W and H are increased two times, and the highest 

temperature appears to be 11.8℃ with HR = 0.847 (14% 

decrease). At this stage, the thermal energy being removed 

causes a high, and the water flow rate needs not to be very 

high. As a result, the heat removal factor in the latter situation 

is not particularly large. Finally, the time-dependent flow in 

the tube can affect the panel in some ways. First, when the 

system is on, and there are some interruptions, the temperature 

fluctuates. 

Figure 13(v) shows the temperature profiles over time when 

the heat sink of the tube is represented as in Eq. (29). The 

panel’s temperature experiences these changes as piece-wise 

function as implemented. This has to be controlled with set 

point temperature to gain the desired space conditions with 

possibly the lowest cost. When starting the system from the 

rest, the panel’s temperature varies over the entire panel 

reaching the specified temperature. An example of these 

changes with time is illustrated in Figure 13(vi), but more 

analyses can be done to produce more results taking advantage 

from Eq. (42). 

 

 
 

Figure 12. Temporal variations by Eq. (42) of (i) convective 

heat amount (ii) temperature of the solid box for 

discontinuous signals 
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Figure 13. Contours of panel’s temperature by Eq. (42) at six different cases with fixed inlet temperature, varying flow rate and 

cooling load 

 

 
 

Figure 14. Numerical temperature (i), pressure (ii), and velocity (iii) contours at 31.4×10-5 m3/s in the middle of whole domain 

 

4.2 Simulation data 

 

All simulations were performed in three dimensions after 

securing the most sufficient mesh, very low residuals, suitable 

time step, and an adequate number of iterations for steady 

case. All contours, which are for a variable distribution over 

the cross-section of longitudinal serpentine pipe, are shown in 

Figure 14 at xy-plane in the mid-section of the solid box. The 

boundary conditions are: 10℃ and 0.25–1 m/s at the pipe inlet, 

outflow at the pipe outlet, 31.4 × 10−5 as water flow rate, and 

flux = 0 at all other surfaces except that facing the target space. 

Figure 14(i) displays the temperature contour with some 

thermal gradients, especially across the y-axis. These changes 

are due to serpentine shape which might look different if other 

configurations are used. The water enters cold at the upper side 

and leaves hot at the bottom. The pressure inside the pipe is 

shown in Figure 14(ii). The flow begins at about 750 Pa and 

leaves at less than 100 Pa. The pressure gradient is more 

obvious at the y-axis than that along the x-axis. Finally, the 

velocity changes along the serpentine pipe are shown in Figure 

14(iii). The flow appears to experience some separations and 

reattachments at the bending zones. This is natural since the 

flow is supposed to be intermittently or fully turbulent and is 

exposed to sudden changes. The temperature contours at 
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different water flow rates of 31.4, 62.8, and 125.6×10−5 are 

presented in Figures 15(i)-(iii) respectively. The temperature 

gradients of the three figures fade gradually toward the panel’s 

top in y-axis. Also, the gradient changes with x-axis 

approximately as predicted by the present analytical model. 

The panel’s temperature lowers as the flow rate increases. This 

is also expected since flow absorbs heat fast as it goes down in 

the pipe. 

 

 
 

Figure 15. Numerical temperature contours at different fluid flow rate of plane positioned in the front of target space 

 

 

5. CONCLUSIONS 

 

Radiant cooling panel is increasingly becoming popular 

among air conditioning systems. However, the condensation 

issue remains a challenge about this device usually dealing 

with large heat transfer areas. The significance of this work 

can be explained as follows: an experiment may not be able to 

monitor the mean radiant temperature, or MRT, accurately 

enough, even if thermocouples are evenly spaced across the 

panel. Numerical schemes may need improvements to reach 

exact solutions. It is commonly recognized that increasing 

efficiency in numerical tasks is often achieved by applying 

analytical solutions to models and algorithms. The radiant 

panel’s dew-point temperature and design are determined by 

its average surface temperature and spatio-temporal 

distribution. Herein, the heat sink term in the energy equation 

was put under the scope with two assumptions for the space 

and time separately. A new form of Laplace transformation 

was introduced, and numerical computations were performed 

thereafter. The followings are the main conclusions: 

1. The cooling load can be assumed, calculated, and added 

as a known input to the panel’s heat conduction equation. 

2. Using the obtained solution and the water intake and air 

operative temperatures, it was feasible to determine the 

bottom and average temperatures of the panel. 

3. Due to a 700% increase in cooling load at a given water 

inlet temperature and flow rate, the temperature span over 

the panel raised to 434.9%. 

4. The temperature spread increased by 75% while the 

cooling load increased by 103.9% at a fixed water flow 

rate. 

5. Only when the water inlet temperature was fixed, there 

was a 76.7% decrease in the temperature span at a 1.4% 

rise in the cooling load. 

6. At constant cooling load, the temperature span decreased 

by 83% while the aspect ratio (W/H) was increased by 

410%. 

7. At fixed cooling load, 200% increase in the temperature 

span in front of 674% increase in the vertical tube spacing 

(c). 

8. The temperature span decreased by 70% at a fixed cooling 

load against an increase in tube diameter (d) of 500%. 

9. If the panel width is doubled, the panel heat removal 

factor (HR) rises to 0.6%. If H is doubled, this component 

loses 15% of its value. In the event that W and H are both 

doubled, the proportion falls to 14%. 
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NOMENCLATURE 

 

a Axial distance  

As Surface area of tube  

b Vertical distance 

c Vertical tube spacing  

Cp Water specific heat capacity taken 4187 in J/kg.K 

d Tube diameter which  

G Pressure drop factor of water  

H Solid box height  

ℎ𝑠 Mixed (convection & radiation) heat transfer 

coefficient of air  

𝐾 Thermal conductivity of copper  

𝑘 Odd integer number 

𝐿𝑠 Serpentine tube length  

𝐾𝑠 Number of tune turns 

𝑛 Integer number 

𝑝  Water pressure  

𝑅  Tube radius  

𝑟  Radial variable,√𝑥2 + 𝑦2 

𝑇 Solid box temperature 

𝑇 ∗ Unsteady solid box temperature 

𝑇𝑎  Air temperature  

𝑇𝑎𝑣  Air operative temperature of the interior room  

𝑇𝑝 Panel average temperature 

𝑇𝑤𝑖  Water inlet temperature  

𝑇𝑡𝑝 Panel top temperature which is 𝑇𝑤𝑖 + (1/𝑎) + 𝑥  

𝑇𝑏𝑝 Panel bottom temperature  

𝑡 Time  

𝑢 Maximum water velocity 

𝑢𝑚𝑎𝑥 Maximum water velocity  

W  Solid box width  

𝑥 Axial axis  

𝑦 Vertical axis 

 

Greek symbols 

 

𝛼 Solid box thermal diffusivity  

𝛿 Panel thickness  

𝜇 Eigenvalue with k=1,3,5... etc. 

𝜆 Eigenvalue with n=1,2,3... etc. 

𝛬 Amplitude of temporal variation which is equal to 

2𝜋 ∕ 𝑅  

𝜈 Water kinematic viscosity  

𝜌 Water density  

𝜃 Heaviside step function 
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