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Existing two-stage filtering algorithms in the literature assume that the system is nonlinear
and Gaussian, with independent noise, meaning the noise in the state equation and
measurement equation are uncorrelated and both follow Gaussian white noise distributions.
However, in practical applications, noise correlations are common, and traditional
computational methods that ignore these correlations inevitably lead to reduced estimation
accuracy. This paper proposes a Noise-Correlated Two-Stage Cubature Kalman Filtering
Algorithm (TSCKF-CN) based on model transformation. The algorithm introduces a
coefficient Ak to transform the model from a noise-correlated system to a noise-independent
system. It then employs the noise from the transformed model in the recursive computation
of the two-stage filter to achieve a noise-correlated TSCKF estimator. Simulation results
from a pure azimuth tracking system demonstrate that this method, by accounting for noise

correlation, achieves better tracking accuracy than methods that neglect noise correlations,
leading to improved tracking performance.

1. INTRODUCTION

In practical applications, noise correlation in systems is
common. For example, noise correlation can arise due to the
dual effects of internal components and external
environmental changes [1, 2]; systems with colored
measurement noise that undergo noise dimensionality
expansion also transform the original system into a noise-
correlated system after expanding it to the state [3, 4]; in
systems that require multi-sensor information fusion, such as
maneuvering target tracking, noise correlation is frequently
encountered [5]. For noise-correlated systems, the Bayesian
recursion framework, which is the foundation of nonlinear
filtering algorithms, is no longer suitable, and thus the
nonlinear filtering formulas are no longer valid. If
conventional two-stage filtering algorithms are still applied,
estimation accuracy will inevitably decrease. Therefore,
discussing two-stage filtering for noise-correlated systems is
of significant practical importance. Many researchers, both
domestic and international, have studied noise-correlated
filtering. Garcia et al. [4] presented the recursion process of
Kalman filtering and extended Kalman filtering in noise-
correlated systems, Youn et al. [5] and Ran et al. [6]
respectively derived the unscented Kalman filtering process
for noise-correlated systems, and Qian et al. [7-9] extended
Youn’s et al. [5] research to cubature Kalman filtering,
presenting the cubature Kalman filtering algorithm for noise-
correlated systems [10-12].

This paper proposes the TSCKF-CN Algorithm. First, the
noise-correlated system is transformed using the identity
transformation method. By introducing the coefficient A, the
model is transformed from a noise-correlated system to a
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noise-independent system. Then, the noise in the new model is
used in the recursive computation of the two-stage filtering
process, resulting in a TSCKF-CN estimator.

2. NOISE-CORRELATED CKF ALGORITHM
2.1 System model

Consider the following nonlinear Gaussian system [13, 14]:
(1
2

X1 = fu () + Opprp
2z = hy(x) + v

where, k is the discrete time index, x;, € R™*! is the system
state vector, z, € R™*! is the measurement vector, and f(-)
and h(-) are known nonlinear state transition and measurement
functions that are continuously differentiable at xj . The
process noise sequence wyy1, and measurement noise
sequence vy, are both Gaussian white noise sequences with the
means E(wpy1x) =qx and E(u) =1, , and their
covariances Q1 and Ry, satisfy the following conditions:
W Q D
() s D)= o

The initial state x, is independent of w44, and vy, and

satisfies:

E(xy) = J?o|o, E ([xo - J?0|0][Xo - J?0|0]T) = Pyjo
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2.2 Noise-correlated nonlinear gaussian filtering algorithm

From the system model, it is clear that the system's process
noise and measurement noise are correlated, which does not
meet the conditions for directly applying the Bayesian filtering
framework. Thus, nonlinear Gaussian filtering algorithms
cannot be directly used for recursive computation. An intuitive
solution is to transform the model using an identity
transformation, converting the noise-correlated system into an
uncorrelated one, and then proceed with filtering estimation
[15-20].

From the model Eq. (2), we have:

2z — My () = =0

Let Aj, be the unknown coefficient, then:

Ap(z — hy(x) =) = 0 (3)
Substitute into Eq. (1) and rearrange to obtain:
Xer1 = freCa) + @ppr e + Bz — Ry (x) — vy)
= fi(xp) + Ak(zk - hk(xk)) )
+ (@kr1e — Devi)
= F(x) + @y
where,
Fie (i) = fieCxi) + Die(zie — hie(x0)) (%)
W = Wiyr — DUy (6)
Thus, the model Egs. (1) and (2) are transformed into:
Xiv1 = Fi(xy) + @y (7
7 = hy(xi) + vy 3

where, Qk = Cov(ﬁk, 6]) = (Qk+1,k - AkRkA;I;)(sk]

To transform the model from a noise-correlated system to a
noise-independent system (i.e., to make the process noise and
measurement noise uncorrelated), we require:

COU(Ek, Uk) =0
Expanding this equation gives:

Ax= DyRy! )

When Eq. (9) is satisfied, the process noise and
measurement noise in the system model are no longer
correlated, allowing the application of nonlinear Gaussian
filtering algorithms. The filtering equations derived from the
transformed model are denoted with a superscript # to indicate
the noise-correlated nonlinear Gaussian filtering.

Rije—1 = E(Fy-1(xy-1))
ka—l(xk—l)

R"x

ot ¢
X N(xp_1; Xp-1lk-11 Pk—1|k—1)dxk—1 + Q-1 — g

(10)
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PI€|k—1 =E ((xli - ’?ig|k—1)(xli - flﬁ|k—1)T)

= J- Fk_l(xk_l)F}Z—]_(xk—l)

- (11)
X N(xk—l; flg—1|k—1' PI€—1|k—1)dxk—1
A ~ T
- xli|k—1(x}€|k—1) + Q-1 — Ak Rk AR
21€|k—1 = E(hk(xk))
= f hie (x1) (12)
R™x
X N (X Ziepe—1s Pie—1)dxic + 1
t _ t st t_ st T
Pyrkik—1 = ((Zk - Zk|k—1)(zk ~ Zk|k-1 )
~ [ mmonto )
R t t
X N (xi; Rgjie—1> Pjre—1) A%
. . T
— Zik—1(Zj—1) + Ry
t — t ot t At T
Pryklk-1 = ((xk - xk|k—1)(zk - Zk|k—1) )
= [ wehica
R (14)

X N(x; Rkie—1 P1€|k—1) dxy
ot At T

- xk|k—1(zk|k—1)

2.3 Noise-correlated CKF algorithm
Based on the nonlinear Gaussian filtering formulas for

noise-correlated systems derived in the previous section, the
Noise-Correlated CKF Algorithm is described using the third-
order Spherical-Radial cubature rule as follows:

Step 1: Time Update
(1) Given the posterior density function at time A—1:

p(X—11Dg—1) = N(xp—1; 9?15—1|k—1'P1$—1|k—1)»

then:
t t t T
Pk—llk—l = Sk—1|k—1(5k—1|k—1)
(2) Compute the cubature points (i = 1,2, ..., m = 2n,):
(15)

t _ ¢t ot
Xik-1lk-1 = Sk—1jk=1%i T Xp—qjr-1

(3) Propagate the cubature points (i=1,2,...,m):
(16)

(x¢ ) = F_y (X¢ Up—1)
ik—1]k-1 k=14 k—1]k—1 Uk-1

where, Fi (xic) = fie (i) + Bie(zie — hic (%))
(4) Estimate the state prediction at time k:

m
1 %
Rije—1 = EZ(Xifk—lm—l) + Qi1 — Dy (17)
=1

(5) Estimate the state error covariance at time £:



m
1 * *
PI§|k—1 = EZ(XL't,k—ﬂk—l) (Xit,k—1|k—1) ’
i=1

ot ot T
- xk|k—1(xk|k—1) + Qi k-1
— ARy AR

(18)

Step 2: Measurement Update
(1) Perform Cholesky decomposition:

PI$|k—1 = Slg|k—1(SI£|k—1)T
(2) Compute the cubature points (i=1,2,...,m)
Xfr-1 = Skje-18 + Bhp—r (19)
(3) Propagate the cubature points (i=1,2,...,m)
Zit,k|k-1 = hk(Xit,klk—liuk) (20)

(4) Estimate the measurement prediction at time &:

m
=— iklk-1 T T
m i,k|lk-1 k
i=1

(5) Estimate the measurement error covariance at time k:

e2y)

At
Z|k-1

1 m
T
t _ t t
Prokik-1 = = § Zi kik-1 (Zi,k|k—1)
m i
i=

(22)
. . T
- Zlftlk—l(zlilk—l) + Ry
(6) Estimate the cross-covariance at time £:
xzklk 1= leklk 1(sz|k 1) (23)
- xklk—l(zklk—l)
(7) Estimate the gain at time &:
-1
Klg - P xz,k|k— 1( zzk|k—1) (24)
(8) Compute the state estimate at time :
Riyie = Rije-1 + Kic (2 — Zijje—1) (25)

(9) Compute the state error covariance estimate at time £:

Péie = Prjk—1 — Kie Py -1 (KT (26)

3. TSCKF-CN ALGORITHM
3.1 System model

Consider the following nonlinear Gaussian system with
random biases:

Xir1 = fe(x) + By + 0iciq
bysr = by + Wy,
Zk = hk(.xk) + Fkbk + Uk

27)
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where, k is the discrete time index, x;, € R™?! is the state
vector, b, € RP*1 is the bias vector, and z, € R™! is the
measurement vector. The functions fi(+) and /(-) are known
nonlinear state transition and measurement functions that are
continuously differentiable at x;.. The process noise sequence
Wi 41k > bias noise sequence w?, and measurement noise
sequence vy, are all Gaussian white noise sequences. The bias
noise is uncorrelated with the process and measurement noise,
with mean values E(w7, 1) = qi, E(wp) = 0, and E(v},) =
1%, and their covariances satisfy the following conditions:

wk+1k ]+1] Qk+1k 0 Dy
,’(’ 016k, (28)
Ry

The initial states x, and b, are independent of w1, and
Uy, and satisfy:

E(xo) = 9?0|0» E ([xo - J?o|o][xo - J?0|O]T) = P(ﬁo
E(by) = Bo|o: E ([bo - Bo|0][bo - Bo|0]T) = P(?|o
E ([xo - J?o|0][bo b0|0] ) P3%

Pojo
3.2 TSCKF-CN algorithm

Let:
x,) + Bib W41,
Xpps = [ k+1] I(X,) = [fk( k)bk K k]'wk :[ l;:-blk]’
K

Hy (X)) = hy(x) + Fieby

The system model given in Eq. (27) can be rewritten as
follows:

X1 = T (Xp) + wy
Zy = Hp(Xy) + vy

x 0
where,  E(wyw;) = [ngl'k b] S,i - E(wgy)) =
0 Qx
K41k
[ DI k] Ok

Using the identity transformation described in Section 1.2,
model (27) can be transformed into a noise-free system as
shown in Egs. (7) and (8), and further rewritten as:

Xis1 = Fe(Xi) + @y

Zy = Hi(Xp) + vy 29)

where, F(X) = [(X) + 8 (Z — He (X)), @ = wp —
Avy.
Theorem 1: The TSCKF-CN algorithm for nonlinear
discrete random systems with random biases (27) is as follows:
(1) Noise-correlated unbiased filter based on model
transformation:

ﬁ1(rkl—1(51€—1|k—1fi +

(W, )?k_llk_l),uk_l) + & (Zi = Hi(SEoajmni +
T(W, Xi_ 1lk= 1) Uge— 1))) - ¢()?I€|2k 1) M,

Xk|k = Xk|k 1t CD(Xklk )+ Vk(Xk|k

Xk|k 1=

Xk|k 1



¥(Xih) + K, (Zk - %Z?& Hi(Skpe-a§i +
T(®, Kfjoa) i) ) + mip_y + 1t
P |k 1 t11 + Qfll Uk(MfZZ t22 )U]’g
Pk|k = Pk|k 1t UkPk|k Ui — VkPk|k 1Vk
- Kk Pzz,k|k—1(Kk1)T
— K" Py jeye—1 (K2 TV
— (RE Pyus (RETVI)'
Kt = K — V K2

(2) Noise-correlated bias filter based on model

transformation:

m
Xiheor = z sz—1(51€—1|k—1fi +T(, X}E—1|k—1)'uk—1)
=1
+ A, (Zk

— He(Sk—1jk-1i
+ T(‘P, X;ﬁ-1|k—1)' uk—l)) +my_y

Xite = Xih—y + K (Zk

1 m

——E Hi (St o1&

m 2 y k( k|k—1€z
i=

+T(®, Xf 1) uk)> +mb_ +17
Pk|k L= M2+ Qi
Pt = Pk|k—1_ Kk Pzz,k|k—1(KI£2)T
Klgz — Klgz

Coupling Relationship Between the Two Filters:

(Mtlz t12 )(MtZZ
Vk = U, — K¢* Pzzklk NN

t22) -1

Proof:
Let my_; = qy_1 — Ag1y,, and partition my, according to
the dimensions of the state and bias vectors:

(30)

where, mj_, represents the first » dimensions of the vector
my_q, and mi_l represents the last p dimensions.
Similarly, partition 7}, as:

1)

where, 1y’ represents the first n dimensions of the vector 1y,
and rkp represents the last p dimensions.

The T-transformation for nonlinear systems, as mentioned
in Sun et al. [9], can be extended to nonlinear systems as
described in Al-Ghattas et al. [10] and Dong et al. [11]. This
results in the following nonlinear T-transformation:

T(F,X) = [X1 +Xi (Xz)] (32)
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where, X = {(XD)T, (X7}, X* € R" P, X2 € RP, (X¥) is a
nonlinear function of the sub-state X2.

Based on the properties of this nonlinear T-transformation,
the nonlinear two-stage transformation formulas can be
derived.

Kipe—1 = T(®, Xije—1) (33)
K = TP, Xepid) (34)
= = T
OT(®, Kpe) 5 (OT(®, Kie-s) 35
Pyjk-1 = = Prk-1 = (35)
0 Xk k-1 0 Xy k-1
= = T
AW, K)o (T (W, X)) 36
Py = = Ppik = (36)
anIk anlk
aT (¥, X,
ko = LK) (37)
anIk
where, @ and ¥ are two defined nonlinear functions.
Formulas (33)-(37) have the following properties:
OT (D, Xy - I
T i) _ [ =T (39)
klk-1
T (¥, Xyx) In —p ]
—_—— = TV, 39
T ) (39)
In summary, U, and V}, are given as in formula (40):
0D (X j-1) Y (Xi)
Y=o, T Tox 40
klk-1 klk

Substituting formulas (17) and (25) into the left-hand side
of formulas (36) and (37), and formula (32) into the right-hand
side, yields:

)?Iftllk 1t q’()?lifk—ﬂ

Xk|k 1
1 m
=— )Y F_, (St ; 41
le -1 (St (41)
=
+ T(lp' XI€—1|k—1)'uk—1)
+ my_4
where, Fi_y (Xy—1) = T (Xg—1) + A (Z), — Hi (Xie—1)).
[ ki +Lp(Xk|k)] [Xk|k 1 +Cb(Xk|k 1 ]
Xk k|k—1
+ K} <Zk
(42)

1 m

= He(Sty &

mzl k( k|k—1fl
i=

+T(®,  Xfjp-1)s uk)> + My

+ 1



Substituting formulas (35) and (37) into Eqs. (41) and (42)
and expanding and organizing yields:

m

1
Z(Fk l(Sk 1)k-151

- +T(, Xk—1|k—1)'uk—1)
+ A (Zi
— Hie(Sk—qje-a§i
"‘T(qJ X}i 1|k—1)'uk—1)))
- q)(Xklk 1) +my_q

Xk|k 1=

(43)

Xite = Xifi—r + q)(Xk|k )+ Vk(Xk|k Xiche—1
— (X

+ Kt (Zk
m
! ZH (sk
m 4 ’ k k|k—1fz
=

+T(®, K1), uk)) +my_y

+rp

(44)

Zrk 1 (Stospi-sfi

+ T(l}’, Xk—1|k—1)'uk—1)
+ A (Zi
— Hye(Si-1je-18i

+ T(lP, Xlg—llk—l)'uk—l))
+mh_,

k|k 1=

(45)

Xihe = Xif—y + K2 (Zk
m
— lz H (St &;
m s k(Skpre-1$i
i=

+ T(CD, )?I£|k—1)’ uk)) + m£—1

p
+7n

(46)

where, Ty () = [ ()T TE()TTT . K=
(KT (KT

For Eq. (18), let:

m
1
M}i—1 = EZ(Xit,k—Hk—l)* (Xit,k—llk—l)*T
i=1
. R T
- x1§|k—1(x1€|k—1)

Based on the dimensions of the block matrices in the two-
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stage transformation formula, M}_, is partitioned:

y

— AR AT, and partition the

MtlZ
MtZZ

Mtll

t
M1 = [(an T

Similarly, let Qf_; = Q1
state noise variance matrix:

t11
k-1

le—l (Qt12 )T

t22
k-1

t12
k_l]
Substituting the two block matrices into formula (18) yields:

1\4]5111 + Qtll
(Mt12 t12 )T

t
Pk =

t12 t12
1+ Qe ] 47)

Mt22 + Qt22

Substituting formula (47) into the left-hand side of formula
(38), and formula (33) into the right-hand side, and expanding
yields:

Pk|k L= Mtll + Qtll _ Uk(MfZZ t22 )Uk (48)
Pk|k L= Mt22 Qt22 (49)
Uk — (Mt12 t12 )(MtZZ t22 ) 1 (50)

Expanding formula (39) and substituting formulas (38) and
(37) yields:

Pl = Piji—y + Up Pt UL = VP, VY]
— K Py pegie— (KEDT

= P (YT ©L
T
- (Kk zzk|k 1(Kk2)TVl;r)
Pt = Pific — K2 Pppepie—1 (KT (52)
Vie = U = K¢ Pl i1 (KT (Pfie—) ™! (53)

The block gain matrix obtained by partitioning formula (24)
according to the corresponding dimensions is shown as

formula (54):
Kt
=]

Substituting formula (54) into formula (37) and expanding
yields:

(54)

R = KE' = Viki? (55)

R = K2 (56
The proof is complete.
The flowchart of the TSCKF-CN algorithm based on model

transformation is shown in Figure 1.



Fp(Xp) = T(Xp) + Ap(Zy — Hi (X))

Wy = W — Ay

Model transformation

A= DyR;" v
k+1—-k Xi+1 = F (X)) + @y
Zy = Hi(Xy) + v
N
e gy

|
|
— 1 _ |
X;§|lk—1 = ?izl(rkl—l(sii—uk—lfi + T("P: X£—1|k—1):uk—1) + :
One-step |
v w2
A (Zie = Hie(Sk—qji—1&i + T(W, XIE—HR—l)ruk—l))) — &(Xifi—1) + mi—y e !
prediction ,
Ft2 1 2 t ot !
Xielk-1= — Zizs Fk—l(sk—uk—lfi +T(¥, Xk—1|k—1)ruk—1) + |
|
|
|
|
|
|
|
|

Dy (Zie — Hie(Sk g &+ T(W, Ko q e ) tie—1) ) + my_,
| |

ntl t11 t11 t22 t22 T

Peji—1 = M1 + Q= — Up (M2 + Q21U

ot2 _ t22 £22
Prelk-1= M1 + Q=

At _1vm t ~t .
Zklk-1 = ;Zizlhk(smk—lfi + K- W) + T
t _lwm ot t T ¢ ot T
P k-1 = ;Zizlzi,mk—l (Zi,k|k—l) - Zk|k—l(zk|k—l) + Ry

t 1 om ot t T ¢ ot T
Pz k-1 = — Xi=1Xikjk—1 (Zi,k|k—1) - xk|k—1(zk|k—1)

REt = KE— Ve

R = k2

_ _ _ _ _ _ _ 1 ¢

X;Efk = XI§|1k—1 + ‘D(X;sz—l) + Vk(X;ifk - Xisz—l) - qJ(X;ifk) + Ky (Zk — =Xt Hk(smk—lfi +

T(‘D» )?;Em—l)»uk)) +mi + g

_ — — 1 _
Xt = Kin_y + K& (zk — =2 Hye(Skpe—s &+ T(@, Xﬁ,k_l),uk)) +mh_ 4+ One-step
_ _ _ r _ S T o _:nT. 7 update
PI:|lk = PI:|lk—1 + Ukpéfk—lyk - Vkpéfk—lvk - Kélpztz,mk—l(f(él) - Kglpztz,kw—l(f(;,z) Vi
=t1 pt —t2 T, T\T
(Kk PZZ,R|R—I(KR ) Vk)
5 5t2 =t2 pt mt2\T
P;Ei?k = Pri—1 — Kx Pzz,k]k—l(Kk )
Figure 1. Flowchart of the TSCKF-CN algorithm based on model transformation
The TSCKF-CN algorithm is described as follows: Step 1: Time Update:
(1) Decompose Py _y .y to obtain Sg_; ;.
Algorithm 1: The TSCKF-CN algorithm based on model (2) Calculate the cubature points Xitk—1|k—1 (4-15) and
transformation . . BN
Initialization of State Conditions: g;) pggjt © ﬂtle c;lbature. points (IX i’kgllk_tl).) (t_l?ﬁ tat
o o > stimate the noise-correlated unbiased filter state
Xo = E[Xo],Po = E[(Xo —Xo)(Xo — XO)T]

E(@,) = g — Aty o) = 1o, Oy = 0, Ry = R prediction X j,_, (4-34) and biased filter state prediction
0/ — 40 0’ 0/ — T0r~¥0 — Yoo —

fork=12,---,N do X}Efkq (4-36) using my_1(4-30).
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(4) Estimate the noise-correlated unbiased filter state error
covariance ﬁ,\fﬁk_l (4-39) and biased filter state error
covariance 13,§|2k_1 (4-40) using the coupling relationship Uy
(4-41).

Step 2: Measurement Update:

(1) Decompose Py, to obtain Sg ;.

(2) Calculate the cubature points Xf,k|k_1 (4-19) and the
propagated cubature points from the measurement equation
Zikjie—1 (4-20).

(3) Estimate the noise-correlated measurement prediction
By (4-21).

(4) Estimate the noise-correlated measurement error
covariance Pztzyk| x—1(4-22) and the noise-correlated cross-
covariance Py, j—1(4-23).

(5) Estimate the noise-correlated unbiased filter Kalman
gain K}' (4-45) and the noise-correlated biased filter
Kalman gain K}%(4-47).

(6) Calculate the noise-correlated unbiased filter state
estimates Xj{; (4-35) and the noise-correlated biased filter
state estimates )?,f,lzk(4-37) using my,_,(4-30) and 73, (4-31).
(7) Calculate the noise-correlated unbiased filter estimate
error covariance P,§|1k(4-42) and the noise-correlated biased
filter estimate error covariance Py (4-43) using Vi (4-44).
End for

4. EXPERIMENT AND ANALYSIS

Y A
(N)

| (527 “)

Figure 2. Pure azimuth tracking system diagram

Tz

X(E)

The pure azimuth tracking system tracks the state of moving
targets through two sensors [12], obtaining nonlinear
measurements. Each sensor can only obtain angular
observations of the target state, denoted as a;; and f5;, as
shown in Figure 2. The two angle observations form the
intersection point in a plane coordinate system. In the
rectangular coordinate system shown in Figure 2, two sensors
Sip and S;, (i = 1,2,---, N) are fixed on platforms P; and P,,
respectively, with a distance of d between them. Many sensors
are fixed on platforms P;(j=12) , denoted as
{(51,1',13}‘). (S2j,P), -, (SN,J-,Pj)} , corresponding to the
nonlinear
{(“1,10 ﬁl,k)' (az,k' ﬁz,k)' " (aN,k' BN.k)}-

The dynamic model is a four-dimensional nonlinear system

measurements

T
defined as x;, = [xl,k Xo 1 Vik yz,k] , where x; j, and x, ; are
the displacement components in the east and north directions,
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respectively, and y; , and y, are the velocity components
corresponding to the displacement components. The
movement of the target is treated as a constant velocity (CV)
model. The state equations and deviation variance are as
follows:

Xk+1 = Fkxk + bk + O.)ch
b1 = by + Wi

1 T 0 O
01 0 . . .
where, F, = 00 1T , the process noise variance is:
0 0 0 1
_ 3 2 -
~ =00
TZ
5 T 0 0
Qr = 0 o r E><0.5,
3 2
2
0 0 = 1|

with a tracking period T = 1s.
According to the cross-principle, the observation function
is:

X1,k
2 2
1’x1,k+y1,k
xllk—d

2
J@ik=a) +yi /|

In a multi-sensor system, the measurement equation is:

arccos

hy (i) = [gﬂ =

arccos

X1,k
arccos | —————
’x12,k + ik
Zi,k = + bk + vi,k (l
xlk _'d
arccos
2
(i —d)" +yE,
=12,,N)
where, hl,k(xk) = hz,k(xk) == hN,k(xk) = hy (xx).

The simulation experiment was conducted on a computer
with hardware configuration: a quad-core Intel Core 15 4258U
2.4 GHz processor, 4 GB of memory, running Windows 7 64-
bit Professional, and using MATLAB version 2013a for
simulation.

Assume: vU;, = ;Wi -1 , then there are
E(@kk-1,01%) = Qui-16] Rijx = E(Uij, v1}) =
CiQk,k—1CiT .

The initial state estimate and covariance matrix are: Xo;9 =
[010310]", bop = [0.1], P§ = diag{1111}, P§,

Dk

«_[015 0.01] ,p_ )
0000 0.5],Rk—[0.01 0.01],Rk—0.5><T,
001 001 0.001 0.001

d=500,c1 = {0001 0,001 0,001 0.001)
The simulation time is set to 200 seconds, with 1000 Monte

Carlo simulations performed for both algorithms. The Root



Mean Square Error (RMSE) is defined as in Eq. (57) to
compare the performance of various filtering algorithms:

M

1 .
e 0
RMSE(K) = |- E (x*‘k

i=1

NO)

- x*’klk)z (57)

where, M is the number of Monte Carlo trials, and xfl,z and

NO)
Xeklk

n-th Monte Carlo simulation, respectively.

Figures 2 to 6 compare the RMSE of the CKF algorithm and
the TSCKF-CN algorithm. From this set of figures, it can be
observed that the RMSE curves of the two algorithms are
approximately similar, with little difference, indicating that the
estimation accuracy of both algorithms is comparable.

represent the state value and estimated value of x, in the
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Figure 3. RMSE comparison of x; ; for two algorithms
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Figure 4. RMSE comparison of x,  for two algorithms

Figures 7 and 8 show the comparison of the estimated
values of the bias terms and their RMSE. From the figures, it
can be seen that the curves of both algorithms are basically
consistent, with errors within an acceptable range. In fact, this
precision error is attributed to computational errors during the
calculation process on the computer.

The state estimation RMSE is calculated using Eq. (57), and
the results are shown in Table 1. The RMSE of the TSCIF-CN
algorithm is slightly lower than that of the TSCKF-CN
algorithm, but they are very close. This similarity arises
because both algorithms consider the impact of correlated
noise in the recursive estimation process and appropriately
handle the correlated noise, resulting in similar accuracy for
both noise-correlated algorithms and comparable tracking
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Table 1. State estimation RMSE

TSCKF-CN TSCIF-CN

X1 (m) 1.6689 1.5312
X3 x (M) 0.2056 0.1980
yix (mfs)  0.5545 0.5420
Vo (m/s)  0.0564 0.0550

by, (m) 0.2479 0.2280

5. CONCLUSION

In practical applications, noise-correlated nonlinear systems
are very common. If correlated noise is not considered and
conventional two-stage filtering algorithms are applied, the
estimation accuracy is bound to decrease. This paper first
proposes a transformation model of the TSCKF algorithm
based on the minimum variance estimation criterion. By
introducing a transformation coefficient matrix, the correlated
noise system is transformed into an uncorrelated system,
establishing a conversion relationship between the two.
Finally, simulation experiments demonstrate that the proposed
method effectively addresses the correlated noise issue,
resulting in superior tracking accuracy compared to scenarios
that ignore correlated noise, thus yielding better tracking
results.
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