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 This paper investigates the stability of an axially functionally graded (AFG) pipe carrying 

fluid flow supported by two elastic foundations and constrained by double-clamped end 

conditions. Hamilton's principle provides the vibration equations, while the Galerkin 

procedure discretizes the system equation to facilitate analysis of the dynamic behaviour. 

The pipe's mechanical properties vary along the axial direction according to a power-law 

distribution. The model incorporates the effects of different porosity, axial grading, fluid 

velocity, and foundation stiffness on the system's dynamic behaviour. Numerical results 

show that an increase in fluid velocity by 20% results in a 30% reduction in the first 

frequency, indicating enhanced system instability. Additionally, modules of elasticity ratio 

significantly influence the natural frequencies, with variations in gradient index leading to 

a 19% increase in the system's fundamental frequency. The Pasternak foundation provided 

a stabilizing effect, with a 20% increase in foundation stiffness, improving the stability 

margin by 25%. These findings show that porosity, axial grading, and foundation 

parameters play important roles in determining fluid-conveying pipes' vibration 

characteristics and stability. 
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1. INTRODUCTION 

 

The vibration behaviour of fluid-conveying pipes 

exemplifies fluid-solid coupling phenomena. These slender 

structures find extensive application in various engineering 

sectors, such as marine engineering, nuclear power, aerospace, 

and petrochemical industries. As a result, studying the 

dynamics of these systems holds substantial engineering and 

academic significance, making them a topic of considerable 

interest to researchers [1]. Giacobbi et al. [2] employed the 

finite element method to inspect the impact of longitudinally 

varying density on the dynamics behaviour of pipes flowing 

fluid with clamped and cantilevered boundary conditions. The 

dynamic analysis of Rayleigh pipes with flowing fluid and 

non-classical boundary conditions was carried out by Dagli 

and Ergut [3]. Xu et al. [4] computed the complex vibration of 

a viscoelastic fluid-conveying clamped pipe using the 

differential quadrature (DQ) method. Zhao et al. [5] employed 

DTM and Galerkin discretization to conduct the dynamics of 

the pipe-carrying fluid.  

In petroleum engineering, pipelines frequently traverse 

challenging terrains, including sand, gravel, soil, and mixed 

environments, during the conveyance of oil and gas. As a 

result, the flow of oil or gas through these pipes in challenging 

environments makes them susceptible to unstable vibrations. 

This has sparked significant interest in studying the stability of 

pipes conveying fluid supported by elastic foundations under 

various boundary conditions. Ma et al. [6] investigated the 

vibration stability of a pipe-carrying fluid supported by a two-

parameter foundation using the HDQ method. Li et al. [7] 

utilized Green's function to obtain an explicit solution for the 

vibrations of oil-conveying pipes supported by Pasternak 

foundations. Askarian et al. [8] examined the stability of pipes 

translating fluid lying on a viscoelastic foundation. Hamilton's 

fundament was employed to acquire the pipe motion equation 

and solve it through the Galerkin method (GM). A fluid-

conveying pipe lying on the Winkler-Pasternak foundation 

was studied [9]. Using the semi-analytic solution, they 

determined the system's critical velocities and complex 

frequencies. Wu et al. [10] proposed the dynamic stiffness 

(DS) method for examining the impact of Pasternak 

foundation parameters on the stability of pipes that convey 

fluid across multiple spans. 

Additionally, functionally graded materials (FGMs) are 

innovative composite materials with properties that gradually 

change across spatial positions, enabling the customization of 

material characteristics by controlling the distribution of 

volume fractions. These materials exhibit significantly 

enhanced performance over conventional materials, 

particularly in fracture toughness and wear resistance [11]. 

Axial FGMs have properties that change along their length, 

enabling them to be tailored for specific performance under 

dynamic and thermal loads, such as those encountered in fluid-

conveying pipes. Different preparation techniques, such as 

powder metallurgy, laser melting deposition (LMD), slip 

casting, and electrochemical deposition, were used to fabricate 

axial FGM pipes. However, most research on FGMs has been 

concentrated on beams, plates, and shells [12-14], with 
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comparatively limited studies addressing the dynamic 

behaviour of FGM pipelines used for fluid transport. Cao [15] 

conducted the impact of random foundations on the critical 

velocity of FGM pipes under thermal stress using (FEM). Ma 

and Mu [16] determined the influence of multiple physical 

fields on the stability of FGM simply supported microtubes. 

The governing equation for these microtubes was obtained 

using Hamilton's principle with the conjugate of strain 

gradient theory. Guo et al. [17] proposed an effective statistical 

method for flow pipeline systems constructed with random 

axial functional gradient materials. Ihmood and Al-Umar [18] 

studied the stability of fluid-flow pipes made of new 

inhomogeneous materials. El and Ihmood [19] established a 

linear vibration model of FGM flow pipes on visco-elastic 

foundations. The linear frequency and stability were 

determined using DQM. Selmi and Hassis [20] analyzed the 

vibration of the fluid-conveying pipeline made of functional 

gradient materials and obtained the exact solution under 

different boundary conditions. Deng et al. [21] studied the 

stability of viscoelastic functional gradient material pipelines. 

They explored the influence of volume fraction index, fluid 

velocity, and internal damping on the dynamic of the pipeline 

system. Wang and Liu [22] studied the impact of gradient 

material on wall thickness for lateral vibration problems of 

pipeline conveying fluid. An and Su [23] used the generalized 

integral (GI) transform technique to numerically study the 

dynamic behaviour of the axial functional gradient pipeline 

conveying fluid. Zhao et al. [24] investigated the vibration 

characteristic of functionally graded conical fluid-conveying 

pipes utilizing DQM. Elaikh et al. [25] addressed the natural 

frequency of FGM double micro-pipelines using the GM. 

Furthermore, pores and micropores can form in FGMs 

during the manufacturing process, which may negatively 

affect the mechanical characteristics of the structures. 

However, when the porosity distribution is optimized, it can 

enhance mechanical and structural properties such as energy 

dissipation, strength, and stiffness [26]. As a result, porous 

functionally graded material pipelines for fluid transport have 

been extensively utilized in engineering applications like 

nuclear reactors and aerospace. However, little research has 

been done to explore how these pores impact linear or 

nonlinear responses of fluid-conveying FGM pipelines. Li et 

al. [27] employed the multiple-scale method to examine the 

nonlinear resonance of porous FGM pipes translating fluid. 

Zhou et al. [28] studied the influence of porosities on the 

dynamic response of fluid-conveying porous pipes made of 

radially graded materials. Khodabakhsh et al. [29] calculated 

the nonlinear stability of FGM Timoshenko model pipelines 

with uniform porosity and variable end conditions using an 

exact closed-form solution. 

Previous reviews have revealed that most researchers have 

focused on the vibration analysis of composite pipes with 

transverse or axial gradients. However, the dynamic behaviour 

of porous functionally graded (FG) pipes with longitudinal 

gradients resting on an elastic foundation remains unexplored. 

This paper addresses this gap by investigating the dynamic 

characteristics of fluid-conveying FG pipes graded in the axial 

direction. Using Hamilton's principle, the governing equations 

for functionally graded material (FGM) double-clamped pipes 

are formulated and solved using the Galerkin technique. The 

study examines the effects of foundation parameters, gradient 

index, flow velocity, and modulus ratio on the vibration 

frequencies and stability of the system. 

 

2. MATHEMATICAL FORMULATION 

 

In Figure 1, the model of the AFG pipe carrying the fluid 

flow is shown. The length, inner radius, and outer radius of the 

Pipe are denoted by L, 𝑟𝑖  and  𝑟𝑜 , respectively, while 

U represents the velocity of fluid flow.  

 

 
 

Figure 1. Scheme diagram of clamped AFG porosity pipe 

 

2.1 Axially graded pipe properties 

 

FGM pipes with uniform porosity are assumed to have 

linear properties longitudinally. This variation is governed by 

a power law function, where the properties change 

progressively from one material at one end of the pipe to 

another at the opposite end, as described by the study [30]: 

 

𝐸(𝑥) = 𝐸L𝐸𝑋 (1) 

 

𝜌(𝑥) = 𝜌L𝜌𝑋  (2) 

 

in which, 

 

𝐸𝑋 = 1 + (�̅�𝐸 − 1)(
𝑥

𝐿
)𝑘 −

𝜆

2
(�̅�𝐸 + 1),  (3) 

 

𝜌𝑋 = 1 + (�̅�𝜌 − 1)(
𝑥

𝐿
)𝑘 −

𝜆

2
(�̅�𝜌 + 1), (4) 

 

In this context, ( �̅�𝐸 = 𝐸𝑅 𝐸L⁄  and �̅�𝜌 = 𝜌𝑅 𝜌L⁄ ) represent 

the modulus and density ratios of the pipe's material properties. 

k is a positive value that describes the variation in material 

along the Pipe's length. 

Figure 2 depicts the variation of the effective modulus ratio 

(
𝐸(𝑥)

𝐸L
) in the length direction for the FG pipe with 𝐸𝑅 = 3 𝐸L. 

 

 
 

Figure 2. Variation of effective property E(x)/EL versus pipe 

length for AFGM pipe with various power index k values 
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2.2 Governing equations 

 

The displacements (𝑢𝑥 , 𝑢𝑦  and 𝑢𝑧) along directions of X, 

Y, and Z for any pipe point are determined as outlined [28]. 

 

𝑢𝑥(𝑥, 𝑧, 𝑡) = 𝑢(𝑥, 𝑡) − 𝑧 
𝜕𝑤 (𝑥,𝑡)

𝜕𝑥

𝑢𝑦(𝑥, 𝑧, 𝑡) = 0 

𝑢𝑧(𝑥, 𝑧, 𝑡) = 𝑤(𝑥, 𝑡)

}  (5) 

 

In relation (5), 𝑤 and z are the displacement of the pipe's 

middle and neutral plane coordinates, respectively, while 𝑡 

stands for the time. 

Accordingly, the longitudinal strain resulting from pipe 

displacement can be expressed as: 

 

𝜀𝑥𝑥 =
𝜕𝑢

𝜕𝑥
+

1

2
(

𝜕𝑤

𝜕𝑥
) − 𝑧

𝜕2𝑤

𝜕𝑥2
 (6) 

 

The stress-strain relation for a pipeline with elastic 

properties is as follows: 
 

𝜎𝑥𝑥 = 𝐸(𝑥)𝜀𝑥𝑥 (7) 
 

An expression for the strain energy of FG pipelines is 

written as: 

 

𝑈𝑆 = ∫
𝑉

𝜎𝑥𝑥𝜀𝑥𝑥𝑑𝑉.  (8) 

 

From inserting Eqs. (1), (6), and (7) in Eqs. (8) one can 

obtain the following: 
 

𝑈𝑆 =
1

2
 ∫ {𝐸(𝑥)𝐴 (

𝜕𝑢

𝜕𝑥
+

1

2
(

𝜕𝑤

𝜕𝑥
)

2

)
2

+
𝐿

0

𝐸(𝑥) 𝐼 (
𝜕2𝑤

𝜕𝑥2 )
2

} 𝑑𝑥  

(9) 

 

The system kinetic energy is calculated as: 

 

𝑇 =
1

2
𝑚𝑓 ∫ [(𝑈 +

𝜕𝑢

𝜕𝑥
+ 𝑈

𝜕𝑢

𝜕𝑥
)

2

+ (
𝜕𝑤

𝜕𝑡
+ 𝑈

𝜕𝑤

𝜕𝑡
)

2

]
𝐿

0

𝑑𝑥

+
1

2
∫ 𝜌(𝑥)𝐴 [(

𝜕𝑢

𝜕𝑡
)

2

+ (
𝜕𝑤

𝜕𝑡
)

2

]
𝐿

0

𝑑𝑥 

(10) 

 

Further, the reaction force of the Pasternak Foundation 

performs virtual work as follows: 

 

𝛿𝑊 = ∫ (−𝐾𝑊𝑤 + 𝐾𝐺

𝜕2𝑤

𝜕𝑥2 )
𝐿

0

𝛿𝑤 𝑑𝑥 (11) 

 

The dynamic control equations of the pipe can be obtained 

by enforcing Hamilton's generalized law:  
 

𝛿 ∫ (𝑇 − 𝑈𝑆 + 𝑊)𝑑𝑡 = 0
𝑡2

𝑡1

 (12) 

 

By replacing the kinetic energy, potential, and work of the 

external force in Eq. (12), the control equations will be 

obtained as follows: 
 

𝜕2

𝜕𝑥2 [𝐸(𝑥)𝐼
𝜕2𝑤

𝜕𝑥2 ] + (𝑚𝑓 + 𝜌(𝑥)𝐴 )
𝜕2𝑤

𝜕𝑡2 +

2𝑚𝑓𝑈
𝜕2𝑤

𝜕𝑥𝜕𝑡
+ 𝑚𝑓𝑈2 𝜕2𝑤

𝜕𝑥2 + 𝐾𝑊𝑤 − 𝐾𝐺
𝜕2𝑤

𝜕𝑥2 = 0  
(13) 

The boundary condition equation for C-C is written as: 

 

𝑤(0, 𝑡) =
𝜕𝑤(0,𝑡)

𝜕𝑥
= 0,            𝑎𝑡   𝑥 = 0

𝑤(𝐿, 𝑡) =
𝜕𝑤(𝐿,𝑡)

𝜕𝑥
= 0,             at   𝑥 = 𝐿

}  (14) 

 

The following non-dimensional quantities are employed to 

simplify the subsequent control equation analysis. 

 

𝜉 =
𝑥

𝐿
, 𝜂 =

𝑤

𝐿
, 𝑘𝑤 =

𝐾𝑊𝐿4

𝐸𝐿𝐼
, 𝑘𝑔 =

𝐾𝐺𝐿2

𝐸𝐿𝐼
,  

𝛽 =
𝑚𝑓

𝑚𝑓+𝜌𝐿𝐴
, 𝜏 = √

𝐸𝐿𝐼

(𝑚𝑓+𝜌𝐿𝐴)

𝑡

𝐿2 , 𝑢 = √
𝑚𝑓

𝐸𝐿𝐼
𝑈𝐿  

(15) 

 

By placing these parameters in Eq. (13), the dimensionless 

system's equations will be obtained: 

 
𝜕2

𝜕𝜉2 (𝐸𝑋
𝜕2𝜂

𝜕𝜉2) + (𝑢2 − 𝑘𝑔)
𝜕2𝜂

𝜕𝜉2 + 2√𝛽𝑢
𝜕2𝜂

𝜕𝜉𝜕𝜏
+ 𝑘𝑤𝜂 +

(𝛽 + (1 − 𝛽) 𝜌𝑋)
𝜕2𝜂

𝜕𝜏2 = 0  
(16) 

 

The boundary conditions (Eq. (14)) are also written in a 

non-dimensional form as follows: 

 

𝐴𝑡 𝜉 = 0 → 𝜂(𝜉) = 0,
𝜕𝜂(𝜉)

𝜕𝜉
= 0

𝐴𝑡 𝜉 = 1 → 𝜂(𝜉) = 0,
𝜕𝜂(𝜉)

𝜕𝜉
= 0

}  (17) 

 

2.3 Methods of solution 

 

In this study, the GM will be employed to find the vibration 

characteristics of the AFGM pipe. Through this method, the 

system equation (3-30) is transformed into an ordinary 

differential (OD) equation, and we can assume the 

displacement function (𝜂(𝜉, 𝜏)) of the FG pipe as [31, 32]: 

 

𝜂(𝜉, 𝜏) = ∑ ∅𝑗(𝜉)𝑞𝑗(𝜏)𝑁
𝑗=1   (18) 

 

where, N is the mode number to be considered, 𝑞𝑗(𝜏) is the 𝑗𝑡ℎ 

the time-dependent function, and ∅𝑗(𝜉)  is the 𝑗𝑡ℎ 

eigenfunction of the pipe. The mode shape standards for the 

SS boundary condition are provided as follows [33]:  

 

∅𝑗(𝜉) = 𝑐𝑜𝑠ℎ 𝜆𝑗𝜉 − 𝑐𝑜𝑠 𝜆𝑗𝜉 − (
cos 𝜆𝑗 − cosh 𝜆𝑗

sin 𝜆𝑗 − sinh 𝜆𝑗

)(sinh 𝜆𝑗𝜉 − sin 𝜆𝑗𝜉) (19) 

 

Substituting Eq. (18) into Eq. (16) and multiplying the 

resulting expression by  ∅𝑘(𝜉) , and then integrating the 

obtained expression for 𝑥 from zero to L, the system equation 

is obtained in general matrix form [34, 35]: 

 

[𝑀]𝑁𝑥𝑁 �̈� + [𝐶]𝑁𝑥𝑁 �̇� + [𝐾]𝑁𝑥𝑁 𝑞 = 0 (20) 

 

in which, 

 

[𝑀]𝑗𝑘 = ∫ (𝛽 + (1 − 𝛽) 𝜌𝑋) ∅𝑗(𝜉)∅𝑘(𝜉) 𝑑𝜉
1

0
  

[𝐶]𝑗𝑘 = 2√𝛽𝑢 ∫ ∅𝑗
(1)(𝜉)∅𝑘(𝜉) 𝑑𝜉

1

0
  

[𝐾]𝑗𝑘 = ∫ 𝐸𝑋∅𝑗
(4)(𝜉)∅𝑘(𝜉) 𝑑𝜉

1

0
+

2 ∫ 𝐸𝑥
′ ∅𝑗

(3)(𝜉)∅𝑘(𝜉)𝑑𝜉
1

0
+

∫ 𝐸𝑥
(2)

∅𝑗
(2)1

0
(𝜉)∅𝑘(𝜉) 𝑑𝜉 + (𝑢2 −

𝐾𝑔) ∫ ∅𝑗
(2)(𝜉)∅𝑘(𝜉) 𝑑𝜉

1

0
+ 𝐾𝑤 ∫ ∅𝑗(𝜉)∅𝑘(𝜉) 𝑑𝜉

1

0
  

(21) 
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Eq. (21) is transformed into a first-order state equation, 

facilitating the solution of all system modes using MATLAB 

software. The system's dynamic characteristics are evaluated 

through eigenvalue analysis. In this context, the 

eigenfrequency is expressed as a complex value: the real part 

represents the system's damping, while the imaginary part 

corresponds to its frequency. 

 

 

3. RESULTS AND DISCUSSION 

 

This section presents a comparative study to assess the 

proposed method's accuracy. It also further elucidates the 

impact of foundation parameters, density variations, and 

material gradations along the pipe length on the stability 

behaviour of the system boundaries. 

In the analytical examples, the geometric parameters for the 

pipe are consistent with those specified in the study of Zhao et 

al. [24]: do=80 mm, h=8 mm, and L=15 m, the fluid density 

𝜌𝑓 = 1000 𝑘𝑔/𝑚3 . The fluid-conveying pipe material is 

composed of metal ( 𝑻𝒊 − 𝟔𝑨𝒍 − 𝟒𝑽 ) at the left side and 

ceramic (𝑺𝒊𝑪) at the right side. Table 1 displays the properties 

of pipe materials. 

 

Table 1. AFG pipe material properties [24] 

 
Materials 𝑬 (𝑮𝑷𝒂) 𝝆 (kg/m3) 𝑮 (𝑮𝑷𝒂) 

𝑺𝒊𝑪 440 3210 188 

𝑻𝒊 − 𝟔𝑨𝒍 − 𝟒𝑽  115 4515 44.57 

 

3.1 Validation of the model 

 

The vibration of a homogeneous pipe on the Pasternak 

foundation was analyzed to validate the Galerkin solution 

presented in this paper. Two examples were considered for this 

validation. The governing equation for the pipe is as follows: 

 

𝐸𝐼
𝜕4𝑤

𝜕𝑥4 + (𝑚𝑓 + 𝜌𝐴 )
𝜕2𝑤

𝜕𝑡2 + 2𝑚𝑓𝑢
𝜕2𝑤

𝜕𝑥𝜕𝑡
+

𝑚𝑓𝑢2 𝜕2𝑤

𝜕𝑥2 + 𝑘𝑤𝑤 − 𝑘𝑔
𝜕2𝑤

𝜕𝑥2 = 0  
(22) 

 

The first example considers a pipe carrying fluid without 

foundation experiencing transverse vibrations, is considered. 

The results for the first three vibrational modes are compared 

with the semi-analytical solution DQM [9], as shown in Figure 

3. In the second example, the complex eigenvalues of the first 

three modes of the homogeneous pipe on an elastic foundation 

are compared with the DTM solution presented [36], as 

illustrated in Figure 4. The findings of this study align well 

with those reported in the previously mentioned literature. 

 

 

 
 

Figure 3. The first three modes of dimensionless frequency 

versus fluid velocity (u) of pipe conveying fluid 

 

 
 

 
 

Figure 4. Real and imaginary parts of the three-mode 

frequencies for a classical pipe carrying fluid resting on two 

elastic foundations (𝑘𝑤 = 200, 𝑘𝑔 = 3) 

 

3.2 Effect of fluid flow velocity 

 

The impact of flow velocity on the first four-mode vibration 

of the uniform porosity AFGM pipe, which conveys fluid, is 

presented in this subsection, as shown in Table 2 and Figure 4. 

In the calculation, the parameters used were:  𝛽 = 0.4, 𝜆 =
0.2, 𝜌 = 1, 𝛼𝐸 = 1.5, 𝑘𝑤 = 10, 𝑎𝑛𝑑 𝑘𝑔 = 10. 

This Table shows that dimensionless velocity inversely 

affects the first three natural frequencies (i.e., the frequencies 

lower as velocity grows and vice versa). As flow velocity 

increased, the pipe stiffness decreased, resulting in a drop in 

natural frequencies.  
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Table 2. Influence of variable flow velocity on dimensionless 

vibration frequency 

 

Mode No. 
Dimensionless Velocity 𝒖 

0 0.5 1 2 3 

𝜔1 27.5885 27.5201 27.3137 26.4788 25.0504 

𝜔2 72.2503 72.1747 71.9478 71.0373 69.5091 

𝜔3 138.556 138.476 138.236 137.271 135.657 

𝜔4 226.667 226.585 226.337 225.345 223.687 

 

Figure 5 presents the complex parts of the first three modes 

of a uniform porosity AFG pipe as a function of fluid velocity. 

Several phenomena emerge with increasing fluid velocity, 

including the divergence of the first mode—where the 𝐼𝑚(𝜔) 

of the first mode becomes zero—at a specific velocity known 

as the buckling critical speed, as well as coupling between the 

1st and 2nd modes and between the 2nd and 3rd modes at 

distinct velocities. The divergence of the 1st mode occurs at 

u=7.04, while the coupling between the first and second 

frequency is observed at  u=9.77. Whenever the 𝐼𝑚(𝜔) of the 

1st and 2nd frequencies merge, their real parts diverge into two 

branches, resulting in flutter instability at u=9.77. Moreover, 

when u=12.54, the 2nd and 3rd modes are coupled, indicating 

the second flutter speed. 

 

 

 
 

Figure 5. First three-mode vibration frequency versus flow 

velocity, (a) imaginary, (b) real part frequencies 

 

3.3 Power-index (k) influence 

 

This subsection illustrates the impact of the material 

gradient on the vibration frequencies of porosity AFGM pipe. 

The dimensionless frequencies for various gradient indices (k) 

are shown in Table 3. The Table indicates that the non-

dimensional frequency drops as the material index k rises. This 

reduction occurs because the proportion of ceramic material 

within the pipe decreases with the gradient index, leading to a 

corresponding decrease in frequency. 

 

Table 3. First four dimensionless vibration frequencies at 

different power indices 

 

Freq. No. 
𝑷𝒐𝒘𝒆𝒓 𝑰𝒏𝒅𝒆𝒙 

0 0.5 1 2 5 

𝜔1 29.4659 28.3821 27.3137 25.6274 24.2504 

𝜔2 78.3052 74.7394 71.9478 68.5571 65.2025 

𝜔3 151.1182 143.5160 138.236 132.4846 126.698 

 

Additionally, Figure 6 depicts the variation curves of the 

non-dimensional frequency for the first mode, with three 

different values of 𝑘 (𝑖. 𝑒. 𝑘 = 0.5, 1, 𝑎𝑛𝑑 2), as a function of 

axial flow speed. The figure illustrates how the eigenvalues of 

real and imaginary parts are affected by flow velocity. The 

analysis shows that when the fluid velocity 𝑢 is less than the 

critical buckling velocity (first divergence), the imaginary part 

of the first-order mode eigenvalues of the pipe gradually 

decreases with increasing axial fluid speed, while the real 

frequency remains zero. Furthermore, it is evident that as the 

power-law gradient rises, the critical velocity diminishes. 

Moreover, the vibration frequency decreases as the gradient 

exponent 𝑘 increases. This is attributed to the greater 

proportion of metal, which has a lower modulus of elasticity 

than the ceramic material, resulting in reduced pipe stiffness. 

 

 
 

Figure 6. Variation in first-order frequency of an AFGM 

pipe with different gradient indices 

 

3.4 Effect of modules of elasticity ratio 𝜶𝑬 

 

Table 4. Natural frequencies for different power- index 𝑘 and 

elastic modulus ratio 

 

𝛼𝐸   Fr. No. 
𝑮𝒓𝒂𝒅𝒊𝒆𝒏𝒕 𝑰𝒏𝒅𝒆𝒙 (𝒌) 

0 0.5 1 2 5 

0.25 

1 15.498 18.494 20.909 23.935 25.832 

2 37.036 46.756 52.727 59.362 65.410 

3 67.530 87.621 98.536 110.22 122.09 

0.5 

1 19.147 20.815 22.268 24.197 25.502 

2 48.226 53.593 57.181 61.263 65.165 

3 90.649 101.81 108.39 115.45 122.76 

1 

1 24.853 24.853 24.853 24.853 24.853 

2 65.033 65.033 65.033 65.033 65.033 

3 124.60 124.60 124.60 124.60 124.60 

2 

1 33.446 31.549 29.653 26.468 23.704 

2 89.6314 83.3374 78.2284 71.8343 65.545 

3 173.62 160.11 150.31 139.47 128.81 
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This subsection discusses the impact of the modulus ratio 

(𝛼𝐸) on the natural non-dimensional frequencies. Table 4 

illustrates the influence of the ratio of modules (𝐸𝐿/𝐸R) for 

𝛽 = 0.4, 𝜆 = 0.2, 𝛼𝜌 = 1, 𝑘𝑤 = 10, and 𝑘𝑔 = 10. It is clear 

that from Table 4 when 𝛼𝐸 < 1, the natural frequency 

increased with the growth of the gradient index, and when 

𝛼𝐸 = 1 the natural frequency is constant because the pipe has 

a homogenous material in any position of the pipe, but this 

trend is vice versa when 𝛼𝐸 > 1. 
 

 

 
 

Figure 7. Effect of modulus ratio on first and second-order 

frequencies at various flow velocities 
 

 
 

Figure 8. First frequency variation against various modulus 

ratios 

 

In Figure 7, the fundamental two-order frequency variations 

are plotted against changes in the flow velocity with two 

variables of 𝛼𝐸  (𝛼𝐸  = 0.5 and 𝛼𝐸  = 1.5). Also, in Figure 8, 

the effect of three different values of 𝛼𝐸  on first frequency is 

presented. As can be seen, the system's fundamental frequency 

decreases uniformly with an increase in axial velocity. Up to 

the point of axial divergence velocity (𝑢𝑑), the fundamental 

frequency drops to zero, after which the system undergoes 

divergence within a specific range of axial velocities. 

Additionally, it is noted that as the elastic modulus ratio 

(𝛼𝐸) increases, the 1st order frequency, and the divergence 

system velocity also rises. This phenomenon can be attributed 

to the primary effect of the elastic modulus on the pipe's 

stiffness matrix. Thus, raising the elastic parameter enhances 

the pipe stiffness. Consequently, as the elastic modulus 

ratio (𝛼𝐸) increases, the system's resistance to divergence 

improves, resulting in higher divergence speeds. An increased 

elastic modulus parameter results in a structurally stiffer 

system. 

 

3.5 Impact of foundation parameter 

 

In this subsection, the fundamental frequencies of double-

simple functional grade (FG) pipes carrying fluids are 

investigated with various foundation parameters (𝑘𝑤 , 𝑘𝑔). In 

Figures 9(a) and 9(b), the first frequency for the different 

elastic layer (𝑘𝑤) and shear layer (𝑘𝑔)  parameters are 

presented. These figures show that a rise in coefficient 

foundation leads to an increase in fundamental frequencies. It 

can also be seen that, compared to elastic (𝑘𝑤) bed, the shear 

(𝑘𝑔)  bed has a more pronounced effect on the system's 

stability. 

 

 

 
 

Figure 9. Influence of fluid velocity on the fundamental 

frequency relative to the elastic foundation parameters, (a) 

Winkler parameter𝑘𝑤, (b) Shear parameter 𝑘𝑔 

 

In Figure 10, the effects of foundation coefficients on the 

static instability boundaries in the 𝜔 − 𝑢 plane are illustrated. 

Incorporating the foundation into the system improves its 

effective stiffness, leading to increased stability compared to a 

system without foundation. This is due to the stiffness matrix 

coefficients; as the foundation parameters increase, the system 

stiffness improves, resulting in enhanced stability.  It can be 
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seen that when increasing (𝑘𝑤 and 𝑘𝑔), the FG pipe stiffness 

and the critical flow velocity increase. Furthermore, this figure 

shows that the dimensionless frequency reduces as fluid 

velocity grows. 

 

 

 
 

Figure 10. The first three modes of C-C fluid conveying 

AFG pipe with and without elastic foundation 

 

 

4. CONCLUSIONS  

 

This paper explores the stability of uniform porosity (AFG) 

pipe translating fluid. The material properties of the pipe 

exhibit a power-law distribution along the axial direction, and 

the pipe was modelled using the Euler-Bernoulli theory (EBT). 

Numerical simulations are conducted using the GM, and the 

results are confirmed by comparison with existing literature. 

Additionally, the study thoroughly examines the coupling 

effects of the FG material characteristics and various 

parameters on the dynamic behaviour of the pipe. This 

analysis led to the following conclusions: 

1. When the modulus ratio (𝛼𝐸) is less than 1, an increase 

in the power index (𝑘) results in a rise in frequency. 

Conversely, when (𝛼𝐸) is greater than 1, an increase in 

(𝑘) leads to a decrease in frequency. No change in 

frequency is observed when (𝛼𝐸) equals 1. 

2. When accounting for both parameters of the Pasternak 

Foundation (𝑘𝑤 , 𝑘𝑔), an increase in natural frequency 

and critical velocity is observed. 

3. The AFG pipe remains stable at low flow velocities, but 

its stability deteriorates as the internal fluid velocity 

increases. When the flow velocity surpasses a critical 

threshold, the pipe experiences divergence instability. 

4. In AFG pipes, the fundamental frequency and 

divergence velocity for structural stability increment as 

the elastic modulus ratio (𝛼𝐸) increases. 

This analysis provides valuable insights for engineers and 

researchers in optimizing the design of fluid-conveying pipes 

to minimize undesirable vibrations and prevent instability in 

critical applications. 

As suggestions for the future direction, the current study can 

be enhanced with a temperature gradient effect, nonlinear 

effects, complex support, and an external excitation force. 
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NOMENCLATURE 

A cross-sectional area m2 
AFG axially functionally graded 
C-C clamped-clamped 

DTM differential transformation method 

𝐸 modulus of elasticity GPa 

FEM finite element method 

𝑮 modulus of rigidity GPa 

HDQ harmonic differential quadrature 

I the second moment of inertia m4 

k volume fraction index 

𝑘𝑔 dimensionless shear parameter 

𝑘𝑊 dimensionless elastic parameter  

L pipe length m 

𝑚𝑓 fluid mass per unit length kg. L-1  

𝑟𝑖 inner radius mm 

𝑟𝑜 outer radius mm 

𝑇 kinetic energy  

t time s. 

U fluid velocity m.s-1 

𝑈𝑆 strain energy  

𝑊 virtual work  

Greek symbols 

𝛽 mass density ratio 

𝜂 transverse displacement dimensionless 

𝜆 porosity factor 

𝜉 axial displacement dimensionless 

𝜔 non-dimensional natural frequency  

Subscripts 

o left side

R right side 
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