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The work introduces a novel numerical method for solving the Fredholm Integro-

Differential Equations (FIDEs) and system of Fredholm Integro-Differential Equations 

(SFIDEs) by employing the fourth-order compact finite difference methods in 

conjunction with Simpson’s quadrature rule. The accuracy of the proposed scheme is 

rigorously evaluated using 𝑙2 and 𝑙∞  norms, while the computational efficiency is

measured by assessing the CPU-time values, demonstrating a notable reduction in 

computational cost compared to standard finite difference schemes. The significance of 

this approach lies in its ability to maintain high levels of accuracy, addressing a common 

challenge in traditional methods. The methods presented exhibit fourth accuracy in 

space, as evidenced by numerical experiments. The mentioned work signifies a notable 

progress in tackling problems related to FIDEs and SFIDEs. It introduces a robust and 

efficient numerical methodology that proves particularly effective in situations where 

obtaining exact solutions poses challenges. This advancement is crucial as it addresses 

a common difficulty faced in the solution of FIDEs and SFIDEs problems, offering a 

reliable numerical approach that can handle complex scenarios and contribute to more 

accurate and practical solutions in various fields of study. 
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1. INTRODUCTION

Recent years, interest is particularly pronounced in the 

domains of physical and biological modeling, as well as in 

(bio-)engineering applications where initial- and boundary-

value problems involving Integro-Differential Equations are 

prevalent. The Compact Finite Difference Method (CFDM) 

has emerged as a valuable tool for approximating solutions to 

these intricate problems. Its application extends to both 

ordinary and partial differential equations, making it a 

versatile and sought-after numerical technique. The compact 

nature of the method, coupled with its ability to handle 

Integro-Differential Equations, contributes to its growing 

appeal in various scientific and engineering disciplines. 

Researchers and practitioners are increasingly turning to 

CFDM as an effective approach to address the challenges 

posed by complex systems described by Integro-Differential 

Equations, fostering advancements in computational 

methodologies and facilitating more accurate modelling in 

diverse fields [1-9]. 

In light of the limited progress in the development of high-

order compact finite difference methods for Integro-

Differential Equations (IDE), this research is dedicated to 

addressing this gap by focusing on the derivation of efficient 

and accurate high-order numerical schemes. The complexity 

inherent in Integro-Differential Equations, particularly in the 

context of second-order SFIDEs, necessitates advanced 

numerical tools for precise approximations of solutions. By 

concentrating on second-order SFIDEs, this work aims to 

contribute significantly to the ongoing efforts in developing 

sophisticated numerical methodologies tailored for Integro-

Differential Equations. The research endeavours to provide a 

comprehensive understanding of the challenges posed by 

second-order SFIDEs and to propose novel high-order 

compact finite difference methods as a solution. The outcomes 

of this study have the potential to not only advance the field of 

numerical analysis but also to enhance the capabilities for 

tackling real-world problems in diverse scientific and 

engineering applications [10-12]. 

Consider the second-order FIDEs as follows: 

𝑢′′(𝑥) + 𝑞(𝑥)𝑢′(𝑥) + 𝑝(𝑥)𝑢(𝑥)

= 𝑓(𝑥) + 𝜆 ∫ 𝑘
𝑏

𝑎

(𝑥, 𝑡)𝑢(𝑡)𝑑𝑡
(1) 

with Dirichlet boundary conditions: 

𝑢(𝑎) = 𝛼,   𝑢(𝑏) = 𝛽 (2) 

A system of second-order SFIDEs can be defined as: 

𝑢′′(𝑥) + 𝑞1(𝑥)𝑣′(𝑥) + 𝑝1(𝑥)𝑢(𝑥)

= 𝑓1(𝑥) + 𝜆1 ∫ (𝑘1(𝑥, 𝑡)𝑢(𝑡) + 𝑘2(𝑥, 𝑡)𝑣(𝑡))
𝑏

𝑎

𝑑𝑡 
(3) 
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𝑣′′(𝑥) + 𝑞2(𝑥)𝑢′(𝑥) + 𝑝2(𝑥)𝑣(𝑥) 

= 𝑓2(𝑥) + 𝜆2 ∫ (𝑘3(𝑥, 𝑡)𝑢(𝑡) + 𝑘4(𝑥, 𝑡)𝑣(𝑡))𝑑𝑡,
𝑏

𝑎

 
(4) 

 

with Dirichlet boundary conditions: 

 

𝑢(𝑎) = 𝛼1, 𝑢(𝑏) = 𝛽1, 𝑣(𝑎) = 𝛼2, 𝑣(𝑏) = 𝛽2.  (5) 

 

For 𝑥, 𝑡 ∈ [𝑎, 𝑏], where all 𝜆, 𝛼, and 𝛽 are constant values, 

all functions 𝑓(𝑥),𝑞(𝑥), 𝑝(𝑥)and 𝑘(𝑥, 𝑡) are known and 𝑢(𝑥) 

and 𝑣(𝑥) are the solutions to be determined. 

In recent times, there has been a notable surge in interest 

regarding the application of higher-order numerical methods 

to integro-differential equations. A particularly promising 

approach gaining attention is the utilization of compact 

difference approximations, known for their ability to achieve 

high accuracy even with a relatively small number of grid 

points. This method strategically employs 9 grid points, 

forming a compact patch of three cells around a chosen node, 

to effectively nullify second-order truncation error terms. The 

key advantage lies in the subsequent development of 

alternative expressions, with lower derivatives, that are 

equivalent to the higher-order truncation error terms. This 

innovative strategy holds the potential to yield more efficient 

and accurate solutions for partial differential equations 

(PDEs), presenting a compelling avenue for advancing the 

field of numerical analysis and enhancing the precision of 

solutions in various scientific and engineering applications. 

It is known that compact difference approximations exist for 

certain operators that are higher-order than standard schemes. 

As an example, in the reference [13], the difference 

coefficients at the five grid points corresponding to the 

compact patch of three cells surrounding a given node can be 

selected so the second-order truncation error terms cancel. 

Therefore, utilizing the differential equation, leads to 

producing alternative lower-derivative expressions equivalent 

to the higher-order truncation error terms [14]. 

The primary objective of this research is to establish a 

comprehensive framework and methodology for the 

development of higher-order compact (HOC) schemes tailored 

for second-order System of Fredholm Integro-Differential 

Equations (SFIDEs). Drawing inspiration from various studies 

employing compact finite difference methods for Volterra 

integral problems, including references [15-17]. Numerous 

authors have developed numerical methods for integral and 

Integro-Differential Equations recently, see references [18-24].  

The present study is prepared as follows: In Section 2, the 

numerical method for second-order FIDEs and the system of 

second-order FIDEs equations are proposed. In Section 3, 

convergence analysis is proposed. Some numerical 

experiments are shown in Section 4. Finally, conclusions are 

given in Section 5. 

 

 

2. FOURTH-ORDER COMPACT FINITE 

DIFFERENCE SCHEME 

 

2.1 Second-order Fredholm Integro-Differential 

Equations 

 

We employ the fourth-order accuracy Compact Finite 

Difference Method to tackle the problem stated in Eq. (1). To 

begin, discretize the interval 𝐼 = [𝑎, 𝑏] into N equal spaced 

grid points with nodes 𝑥0, 𝑥1, 𝑥2, … 𝑥𝑁−1, 𝑥𝑁 , then 

𝐼 = {𝑎 = 𝑥0 < 𝑥1 < 𝑥2 < … < 𝑥𝑁−1 < 𝑥𝑁 = 𝑏}, 
 

and 𝑥𝑖 = 𝑥0 + 𝑖ℎ, 𝑖 = 0,1,2, … , 𝑁. (ℎ is the spatial step size). 

The following notation 𝑢(𝑥 + 𝑛ℎ) = 𝑢𝑖+𝑛  at 𝑥 = 𝑥𝑖  is used 

for clarity. 

By Taylor’s series expansion 

 

𝑢𝑖+1 = 𝑢𝑖 + ℎ𝑢𝑖
′ +

ℎ

2!
𝑢𝑖

′′ +
ℎ3

3!
𝑢𝑖

(3)
+

ℎ4

4!
𝑢𝑖

(4)
 

+
ℎ5

5!
𝑢𝑖

(5)
+

ℎ6

6!
𝑢𝑖

(6)
+

ℎ7

7!
𝑢𝑖

(7)
+ ⋯ 

(6) 

 

𝑢𝑖−1 = 𝑢𝑖 − ℎ𝑢𝑖
′ +

ℎ

2!
𝑢𝑖

′′ −
ℎ3

3!
𝑢𝑖

(3)
+

ℎ4

4!
𝑢𝑖

(4)
 

−
ℎ5

5!
𝑢𝑖

(5)
+

ℎ6

6!
𝑢𝑖

(6)
−

ℎ7

7!
𝑢𝑖

(7)
+ ⋯. 

(7) 

 

Denoting the central difference of second order 

approximate with first and second derivative of the function 

𝑢(𝑥) by 𝛿𝑥𝑢𝑖  and 𝛿𝑥
2𝑢𝑖 respectively, where 𝛿𝑥𝑢𝑖 and 𝛿𝑥

2𝑢𝑖 are 

given as 

 

𝛿𝑥𝑢𝑖 =
𝑢𝑖+1 − 𝑢𝑖−1

2ℎ
, 𝛿𝑥

2𝑢𝑖 =
𝑢𝑖+1 − 2𝑢𝑖 + 𝑢𝑖−1

ℎ2
. (8) 

 

Substituting Taylor’s series expansion for 𝑢𝑖+1 and 𝑢𝑖−1 in 

(6) and (7) into (8) we have that 

 

𝛿𝑥𝑢𝑖 = 𝑢𝑖
′ +

ℎ2

3!
𝑢𝑖

(3)
+

ℎ4

5!
𝑢𝑖

(5)
+

ℎ6

7!
𝑢𝑖

(7)
+

ℎ8

9!
𝑢𝑖

(9)
 

            +
ℎ10

11!
𝑢𝑖

(11)
+ ⋯ 

(9) 

 

𝛿𝑥
2𝑢𝑖 = 𝑢𝑖

′′ + 2(
ℎ2

4!
𝑢𝑖

(4)
+

ℎ4

6!
𝑢𝑖

(6)
+

ℎ6

8!
𝑢𝑖

(8)

+
ℎ8

10!
𝑢𝑖

(10)
+

ℎ10

12!
𝑢𝑖

(12)
+ ⋯). 

(10) 

 

So that 

 

𝑢𝑖
′ = 𝛿𝑥𝑢𝑖 − (

ℎ2

3!
𝑢𝑖

(3)
+

ℎ4

5!
𝑢𝑖

(5)
+

ℎ6

7!
𝑢𝑖

(7)

+
ℎ8

9!
𝑢𝑖

(9)
+

ℎ10

11!
𝑢𝑖

(11)
+ ⋯) 

(11) 

 

𝑢𝑖
′′ = 𝛿𝑥

2𝑢𝑖 − 2(
ℎ2

4!
𝑢𝑖

(4)
+

ℎ4

6!
𝑢𝑖

(6)
+

ℎ6

8!
𝑢𝑖

(8)

+
ℎ8

10!
𝑢𝑖

(10)
+

ℎ10

12!
𝑢𝑖

(12)
⋯ ), 

(12) 

 

substituting (11) and (12) into problem (1) yields 

 

𝐿ℎ𝑢𝑖 − 𝐸𝑟𝑟1 = 𝑓𝑖 + 𝜆 ∫ 𝑘𝑖(𝑡)𝑢(𝑡)
𝑏

𝑎

𝑑𝑡 (13) 

 

where, 

 

𝐿ℎ𝑢𝑖 = 𝛿𝑥
2𝑢𝑖 + 𝑞𝑖𝛿𝑥𝑢𝑖 + 𝑝𝑖𝑢𝑖, 

 

where, Err1 is the truncation error given as 
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𝐸𝑟𝑟1 = 2(
ℎ2

4!
𝑢𝑖

(4)
+

ℎ4

6!
𝑢𝑖

(6)
+

ℎ6

8!
𝑢𝑖

(8)
) 

               +(
ℎ2

3!
𝑢𝑖

(3)
+

ℎ4

5!
𝑢𝑖

(5)
+

ℎ6

7!
𝑢𝑖

(7)
) + ⋯ 

𝐸𝑟𝑟1 =
2ℎ2 (2𝑞𝑖𝑢𝑖

(3)
+ 𝑢𝑖

(4)
)

4!
 

         +
2ℎ4 (3𝑞𝑖𝑢𝑖

(5)
+ 𝑢𝑖

(6)
)

6!
  

                +
2ℎ6(4𝑞𝑖𝑢𝑖

(7)
+ 𝑢𝑖

(8)
)

8!
+ ⋯, 

(14) 

 

where, 𝐸𝑟𝑟1 = 𝐸4 + 𝐸6 + 𝐸8 + ⋯. 
To achieve 4th-order accuracy, we can focus on the error 

term 𝐸4  in the expansion of the central difference of the 

second order approximation given in (4). By summing this 

error term to the central difference of the second order scheme, 

we can obtain a scheme with 4th-order accuracy such that 
 

𝐸4 =
ℎ2

12
[2𝑞𝑖𝑢𝑖

(3)
+ 𝑢𝑖

(4)
]. (15) 

 

To obtain the terms 𝑢𝑖
(3)

 and 𝑢𝑖
(4)

, we begin by rearranging 

Eq. (1) and then differentiating it repeatedly with respect to x 

from Eq. (1), we have  
 

𝒖𝒊
′′ = −𝑞𝑖𝑢𝑖

′ − 𝑝𝑖𝑢𝑖 + 𝑓𝑖 + 𝜆 ∫ 𝑘𝑖(𝑡)𝑢(𝑡)
𝑏

𝑎

𝑑𝑡, (16) 

 

𝒖𝒊
(𝟑)

= −𝑞𝑖
′𝑢𝑖

′ − 𝑞𝑖𝑢𝑖
′′ − 𝑝𝑖

′𝑢𝑖 − 𝑝𝑖𝑢𝑖
′ + 𝑓𝑖

′ + ∫ 𝑘𝑖
′𝑢(𝑡)

𝑏

𝑎

𝑑𝑡 (17) 

 

𝒖𝒊
(𝟒)

= (𝑞𝑖
2 − 2𝑞𝑖

′ − 𝑝𝑖)𝑢𝑖
′′ + (𝑞𝑖𝑞𝑖

′ + 𝑞𝑖𝑝𝑖 − 𝑞𝑖
′′ − 2𝑝𝑖)𝑢𝑖

′ 

         +(𝑞𝑖𝑝𝑖
′ − 𝑝𝑖

′′)𝑢𝑖 − 𝑞𝑖𝑓𝑖
′ + 𝑓𝑖

′′ − 𝑞𝑖 ∫ 𝑘𝑖
′(𝑡)𝑡𝑢(𝑡)

𝑏

𝑎
𝑑𝑡 

          +∫ 𝑘𝑖
′′(𝑡)𝑢(𝑡)

𝑏

𝑎

𝑑𝑡. 

(18) 

 

Then substituting 𝒖𝒊
(𝟑)

 from (17) and 𝒖𝒊
(𝟒)

 from (18) into the 

term 𝐸4 in (15) and simplifying produces 

 

𝐸4 = −(
ℎ2(𝑞𝑖

2 + 2𝑞𝑖
′ + 𝑝𝑖)

12
)𝑢𝑖

′′ 

 −(
ℎ2(𝑞𝑖𝑞𝑖

′+𝑞𝑖𝑝𝑖+𝑞𝑖
′′+2𝑝𝑖

′)

12
) 𝑢𝑖

′ 

                  −(
ℎ2(𝑞𝑖𝑝𝑖

′−𝑝𝑖
′′)

12
) 𝑢𝑖 + (

ℎ2𝑞𝑖

12
) 𝑓𝑖

′ +
ℎ2

12
𝑓𝑖

′′ 

+(
ℎ2𝑞𝑖

12
)∫ 𝑘𝑖

′(𝑡)𝑢(𝑡)
𝑏

𝑎

𝑑𝑡 

+(
ℎ2

12
)∫ 𝑘𝑖

′′(𝑡)𝑢(𝑡)
𝑏

𝑎

𝑑𝑡. 

(19) 

 

Replace the terms 𝑢𝑖
′′ and 𝑢𝑖

′ in 𝐸4  with those in (11) and 

(12) to obtain 
 

             𝐸4 = −(
ℎ2(𝑞𝑖

2 + 2𝑞𝑖
′ + 𝑝𝑖)

12
)𝛿𝑥

2𝑢𝑖 

−(
ℎ2(𝑞𝑖𝑞𝑖

′ + 𝑞𝑖𝑝𝑖 + 𝑞𝑖
′′ + 2𝑝𝑖

′)

12
)𝛿𝑥𝑢𝑖 

−(
ℎ2(𝑞𝑖𝑝𝑖

′ − 𝑝𝑖
′′)

12
) 𝑢𝑖 + (

ℎ2𝑞𝑖

12
)𝑓𝑖

′ 

+
ℎ2

12
𝑓𝑖

′′ + (
ℎ2𝑞𝑖

12
)∫ 𝑘𝑖

′(𝑡)𝑢(𝑡)
𝑏

𝑎

𝑑𝑡 

+(
ℎ2

12
)∫ 𝑘𝑖

′′(𝑡)𝑢(𝑡)
𝑏

𝑎

𝑑𝑡 − 𝐸𝑟𝑟2, 

(20) 

the error term 𝐸𝑟𝑟2 is given as 

 

𝐸𝑟𝑟2 = 2(
ℎ2(𝑞𝑖

2 + 2𝑞𝑖
′ + 𝑝𝑖)

12
) 

(
ℎ2

4!
𝑢𝑖

(4)
+

ℎ4

6!
𝑢𝑖

(6)
+

ℎ6

8!
𝑢𝑖

(8)
+

ℎ8

10!
𝑢𝑖

(10)
+

ℎ10

12!
𝑢𝑖

(12)
⋯) 

+(
ℎ2(𝑞𝑖𝑞𝑖

′ + 𝑞𝑖𝑝𝑖 + 𝑞𝑖
′′ + 2𝑝𝑖

′)

12
) 

(
ℎ2

3!
𝑢𝑖

(3)
+

ℎ4

5!
𝑢𝑖

(5)
+

ℎ6

7!
𝑢𝑖

(7)
+

ℎ8

9!
𝑢𝑖

(9)
+

ℎ10

11!
𝑢𝑖

(11)
+ ⋯) 

 

Adding 𝐸4 to the second order central difference scheme, 

gives 

 

(1 +
ℎ2(𝑞𝑖

2 + 2𝑞𝑖
′ + 𝑝𝑖)

12
)𝛿𝑥

2𝑢𝑖  

 +(𝑞𝑖 +
ℎ2(𝑞𝑖𝑞𝑖

′+𝑞𝑖𝑝𝑖+𝑞𝑖
′′+2𝑝𝑖

′)

12
) 𝛿𝑥𝑢𝑖  

+(
ℎ2(𝑞𝑖𝑝𝑖

′ − 𝑝𝑖
′′)

12
) 𝑢𝑖 + (

ℎ2𝑞𝑖

12
)𝑓𝑖

′ 

+
ℎ2

12
𝑓𝑖

′′ + (
ℎ2𝑞𝑖

12
)∫ 𝑘𝑖

′(𝑡)𝑢(𝑡)
𝑏

𝑎

𝑑𝑡 

+(
ℎ2

12
) ∫ 𝑘𝑖

′′(𝑡)𝑢(𝑡)
𝑏

𝑎

𝑑𝑡 − 𝐸𝑟𝑟3 

= 𝑓𝑖 + 𝜆 ∫ 𝑘𝑖(𝑡) 𝑢(𝑡)
𝑏

𝑎

𝑑𝑡. 

(21) 

 

The new error term 𝐸𝑟𝑟3 is a linear combination of the error 

obtained from the central difference scheme (8) and the error 

obtained from 𝐸4 i.e. 𝐸𝑟𝑟3 = 𝐸𝑟𝑟1 + 𝐸𝑟𝑟2, so that 

 

𝐸𝑟𝑟3 = ℎ4 (
2(3𝑞𝑖 𝑢𝑖

(5)
+ 𝑢𝑖

(6)
)

6!
+

𝑘1

3!
𝑢𝑖

(3)
+

2𝑘2

4!
𝑢𝑖

(4)
) 

 +ℎ6 (
2(4𝑞𝑖 𝑢𝑖

(7)
+𝑢𝑖

(8)
)

8!
+

𝑘1

5!
𝑢𝑖

(5)
+

2𝑘2

6!
𝑢𝑖

(6)
) 

                 +ℎ8 (
2(3𝑞𝑖 𝑢𝑖

(9)
+ 𝑢𝑖

(10)
)

10!
+

𝑘1

7!
𝑢𝑖

(7)
+

2𝑘2

8!
𝑢𝑖

(8)
) 

                 +ℎ10 ((
2(3𝑞𝑖 𝑢𝑖

(11)
+ 𝑢𝑖

(12)
)

12!
+

𝑘1

9!
𝑢𝑖

(9)

+
2𝑘2

10!
𝑢𝑖

(10)
)) + ⋯, 

 

where, 𝑘1 =
𝑞𝑖𝑞𝑖

′+𝑞𝑖𝑝𝑖+𝑞𝑖
′′+2𝑝𝑖

′

12
 and 𝑘1 =

𝑞𝑖
2+2𝑞𝑖

′+𝑝𝑖

12
. 

The integral part on the right-hand side of Eq. (21) will be 

handled numerically using the composite Simpson’s rule 

given by: 

 

𝐼𝑖 = Υ𝑖
ℎ(𝑘𝑢) + 𝒯𝑆𝑀, 

 

where 

 
𝛶𝑖

ℎ(𝑘𝑢) 

=
ℎ

3
(𝑘𝑖,0𝑢0 + 4 ∑𝑘𝑖,2𝑗−1𝑢2𝑗−1 + 2 ∑ 𝑘𝑖,2𝑗𝑢2𝑗

(
𝑛
2)−1

𝑗=1

𝑛
2

𝑗=1

+ 𝑘𝑖,𝑛𝑢𝑛), (22) 
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and 𝒯𝑆𝑀  be a vector denoting the truncation error such that 

where ‖𝒯𝑆𝑀‖ = 𝑂(ℎ4). Replacing the terms 𝛿𝑥𝑢𝑖  and 𝛿𝑥
2𝑢𝑖 in 

(22) with their definitions in (4) and neglecting the error term 

produces following fourth-order compact finite difference 

scheme 

 

𝐴𝑖𝑢𝑖+1 + 𝐵𝑖𝑢𝑖 + 𝐶𝑖𝑢𝑖−1 = 𝐹𝑖 + 𝐼𝑖  
𝑖 = 1,2,3, … . , 𝑁 − 1, 

(23) 

 

where, the coefficient 𝐴𝑖 , 𝐵𝑖 , 𝐶𝑖, 𝐹𝑖  𝑎𝑛𝑑 𝐼𝑖 are given as 

 

𝐴𝑖 =
1

ℎ2 +
(𝑞𝑖

2 + 2𝑞𝑖
′ + 𝑝𝑖)

12
+

𝑞𝑖

2ℎ
+

ℎ(𝑞𝑖𝑞𝑖
′ + 𝑞𝑖𝑝𝑖 + 𝑞𝑖

′′ + 2𝑝𝑖
′)

24
, 

𝐵𝑖 =
−2

ℎ2
+

ℎ(𝑞𝑖
2 + 2𝑞𝑖

′ + 𝑝𝑖)

6
+

ℎ2(𝑞𝑖𝑝𝑖
′ − 𝑝𝑖

′′)

12
, 

𝐶𝑖 =
1

ℎ2 +
(𝑞𝑖

2 + 2𝑞𝑖
′ + 𝑝𝑖)

12
−

𝑞𝑖

2ℎ
−

ℎ(𝑞𝑖𝑞𝑖
′ + 𝑞𝑖𝑝𝑖 + 𝑞𝑖

′′ + 2𝑝𝑖
′)

24
, 

𝐹𝑖 = 𝑓𝑖 − (
ℎ2𝑞𝑖

12
) 𝑓𝑖

′ −
ℎ2

12
𝑓𝑖

′′ 

𝐼𝑖 = 𝜆∫ 𝑘𝑖(𝑡)𝑢(𝑡)
𝑏

𝑎

𝑑𝑡 + (
ℎ2𝑞𝑖

12
)∫ 𝑘𝑖

′𝑢(𝑡)
𝑏

𝑎

𝑑𝑡 − (
ℎ2

12
)∫ 𝑘𝑖

′′𝑢(𝑡)
𝑏

𝑎

𝑑𝑡, 

 

where, 𝑢0  and 𝑢𝑛  are Dirichlet boundary conditions get in 

general system, when 𝑖 = 1, and 𝑖 = 𝑛 − 1 we obtain 𝑢0 and 

𝑢𝑛 respectively. The system in Eq. (23) consists of (𝑁 − 1) 

linear equations with (𝑁 − 1)  unknowns 
(𝑢1, 𝑢2, 𝑢3, … , 𝑢𝑛−2, 𝑢𝑛−1). 

 

2.2 The algorithm 

 

In order to find the numerical solution of Eq. (1) by utilizing 

the fourth-order compact difference approximation with the 

composite Simpson’s rule, we provide the method of solution 

in algorithm. 

 

Algorithm 1 

Input: 𝑁, 𝑎, 𝑏  and boundary condition 𝑢0  and 𝑢𝑛 ,where 

(𝑎 = 𝑥0, 𝑏 = 𝑥𝑛). 

Set: ℎ =
𝑏−𝑎

𝑁
. 

for 𝑖 ⟵ 0 to 𝑁 do 

     for 𝑗 ⟵ 0 to 𝑁 do 

           𝑥𝑖 = 𝑎 + 𝑖ℎ. 
           𝑡𝑗 = 𝑎 + 𝑗ℎ. 
     end for 

end for 

for 𝑖 ⟵ 0 to 𝑁 do 

           𝑢𝑖 ⟵ 𝑢(𝑥𝑖) 

          for 𝑗 ⟵ 0 to 𝑁 do 

               𝑘𝑖,𝑗 ⟵ 𝑘(𝑥𝑖, 𝑡𝑗) 

          end for 

end for 

for 𝑖 ⟵ 1 to 𝑁 − 1 do 

     𝐶𝑖 = ℱ + 𝜔. 
     for 𝑗 ⟵ 1 to 𝑁 − 1 do 

          𝒜(𝑖,𝑗) = ℬ + 𝛾. 
     end for 

end for 

𝐶 = [𝐶1 − 𝛾1𝑢0; 𝐶2: 𝐶𝑛−2; 𝐶𝑛−1 − 𝛾3𝑢𝑛] 
Output: 𝑈 ⟵ 𝒜 ∖ 𝐶 

 

 

 

3. CONVERGENCE ANALYSIS 

 

This section aims to prove the convergence analysis of the 

fourth-order CFD method. We first introduce the following 

lemma that play a crucial role in the proof. To prove the 

convergence of the system in Eq. (36) using the same method 

as the convergence analysis of the fourth-order CFD method. 

We define the space 𝐿2(𝑎, 𝑏) represents a Hilbert space with 

the inner product 

 

(𝑢(𝑥),  𝑣(𝑥)) = ∫ 𝑢(𝑥). 𝑣(𝑥)
𝑏

𝑎

𝑑𝑥. 

 

The Sobolev 𝐻1 admit a natural norm 

 

‖𝑢‖𝐻1
2 = ‖𝑢‖2 + ‖𝑢′‖2. 

 

Lemma 3.1: The remainder 𝒯𝑆𝑀  of the composite 

Simpson’s rule satisfies 

 

|𝒯𝑆𝑀| ≤
1

180
ℎ4𝑢(𝑖𝑣)(𝜉). 

 

Proof. Let the function 𝑧 = 𝐾(𝑥𝑖 , 𝑠)𝑢(𝑠) be continuous and 

possess a continuous derivative in [𝑠0, 𝑠2 ]. Expanding y about 

𝑠 = 𝑠0 we obtain 

 

𝑧(𝑥) = 𝑧0 + (𝑠 − 𝑠0)𝑧0
′ +

1

2
(𝑠 − 𝑠0)

2𝑧0
′′ +

1

3!
(𝑠 − 𝑠0)

3𝑧0
′′′ 

    +
1

4!
(𝑠 − 𝑠0)

3𝑧0
(𝑖𝑣)

+ ⋯∫ 𝐾(𝑥𝑖 , 𝑠)𝑢(𝑠)
𝑠2

𝑠0

𝑑𝑠 

= ∫ ℎ
2

0

(𝑧0 + 𝑟ℎ𝑧0
′ +

(𝑟ℎ)2

2
𝑧0

′′ +
(𝑟ℎ)3

3!
𝑧0

′′′ +
(𝑟ℎ)4

4!
𝑧0

(𝑖𝑣)
+ ⋯)𝑑𝑟 

   = ℎ [𝑟𝑧0 +
𝑟2ℎ

2
𝑧0

′ +
(𝑟ℎ)2

6
𝑝𝑧0

′′ +
(𝑟ℎ)3

24
𝑝𝑧0

′′′ +
(𝑟ℎ)4

120
𝑟𝑧0

(𝑖𝑣)
+]

0

2

 

= 2ℎ𝑧0 + 2ℎ2𝑧0
′ +

4ℎ2

3
𝑧0

′′ +
2ℎ4

3
𝑧0

′′′ +
4ℎ5

15
𝑧0

(𝑖𝑣)
+ ⋯. 

(24) 

 

Therefore, 

 

𝑧0 = 𝑧0 (25) 

 

𝑧1 = 𝑧0 + ℎ𝑧0
′ +

ℎ2

2
𝑧0

′′ +
ℎ3

6
𝑧0

′′′ +
ℎ4

24
𝑧0

(𝑖𝑣)
+ ⋯, (26) 

 

𝑧2 = 𝑧0 + 2ℎ𝑧0
′ + 2ℎ2𝑧0

′′ +
4ℎ3

3
𝑧0

′′′ +
2ℎ4

3
𝑧0

(𝑖𝑣)
+ ⋯. (27) 

 

Combining (24), (25) and (26), becomes  

 
ℎ

3
[𝑧0 + 4𝑧1 + 𝑧2] =

ℎ

3
[6𝑧0 + 6ℎ𝑧0

′ + 4ℎ2𝑧0
′′ + 2ℎ3𝑧0

′′′

+
5ℎ4

6
𝑧0

(𝑖𝑣)
+ ⋯ , ]

= 2ℎ𝑧0 + 2ℎ2𝑧0
′ +

4ℎ3

3
𝑧0

′′ +
2ℎ4

3
𝑧0

′′′

+
5ℎ4

18
𝑧0

(𝑖𝑣)
+ ⋯. 

(28) 

 

Using (24) and (28), this leads  

 

∫ 𝑧𝑑𝑠 −
𝑠2

𝑠0

ℎ

3
[𝑧0 + 4𝑧1 + 𝑧2] =

−1

90
ℎ5𝑧0

(𝑖𝑣)
. 
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The composite Simpson’s 1/3 rule is a numerical integration 

method used to approximate the definite integral of a function 

over an interval by dividing the interval into multiple sub-

intervals and applying Simpson’s 1/3 rule on each sub-

interval. To use this method, the interval of integration [0, 𝑙] is 

subdivided into N even number of sub-divisions as follows: 

0 = 𝑠0 < 𝑠1 < 𝑠2 < ⋯ < 𝑠𝑁 = 𝑙. The integral over the entire 

interval [0, 𝑙 ] can be approximated by summing up the 

individual integrals over each sub-interval using the composite 

Simpson’s 1/3 rule. The formula for the composite Simpson’s 

1/3 rule for a sub-interval [𝑠𝑖 , 𝑠𝑖+1] is given by: 

 

∫ 𝑧𝑑𝑠 =
𝑠2

𝑠0

ℎ

3
(𝑧0 + 4∑𝑧2𝑗−1

𝑁/2

𝑗=1

+ 2 ∑ 𝑧2𝑗 + 𝑧𝑁

(𝑁/2)−1

𝑗=1

. ) =
−1

90
ℎ5𝑧0

(𝑖𝑣)
. 

 

We obtain the errors in the intervals [0, 𝑙] as 

 

𝒯𝑆𝑀 =
−1

90
ℎ5[𝑧0

(𝑖𝑣) + 𝑧2
(𝑖𝑣) + ⋯+ 𝑧𝑁−2

(𝑖𝑣)] 

                       =
−1

180
ℎ4𝑢(𝑖𝑣)(𝜉), 𝜉 ∈ [0, 𝑙]. 

 

Assumption 1: The kernel functions 𝑘(𝑥, 𝑠)  satisfies the 

following positive definite property: 

 

∫ ∫ (𝑘(𝑥, 𝑠)𝜃(𝑥),  𝜃(𝑠))𝑑𝑥 𝑑𝑠 
𝑏

𝑎

𝑏

𝑎

> 0. (29) 

 

for every continuous 𝜃(𝑥) = (𝜃1(𝑥), 𝜃2(𝑥), … 𝜃𝑘(𝑥)) ≠ 0 , 

and the integral 

 

∫ ∫ |𝑘(𝑥, 𝑠)|2𝑑𝑥 𝑑𝑠 < ∞. 
𝑏

𝑎

𝑏

𝑎

 

 

Theorem 3.2 (Error estimates). Assuming that assumption 

1 is satisfied and the kernel function k(x, s) is smooth enough, 

then 

 

‖𝑢(𝑥) − Θℎ(𝑥)‖𝐻1 ≤ 𝐶ℎ4, (30) 

 

where 𝐶 > 0. 
Proof: Setting 𝑒ℎ = 𝑢 − Θℎ(𝑥) in Eq. (1), gives  

 

𝑒ℎ
′′ + p(x)𝑒ℎ

′ + q(x)𝑒ℎ − γ∫ 𝑘
𝑏

𝑎

(x, 𝑠)𝑒ℎ(𝑠)𝑑𝑠 = f(𝑥) + 𝒯(𝑥, ℎ), (31) 

 

where 𝒯(𝑥, ℎ) be a vector denoting the truncation error such 

that 

 

𝒯(𝑥, ℎ) = −Θℎ
′′ − p(x)Θℎ

′ − q(x)Θℎ

+ λ∫ 𝑘
𝑏

𝑎

(x, 𝑠)Θℎ(𝑠)𝑑𝑠. 
(32) 

 

Then, we have 

 

𝒯(𝑥𝑖 , ℎ) = −𝐿ℎ𝑧𝑖 + λ∫ 𝑘
𝑏

𝑎

(𝑥𝑖 , 𝑠)w(𝑧, 𝑠)𝑑𝑠 

               −Θℎ
′′ − p(𝑥𝑖)Θℎ

′ − q(𝑥𝑖)Θℎ + 𝐿ℎ𝑧𝑖 

              −λ∫ 𝑘
𝑏

𝑎

(𝑥, 𝑠)(w(𝑧, 𝑠) − Θℎ(𝑥))𝑑𝑥 

                      = O(ℎ4). 

(33) 

 

Multiplying Eq. (31) by 𝑒ℎ and integrating with respect to x, 

gives 

 

∫ (𝑒ℎ
′′,  𝑒ℎ)𝑑𝑥 + ∫ 𝑞(𝑥)(𝑒ℎ

′ , 𝑒ℎ)𝑑𝑥
𝑏

𝑎

𝑏

𝑎

+ ∫ 𝑝
𝑏

𝑎

(𝑥)(𝑒ℎ,  𝑒ℎ)𝑑𝑥

− λ∫ ∫ (𝑘(𝑥, 𝑠)(𝑒ℎ, 𝑒ℎ))𝑑𝑠 𝑑𝑥
𝑏

𝑎

𝑏

𝑎

=∫ (f(𝑥), 𝑒ℎ)
𝑏

𝑎

𝑑𝑥

+ ∫ (𝒯(𝑥,  ℎ), 𝑒ℎ)
𝑏

𝑎

𝑑𝑥. 

(34) 

 

Since 𝑝 −
1

2
𝑞′′ ≥ 0  and integrating by part along with 

Assumption 1, we have 

 

∫ (𝑒ℎ
′ , 𝑒ℎ

′ )𝑑𝑥 ≤
𝑏

𝑎

∫ (f(𝑥), 𝑒ℎ)𝑑𝑥
𝑏

𝑎

+ ∫ (𝒯(𝑥, ℎ), 𝑒ℎ)𝑑𝑥
𝑏

𝑎

. (35) 

 

Applying Cauchy’s inequality and Lemma 3.1 with, 

truncation error estimate defined in (19), this becomes 

 

‖𝑒ℎ‖𝐻1
2 ≤ ‖f(𝑥)‖‖𝑒ℎ‖𝐻1‖𝒯(𝑥, ℎ)‖‖𝑒ℎ‖𝐻1 , 

 

which implies 

 

‖𝑒ℎ‖𝐻1 ≤ 𝐶‖𝒯(𝑥, ℎ)‖ = ‖𝒯𝑆𝑀 + 𝐸𝑟𝑟4‖ 

= 𝐶‖𝒯𝑆𝑀 + 𝐸𝑟𝑟4‖ ≤ 𝐶‖𝒯𝑆𝑀‖ + ‖𝒯𝑆𝑀‖‖𝑒ℎ‖𝐻1 

≤ ‖
1

180
ℎ4𝑢(𝑖𝑣)(𝜉)‖ + 𝐶 ‖ℎ4 (

2(3𝑞𝑖𝑢𝑖
(5)

+𝑢𝑖
(6)

)

6!
+

𝑘1

3!
𝑢𝑖

(3)
+

2𝑘2

4!
𝑢𝑖

(4)
) + ℎ6 (

2(4𝑞𝑖𝑢𝑖
(7)

+𝑢𝑖
(8)

)

8!
+

𝑘1

5!
𝑢𝑖

(5)
+

2𝑘2

6!
𝑢𝑖

(6)
)‖. 

≤ ‖
1

180
ℎ4𝑢(𝑖𝑣)(𝜉)‖ 

+‖ℎ4 (
2(3𝑞𝑖  𝑢𝑖

(5)
+ 𝑢𝑖

(6)
)

6!
+

𝑘1

3!
𝑢𝑖

(3)
+

2𝑘2

4!
𝑢𝑖

(4)
)‖ 

+‖ℎ6 (
2(4𝑞𝑖𝑢𝑖

(7)
+ 𝑢𝑖

(8)
)

8!
+

𝑘1

5!
𝑢𝑖

(5)
+

2𝑘2

6!
𝑢𝑖

(6)
)‖. 

 

By taking small values of ℎ4 > ℎ6, the proof will be 

finished. 

 

 

4. NUMERICAL EXPERIMENTS 

 

In this section, the performance of a method is demonstrated 

using an implementation in Malab programming. The error 

norms of 𝑙2 and 𝑙∞ are utilized to quantify the error between 

the numerical and analytical solutions. We denote by 𝛦 errors 

terms given by: 

 

𝛦(𝑥) = 𝑢(𝑥) − 𝑈𝐴𝑝𝑝𝑟𝑜.(𝑥) 

 

• The pointwise error, 

 

ℇ(𝑥) = |𝛦(𝑥𝑖)| 
 

• The 𝑙∞-norm of the error, 
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𝑙∞(Ε, ℎ) = max
0≤𝑖≤𝑁

|Ε(𝑥𝑖)| 

 

• The 𝑙2-norm of the error, 

 

𝑙2(Ε, ℎ) = √ℎ ∑ |Ε(𝑥𝑖)|
2𝑁

𝑖=0    
 

• The order of convergence 𝑅 is calculated as, 

 

𝑅𝑎𝑡𝑒 =
log(Error(𝑁1)/Error(N2))

log (N2/𝑁1)
 

 

Example 1: We firstly deal with 𝑝(𝑥) and 𝑞(𝑥) = 0 such 

that: 

 

𝑢′′(𝑥) = 𝑒𝑥 − 𝑥 + ∫ 𝑥𝑡 𝑢(𝑡)𝑑𝑡
1

0

, 0 ≤ 𝑥 ≤ 1 

 

with Dirichlet boundary conditions: 𝑢(0) = 1, 𝑢(1) = 𝑒1, 
and the exact solution is 𝑢(𝑥) = 𝑒𝑥. 

Example 2: We secondary deal with 𝑝(𝑥) and  𝑞(𝑥) = 0 

such that: 

 

𝑢′′(𝑥) = 𝑥 − 2 + 60∫ (𝑥 − 𝑡) 𝑢(𝑡)𝑑𝑡,
1

0

0 ≤ 𝑥 ≤ 1 

 

with Dirichlet boundary conditions: 𝑢(0) = 0, 𝑢(1) = 0, and 

the exact solution is 𝑢(𝑥) = 𝑥(𝑥 − 1)2. 
Example 3: We deal with 𝑝(𝑥) ≠ 0 and 𝑞(𝑥) = 0 such that: 

 

𝑢′′(𝑥) = 9𝑢(𝑥) +
𝑒−15 − 1

3
+ ∫  𝑢(𝑡)𝑑𝑡,

5

0

0 ≤ 𝑥 ≤ 5 

 

with Dirichlet boundary conditions: 𝑢(0) = 0, 𝑢(1) = 𝑒−15, 
and the exact solution is 𝑢(𝑥) = 𝑒−3𝑥. 
 

4.1 Second-order system Fredholm Integro-Differential 

Equations 

 

The fourth-order Compact Finite Difference Method, along 

with the first and second central differentiation formulas 

defined in Eqs. (6) and (7), provides a high-accuracy 

approximation for solving differential equations, gives: 

 
𝛿𝑥

2𝑢𝑖 + 𝑞1𝑖𝛿𝑥𝑣𝑖 + 𝑝1𝑖𝑢𝑖 − ℇ𝑟𝑟1 = 𝑓1𝑖
+

𝜆1 ∫ (𝑘1𝑖
(𝑡)𝑢(𝑡) + 𝑘2𝑖

(𝑡)𝑣(𝑡)) 𝑑𝑡,
𝑏

𝑎

𝛿𝑥
2𝑣𝑖 + 𝑞2𝑖𝛿𝑥𝑢𝑖 + 𝑝2𝑖𝑣𝑖 − ℇ𝑟𝑟2 = 𝑓2𝑖

+

𝜆2 ∫ (𝑘3𝑖
(𝑡)𝑢(𝑡) + 𝑘4𝑖

(𝑡)𝑣(𝑡)) 𝑑𝑡,
𝑏

𝑎

 (36) 

 

where, Err1 and Err2 is the truncation error given as 
 

ℇ𝑟𝑟1 = 2(
ℎ2

4!
𝑢𝑖

(4)
+

ℎ4

6!
𝑢𝑖

(6)
+

ℎ6

8!
𝑢𝑖

(8)
) +

𝑞1𝑖 (
ℎ2

3!
𝑣𝑖

(3)
+

ℎ4

5!
𝑣𝑖

(5)
+

ℎ6

7!
𝑣𝑖

(7)
) + ⋯

ℇ𝑟𝑟2 = 2(
ℎ2

4!
𝑣𝑖

(4)
+

ℎ4

6!
𝑣𝑖

(6)
+

ℎ6

8!
𝑣𝑖

(8)
) +

+𝑞2𝑖 (
ℎ2

3!
𝑢𝑖

(3)
+

ℎ4

5!
𝑢𝑖

(5)
+

ℎ6

7!
𝑢𝑖

(7)
) + ⋯

 (37a) 

ℇ𝑟𝑟1 =
2ℎ2 (2𝑞1𝑖

𝑣𝑖
(3)

+ 𝑢𝑖
(4)

)

4!
+

2ℎ4 (3𝑞1𝑖
𝑣𝑖

(5)
+ 𝑢𝑖

(6)
)

6!

+
2ℎ6 (4𝑞1𝑖𝑣𝑖

(7)
+ 𝑢𝑖

(8)
)

8!
+ ⋯ 

ℇ𝑟𝑟2 =
2ℎ2 (2𝑞2𝑖𝑢𝑖

(3)
+ 𝑣𝑖

(4)
)

4!
+

2ℎ4 (3𝑞2𝑖𝑢𝑖
(5)

+ 𝑣𝑖
(6)

)

6!

+
2ℎ6 (4𝑞2𝑖𝑢𝑖

(7)
+ 𝑣𝑖

(8)
)

8!
+ ⋯ 

(37b) 

 

the error term Err1 and Err2 can be written as ℇ𝑟𝑟1 = 𝐸14
+

𝐸16
+ 𝐸18

+ ⋯ and ℇ𝑟𝑟2 = 𝐸24
+ 𝐸26

+ 𝐸28
+ ⋯. 

To yield 4th-order accuracy, there is need to only sum the 

term E4 from Err1 to the central difference of second order 

scheme given in (8) i.e., from (10) 

 

𝐸𝑢4
=

ℎ2

12
[2𝑞1𝑖

𝑣𝑖
(3)

+ 𝑢𝑖
(4)

]

𝐸𝑣4
=

ℎ2

12
[2𝑞2𝑖

𝑢𝑖
(3)

+ 𝑣𝑖
(4)

]

 (38) 

 

The terms 𝑢𝑖
(3)

, 𝑢𝑖
(4)

, 𝑣𝑖
(3)

and 𝑣𝑖
(4)

 are obtained by 

rearranging the Eq. (3) and differentiating repeatedly. From Eq. 

(3) we have 

 
𝛿𝑥

2𝑢𝑖 = −𝑞1𝑖𝛿𝑥𝑣𝑖 − 𝑝1𝑖𝑢𝑖 + 𝑓1𝑖

+ 𝜆1 ∫ (𝑘1𝑖
(𝑡)𝑢(𝑡) + 𝑘2𝑖

(𝑡)𝑣(𝑡)) 𝑑𝑡,
𝑏

𝑎

 

𝛿𝑥
2𝑣𝑖 = −𝑞2𝑖

𝛿𝑥𝑢𝑖 − 𝑝2𝑖
𝑣𝑖 + 𝑓2𝑖

+ 𝜆2 ∫ (𝑘3𝑖
(𝑡)𝑢(𝑡)

𝑏

𝑎

+ 𝑘4𝑖
(𝑡)𝑣(𝑡)) 𝑑𝑡. 

(39) 

 

From whence we get 

 

𝒖𝒊
(𝟑)

= −𝑞1
′
𝑖
𝑣𝑖

′ − 𝑞1𝑖
𝑣𝑖

′′ − 𝑝1
′
𝑖
𝑢𝑖 − 𝑝1𝑖

𝑢𝑖
′ + 𝑓1

′
𝑖

+ 𝜆1 ∫ (𝑘1𝑖
′  𝑢(𝑡) + 𝑘2𝑖

′  𝑢(𝑡)𝑣(𝑡))𝑑𝑡.
𝑏

𝑎

 

𝒗𝒊
(𝟑)

= −𝑞2
′
𝑖
𝑢𝑖

′ − 𝑞2𝑖
𝑢𝑖

′′ − 𝑝2
′
𝑖
𝑣𝑖 − 𝑝2𝑖

𝑣𝑖
′ + 𝑓2

′
𝑖

+ 𝜆2 ∫ (𝑘3𝑖
′  𝑢(𝑡)𝑢(𝑡)

𝑏

𝑎

+ 𝑘4𝑖
′  𝑢(𝑡)𝑣(𝑡))𝑑𝑡. 

(40) 

 

𝒖𝒊
(𝟒)

= (𝑝2𝑖
𝑞1𝑖

− 𝑞1
′′

𝑖
)𝑣𝑖

′ − 2𝑞1
′
𝑖
𝑣𝑖

′′ + 𝑞1𝑖
𝑝2

′
𝑖
𝑣𝑖

+ (−𝑝1𝑖
+ 𝑞1𝑖

𝑞2𝑖
)𝑢𝑖

′′

+ (𝑞1𝑖
𝑞2

′
𝑖
− 2𝑝1

′
𝑖
)𝑢𝑖

′ − 𝑝1
′′

𝑖
𝑢𝑖 + 𝑓1

′′
𝑖

− 𝑞1𝑖𝑓2
′
𝑖

− 𝜆2𝑞1𝑖
∫ (𝑘3𝑖

′ 𝑢(𝑡) + 𝑘4𝑖
′ 𝑣(𝑡))𝑑𝑡

𝑏

𝑎

+ 𝜆1 ∫ (𝑘1𝑖
′′ 𝑢(𝑡) + 𝑘2𝑖

′′ 𝑣(𝑡))𝑑𝑡
𝑏

𝑎

 

𝒗𝒊
(𝟒)

= (𝑝1𝑖
𝑞2𝑖

− 𝑞2
′′

𝑖
)𝑢𝑖

′ − 2𝑞2
′
𝑖
𝑢𝑖

′′ + 𝑞2𝑖
𝑝1

′
𝑖
𝑢𝑖

+ (−𝑝2𝑖
+ 𝑞1𝑖

𝑞2𝑖
)𝑣𝑖

′′

+ (𝑞2𝑖
𝑞1

′
𝑖
− 2𝑝2

′
𝑖
)𝑣𝑖

′ − 𝑝2𝑖
′′𝑣𝑖 + 𝑓2

′′
𝑖

− 𝑞2𝑖𝑓1
′
𝑖

− 𝜆1𝑞2𝑖
∫ (𝑘1𝑖

′ 𝑢(𝑡) + 𝑘2𝑖
′ 𝑣(𝑡))𝑑𝑡

𝑏

𝑎

+ 𝜆2 ∫ (𝑘1𝑖
′′ 𝑢(𝑡) + 𝑘2𝑖

′′ 𝑣(𝑡))𝑑𝑡.
𝑏

𝑎

 

(41) 
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Then substituting 𝒖𝒊
(𝟑)

 and 𝒗𝒊
(𝟑)

 from (40) and 𝒖𝒊
(𝟒)

and 

𝒗𝒊
(𝟒)

from (41) into the term E4 in (38) and simplifying 

produces 

 

𝑬𝟏𝟒 = −
ℎ2(𝑝2𝑖

𝑞1𝑖
+ 𝑞1

′′
𝑖
)

12
𝑣𝑖

′ −
ℎ2𝑞1

′
𝑖

6
𝑣𝑖

′′ 

−
ℎ2𝑞1𝑖

𝑝2
′
𝑖

12
𝑣𝑖 −

ℎ2(𝑝1𝑖
+ 𝑞1𝑖

𝑞2𝑖
)

12
𝑢𝑖

′′ 

−
ℎ2(𝑞1𝑖

𝑞2
′
𝑖
+ 2𝑝1

′
𝑖
)

12
𝑢𝑖

′ −
ℎ2𝑝1

′′
𝑖

12
𝑢𝑖 

                          +
ℎ2

12
𝑓1

′′
𝑖
+

ℎ2𝑞1𝑖

12
𝑓2

′
𝑖
 

+
𝜆2ℎ

2𝑞1𝑖

12
∫ (𝑘3𝑖

′ 𝑢(𝑡) + 𝑘4𝑖
′ 𝑣(𝑡))𝑑𝑡

𝑏

𝑎

 

                            +
𝜆1ℎ

2

12
∫ (𝑘1𝑖

′′ 𝑢(𝑡) + 𝑘2𝑖
′′ 𝑣(𝑡))𝑑𝑡

𝑏

𝑎

 

 

𝑬𝟐𝟒 = −
ℎ2(𝑝1𝑖

𝑞2𝑖
+ 𝑞2

′′
𝑖
)

12
𝑢𝑖

′ −
ℎ2𝑞2

′
𝑖

6
𝑢𝑖

′′ −
ℎ2𝑞2𝑖

𝑝1
′
𝑖

12
𝑢𝑖 

−
ℎ2(𝑝2𝑖

+ 𝑞1𝑖
𝑞2𝑖

)

12
𝑣𝑖

′′ −
ℎ2(𝑞2𝑖

𝑞1
′
𝑖
+ 2𝑝2

′
𝑖
)

12
𝑣𝑖

′ 

                    −
ℎ2𝑝1𝑖

′′

12
𝑣𝑖 +

ℎ2

12
𝑓2

′′
𝑖
+

ℎ2𝑞1𝑖

12
𝑓1

′
𝑖
 

                 +
𝜆1ℎ2𝑞2𝑖

12
∫ (𝑘1𝑖

′ 𝑢(𝑡) + 𝑘2𝑖
′ 𝑣(𝑡))𝑑𝑡

𝑏

𝑎
 

                  +
𝜆2ℎ

2

12
∫ (𝑘3𝑖

′′ 𝑢(𝑡) + 𝑘4𝑖
′′ 𝑣(𝑡))𝑑𝑡.

𝑏

𝑎

 

 

Finally, replace the terms 𝑢𝑖
′′, 𝑢𝑖

′ , 𝑣𝑖
′′ and 𝑣𝑖

′ in 𝐸14
and 𝐸24

 

with those in (7) and (8) to obtain 

 

𝑬𝟏𝟒
= −

ℎ2(𝑝2𝑖
𝑞1𝑖

+ 𝑞1
′′

𝑖
)

12
𝛿𝑥𝑣𝑖 −

ℎ2𝑞1
′
𝑖

6
𝛿𝑥

2𝑣𝑖 −
ℎ2𝑞1𝑖

𝑝2
′
𝑖

12
𝑣𝑖

−
ℎ2(𝑝1𝑖

+ 𝑞1𝑖
𝑞2𝑖

)

12
𝛿𝑥

2𝑢𝑖

−
ℎ2(𝑞1𝑖

𝑞2
′
𝑖
+ 2𝑝1

′
𝑖
)

12
𝛿𝑥𝑢𝑖 −

ℎ2𝑝1
′′

𝑖

12
𝑢𝑖

+
ℎ2

12
𝑓1

′′
𝑖
+

ℎ2𝑞1𝑖

12
𝑓2

′
𝑖

+
𝜆2ℎ

2𝑞1𝑖

12
∫ (𝑘3𝑖

′ 𝑢(𝑡) + 𝑘4𝑖
′ 𝑣(𝑡))𝑑𝑡

𝑏

𝑎

+
𝜆1ℎ

2

12
∫ (𝑘1𝑖

′′ 𝑢(𝑡) + 𝑘2𝑖
′′ 𝑣(𝑡))𝑑𝑡 − ℇ𝑟𝑟3.

𝑏

𝑎

 

 

𝑬𝟐𝟒
= −

ℎ2(𝑝1𝑖
𝑞2𝑖

+ 𝑞2
′′

𝑖
)

12
𝛿𝑥𝑢𝑖 −

ℎ2𝑞2
′
𝑖

6
𝛿𝑥

2𝑢𝑖 −
ℎ2𝑞2𝑖

𝑝1
′
𝑖

12
𝑢𝑖

−
ℎ2(𝑝2𝑖

+ 𝑞1𝑖
𝑞2𝑖

)

12
𝛿𝑥

2𝑣𝑖

−
ℎ2(𝑞2𝑖

𝑞1
′
𝑖
+ 2𝑝2

′
𝑖
)

12
𝛿𝑥𝑣𝑖 −

ℎ2𝑝1𝑖

′′

12
𝑣𝑖

+
ℎ2

12
𝑓2

′′
𝑖
+

ℎ2𝑞1𝑖

12
𝑓1

′
𝑖

+
𝜆1ℎ

2𝑞2𝑖

12
∫ ∫ (𝑘1𝑖

′ 𝑢(𝑡) + 𝑘2𝑖
′ 𝑣(𝑡))𝑑𝑡

𝑏

𝑎

𝑏

𝑎

+
𝜆2ℎ

2

12
∫ (𝑘3𝑖

′′ 𝑢(𝑡) + 𝑘4𝑖
′′ 𝑣(𝑡))𝑑𝑡

𝑏

𝑎

− ℇ𝑟𝑟4, 

 

the error term 𝐸𝑟𝑟3 and 𝐸𝑟𝑟4 are given as 

 

ℇ𝒓𝒓𝟑 =
ℎ2(𝑝2𝑖

𝑞1𝑖
+ 𝑞1

′′
𝑖
)

12
(
ℎ2

3!
𝑣𝑖

(3)
+

ℎ4

5!
𝑣𝑖

(5)
+

ℎ6

7!
𝑣𝑖

(7)
+

ℎ8

9!
𝑣𝑖

(9)

+
ℎ10

11!
𝑣𝑖

(11)
+ ⋯)

+
4ℎ2𝑞1

′
𝑖

6
(
ℎ2

4!
𝑣𝑖

(4)
+

ℎ4

6!
𝑣𝑖

(6)
+

ℎ6

8!
𝑣𝑖

(8)

+
ℎ8

10!
𝑣𝑖

(10)
+

ℎ10

12!
𝑣𝑖

(12)
⋯)

+
4ℎ2(𝑝1𝑖

+ 𝑞1𝑖
𝑞2𝑖

)

12
(
ℎ2

4!
𝑢𝑖

(4)
+

ℎ4

6!
𝑢𝑖

(6)

+
ℎ6

8!
𝑢𝑖

(8)
+

ℎ8

10!
𝑢𝑖

(10)
+

ℎ10

12!
𝑢𝑖

(12)
⋯)

+
ℎ2(𝑞1𝑖

𝑞2
′
𝑖
+ 2𝑝1

′
𝑖
)

12
(
ℎ2

3!
𝑢𝑖

(3)
+

ℎ4

5!
𝑢𝑖

(5)

+
ℎ6

7!
𝑢𝑖

(7)
+

ℎ8

9!
𝑢𝑖

(9)
+

ℎ10

11!
𝑢𝑖

(11)
+ ⋯) 

 

ℇ𝒓𝒓𝟒 =
ℎ2(𝑝1𝑖

𝑞2𝑖
+ 𝑞2

′′
𝑖
)

12
(
ℎ2

3!
𝑢𝑖

(3)
+

ℎ4

5!
𝑢𝑖

(5)
+

ℎ6

7!
𝑢𝑖

(7)
+

ℎ8

9!
𝑢𝑖

(9)

+
ℎ10

11!
𝑢𝑖

(11)
+ ⋯ )

+
2ℎ2𝑞2

′
𝑖

6
(
ℎ2

4!
𝑢𝑖

(4)
+

ℎ4

6!
𝑢𝑖

(6)
+

ℎ6

8!
𝑢𝑖

(8)

+
ℎ8

10!
𝑢𝑖

(10)
+

ℎ10

12!
𝑢𝑖

(12)
⋯)

+
2ℎ2(𝑝2𝑖

+ 𝑞1𝑖
𝑞2𝑖

)

12
(
ℎ2

4!
𝑣𝑖

(4)
+

ℎ4

6!
𝑣𝑖

(6)

+
ℎ6

8!
𝑣𝑖

(8)
+

ℎ8

10!
𝑣𝑖

(10)
+

ℎ10

12!
𝑣𝑖

(12)
⋯)

+
ℎ2(𝑞2𝑖

𝑞1
′
𝑖
+ 2𝑝2

′
𝑖
)

12
(
ℎ2

3!
𝑣𝑖

(3)
+

ℎ4

5!
𝑣𝑖

(5)

+
ℎ6

7!
𝑣𝑖

(7)
+

ℎ8

9!
𝑣𝑖

(9)
+

ℎ10

11!
𝑣𝑖

(11)
+ ⋯). 

 

Adding 𝑬𝟏𝟒
 and 𝑬𝟐𝟒

 to the second order central difference 

scheme, gives 

 

(𝑞1𝑖
+

ℎ2(𝑝2𝑖
𝑞1𝑖

+ 𝑞1
′′

𝑖
)

12
)𝛿𝑥𝑣𝑖 −

ℎ2𝑞1
′
𝑖

6
𝛿𝑥

2𝑣𝑖 −
ℎ2𝑞1𝑖

𝑝2
′
𝑖

12
𝑣𝑖 

+(1 +
ℎ2(𝑝1𝑖

+ 𝑞1𝑖
𝑞2𝑖

)

12
)𝛿𝑥

2𝑢𝑖 +
ℎ2(𝑞1𝑖

𝑞2
′
𝑖
+ 2𝑝1

′
𝑖
)

12
𝛿𝑥𝑢𝑖

+ (1 +
ℎ2𝑝1

′′
𝑖

12
)𝑢𝑖 +

ℎ2

12
𝑓1

′′
𝑖
+

ℎ2𝑞1𝑖

12
𝑓2

′
𝑖

+
𝜆2ℎ

2𝑞1𝑖

12
∫ (𝑘3𝑖

′ 𝑢(𝑡) + 𝑘4𝑖
′ 𝑣(𝑡))𝑑𝑡

𝑏

𝑎

+
𝜆1ℎ

2

12
∫ (𝑘1𝑖

′′𝑢(𝑡) + 𝑘2𝑖
′′ 𝑣(𝑡))𝑑𝑡

𝑏

𝑎

− ℇ𝑟𝑟5 

= 𝑓1𝑖
+ 𝜆1 ∫ (𝑘1𝑖

(𝑡)𝑢(𝑡) + 𝑘2𝑖
(𝑡)𝑣(𝑡))𝑑𝑡

𝑏

𝑎

, (𝑞2𝑖

+
ℎ2(𝑝1𝑖

𝑞2𝑖
+ 𝑞2

′′
𝑖
)

12
)𝛿𝑥𝑢𝑖 −

ℎ2𝑞2
′
𝑖

6
𝛿𝑥

2𝑢𝑖

−
ℎ2𝑞2𝑖

𝑝1
′
𝑖

12
𝑢𝑖 + (1 +

ℎ2(𝑝2𝑖
+ 𝑞1𝑖

𝑞2𝑖
)

12
)𝛿𝑥

2𝑣𝑖

+
ℎ2(𝑞2𝑖

𝑞1
′
𝑖
+ 2𝑝2

′
𝑖
)

12
𝛿𝑥𝑣𝑖 + (𝑝2𝑖

+
ℎ2𝑝1𝑖

′′

12
)𝑣𝑖

+
ℎ2

12
𝑓2

′′
𝑖
+

ℎ2𝑞1𝑖

12
𝑓1

′
𝑖

+
𝜆1ℎ

2𝑞2𝑖

12
∫ (𝑘1𝑖

′ 𝑢(𝑡) + 𝑘2𝑖
′ 𝑣(𝑡))𝑑𝑡

𝑏

𝑎

+
𝜆2ℎ

2

12
∫ (𝑘3𝑖

′′ 𝑢(𝑡) + 𝑘4𝑖
′′ 𝑣(𝑡))𝑑𝑡

𝑏

𝑎

− ℇ𝑟𝑟6 

= 𝑓2𝑖
+ 𝜆2 ∫ (𝑘3𝑖

(𝑡)𝑢(𝑡) + 𝑘4𝑖
(𝑡)𝑣(𝑡))𝑑𝑡

𝑏

𝑎

. 

(42) 
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If we replace the term 𝛿𝑥𝑢𝑖  , 𝛿𝑥
2𝑢𝑖 ,  𝛿𝑥𝑣𝑖  and 𝛿𝑥

2𝑣𝑖 in the Eq. 

(36) by the terms in (4), and neglecting the error terms (ℇ𝑟𝑟1) 

and  (ℇ𝑟𝑟2),  the subsequent accurate central difference of 

second order schemes are obtained 

 
𝐴𝑖𝑢𝑖+1 + 𝐵𝑖𝑢𝑖 + 𝐶𝑖𝑢𝑖−1 + 𝐷𝑖𝑣𝑖+1 + 𝐸𝑖𝑣𝑖−1 = 𝐹2𝑖 + 𝐼1𝑖

𝐺𝑖𝑣𝑖+1 + 𝐻𝑖𝑣𝑖 + 𝐼𝑖𝑣𝑖−1 + 𝐽𝑖𝑢𝑖+1 + 𝐾𝑖𝑢𝑖−1 = 𝐹2𝑖
+ 𝐼2𝑖

 

i = 1,2,3, … . , 𝑁, 
(43) 

 

where the coefficients 𝐴𝑖, 𝐵𝑖 , 𝐶𝑖 , 𝐹𝑖  and  𝐼𝑖  and the following 

fourth-order compact finite difference scheme is defined as 

 

𝐴𝑖 =
1

ℎ2
+

(𝑝1𝑖
+ 𝑞1𝑖

𝑞2𝑖
)

12
+

ℎ(𝑞1𝑖
𝑞2

′
𝑖
+ 2𝑝1

′
𝑖
)

24
, 

𝐵𝑖 =
−2

ℎ2
−

(𝑝1𝑖
+ 𝑞1𝑖

𝑞2𝑖
)

6
+ 𝑝1𝑖

+
ℎ2𝑝1

′′
𝑖

12
, 

𝐶𝑖 =
1

ℎ2
+

(𝑝1𝑖
+ 𝑞1𝑖

𝑞2𝑖
)

12
−

ℎ(𝑞1𝑖
𝑞2

′
𝑖
+ 2𝑝1

′
𝑖
)

24
, 

𝐷𝑖 = −
𝑞1

′
𝑖

6
+

𝑞1𝑖

2ℎ
+

ℎ(𝑝2𝑖
𝑞1𝑖

+ 𝑞1
′′

𝑖
)

24
 

𝐸𝑖 =
𝑞1

′
𝑖

3
−

ℎ2𝑞1𝑖
𝑝2

′
𝑖

12
 

𝐿𝑖 = −
𝑞1

′
𝑖

6
−

𝑞1𝑖

2ℎ
−

ℎ(𝑝2𝑖
𝑞1𝑖

+ 𝑞1
′′

𝑖
)

24
 

𝐹1𝑖
= 𝑓1𝑖

−
ℎ2

12
𝑓1

′′
𝑖
−

ℎ2𝑞1𝑖

12
𝑓2

′
𝑖
 

𝐼1𝑖
= 𝜆1 ∫ (𝑘1𝑖

(𝑡)𝑢(𝑡) + 𝑘2𝑖
(𝑡)𝑣(𝑡)) 𝑑𝑡

𝑏

𝑎

−
𝜆2ℎ

2𝑞1𝑖

12
∫ (𝑘3𝑖

′ 𝑢(𝑡)
𝑏

𝑎

+ 𝑘4𝑖
′ 𝑣(𝑡))𝑑𝑡

−
𝜆1ℎ

2

12
∫ (𝑘1𝑖

′′ 𝑢(𝑡) + 𝑘2𝑖
′′ 𝑣(𝑡))𝑑𝑡

𝑏

𝑎

 

𝐺𝑖 =
1

ℎ2
+

(𝑝2𝑖
+ 𝑞1𝑖

𝑞2𝑖
)

12
+

ℎ(𝑞2𝑖
𝑞1

′
𝑖
+ 2𝑝2

′
𝑖
)

24
 

𝐻𝑖 =
−2

ℎ2
−

(𝑝2𝑖
+ 𝑞1𝑖

𝑞2𝑖
)

6
+ 𝑝2𝑖

+
ℎ2𝑝1𝑖

′′

12
 

𝐼𝑖 =
1

ℎ2
+

(𝑝2𝑖
+ 𝑞1𝑖

𝑞2𝑖
)

12
−

ℎ(𝑞2𝑖
𝑞1

′
𝑖
+ 2𝑝2

′
𝑖
)

24
 

𝐽𝑖 = −
𝑞2

′
𝑖

6
+

𝑞2𝑖

2ℎ
+

ℎ(𝑝1𝑖
𝑞2𝑖

+ 𝑞2
′′

𝑖
)

24
 

𝐾𝑖 =
ℎ2𝑞2𝑖

𝑝1
′
𝑖

12
+

𝑞2
′
𝑖

3
 

𝑀𝑖 = −
𝑞2

′
𝑖

6
−

𝑞2𝑖

2ℎ
−

ℎ(𝑝1𝑖
𝑞2𝑖

+ 𝑞2
′′

𝑖
)

24
 

𝐹2𝑖
= 𝑓2𝑖

−
ℎ2

12
𝑓2

′′
𝑖
−

ℎ2𝑞1𝑖

12
𝑓1

′
𝑖
 

𝐼2𝑖
= 𝜆2 ∫ (𝑘3𝑖

(𝑡)𝑢(𝑡) + 𝑘4𝑖
(𝑡)𝑣(𝑡)) 𝑑𝑡

𝑏

𝑎

+
𝜆1ℎ

2𝑞2𝑖

12
∫ (𝑘1𝑖

′ 𝑢(𝑡)
𝑏

𝑎

+ 𝑘2𝑖
′ 𝑣(𝑡))𝑑𝑡

+
𝜆2ℎ

2

12
∫ (𝑘3𝑖

′′ 𝑢(𝑡) + 𝑘4𝑖
′′ 𝑣(𝑡))𝑑𝑡,

𝑏

𝑎

 

(44) 

 

and the new error term 𝐸𝑟𝑟5 and 𝐸𝑟𝑟6 is a linear combination 

of the error obtained from the central difference scheme (11) 

and the error obtained from E4 i.e. 𝐸𝑟𝑟5 = 𝐸𝑟𝑟1 + 𝐸𝑟𝑟3 and 

𝐸𝑟𝑟6 = 𝐸𝑟𝑟2 + 𝐸𝑟𝑟4 so that 

𝑬𝒓𝒓𝟓 = ℎ4 (
2(3𝑞1𝑖

𝑣𝑖
(5)

+ 𝑢𝑖
(6)

)

6!
+

𝑘1𝑢𝑖
(3)

+ 𝑘2𝑣𝑖
(3)

3!

+
2(𝑘3𝑢𝑖

(4)
+ 𝑘4𝑣𝑖

(4)
)

4!
)

+ ℎ6 (
2(4𝑞1𝑖

𝑣𝑖
(7)

+ 𝑢𝑖
(8)

)

8!

+
𝑘1𝑢𝑖

(5)
+ 𝑘2𝑣𝑖

(5)

5!
+

2(𝑘3𝑢𝑖
(6)

+ 𝑘4𝑣𝑖
(6)

)

6!
)

+ ℎ8 (
2(5𝑞1𝑖

𝑣𝑖
(9)

+ 𝑢𝑖
(10)

)

10!

+
𝑘1𝑢𝑖

(7)
+ 𝑘2𝑣𝑖

(7)

7!
+

2(𝑘3𝑢𝑖
(8)

+ 𝑘4𝑣𝑖
(8)

)

8!
)

+ ℎ10 (
2(6𝑞1𝑖

𝑣𝑖
(11)

+ 𝑢𝑖
(12)

)

12!

+
𝑘1𝑢𝑖

(9)
+ 𝑘2𝑣𝑖

(9)

10!

+
2(𝑘3𝑢𝑖

(10)
+ 𝑘4𝑣𝑖

(10)
)

10!
) + ⋯ 

 

𝑬𝒓𝒓𝟔 = ℎ4 (
2(3𝑞2𝑖

𝑢𝑖
(5)

+ 𝑣𝑖
(6)

)

6!
+

𝑘5𝑢𝑖
(3)

+ 𝑘6𝑣𝑖
(3)

3!

+
2(𝑘7𝑢𝑖

(4)
+ 𝑘8𝑣𝑖

(4)
)

4!
)

+ ℎ6 (
2(4𝑞1𝑖

𝑢𝑖
(7)

+ 𝑣𝑖
(8)

)

8!

+
𝑘5𝑢𝑖

(5)
+ 𝑘6𝑣𝑖

(5)

5!
+

2(𝑘7𝑢𝑖
(6)

+ 𝑘8𝑣𝑖
(6)

)

6!
) 

+ℎ8 (
2(5𝑞1𝑖

𝑢𝑖
(9)

+ 𝑣𝑖
(10)

)

10!
+

𝑘5𝑢𝑖
(7)

+ 𝑘6𝑣𝑖
(7)

7!

+
2(𝑘7𝑢𝑖

(8)
+ 𝑘8𝑣𝑖

(8)
)

8!
)

+ ℎ10 (
2(6𝑞1𝑖

𝑢𝑖
(11)

+ 𝑢𝑖
(12)

)

12!

+
𝑘5𝑢𝑖

(9)
+ 𝑘6𝑣𝑖

(9)

10!

+
2(𝑘7𝑢𝑖

(10)
+ 𝑘8𝑣𝑖

(10)
)

10!
) + ⋯, 

 

where 𝑘1 =
𝑞1𝑖

𝑞2
′
𝑖+2𝑝1

′
𝑖

12
, 𝑘2 =

𝑝2𝑖
𝑞1𝑖

+𝑞1
′′

𝑖

12
, 𝑘3 =

2(𝑝1𝑖
+𝑞1𝑖

𝑞2𝑖
)

12
, 

𝑘4 =
2𝑞1

′
𝑖

6
, 𝑘5 =

𝑝1𝑖
𝑞2𝑖

+𝑞2
′′

𝑖

12
, 𝑘6 =

𝑞2𝑖
𝑞1

′
𝑖+2𝑝2

′
𝑖

12
, 𝑘7 =

2𝑞2
′
𝑖

6
, and 

𝑘8 =
2(𝑝2𝑖

+𝑞1𝑖
𝑞2𝑖

)

12
, 

Here, 𝑢0 , 𝑣0, 𝑢𝑛 and 𝑣𝑛  are Dirichlet boundary conditions 

in general system, when 𝑖 = 1, and 𝑖 = 𝑛 − 1 we obtain 𝑢0 

and 𝑢𝑛 respectively. The system in Eqs. (35) and (36) consists 

of (2𝑁 −  2) linear equations with (2𝑁 −  2)  unknowns 
(𝑢1, 𝑢2, 𝑢3, … , 𝑢𝑛−2, 𝑢𝑛−1 ,  𝑣1, 𝑣2, 𝑣3, … , 𝑣𝑛−2, 𝑣𝑛−1)  and can 

be written in the following matrix form 
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[
𝛾1 + 𝒜 𝛿1 + ℬ

𝛾2 + 𝒞 𝛿2 + 𝒟
] [

𝑈
𝑉
] = [

ℱ1 + 𝜔1 + 𝜑1

ℱ2 + 𝜔2 + 𝜑2
], 

where 

 

𝛾1 =

[
 
 
 
 
𝛾2 𝛾3 0 ⋯ 0
𝛾1 𝛾2 𝛾3 ⋯ 0
⋮ ⋱ ⋱ ⋱ ⋮
0 ⋯ 𝛾1 𝛾2 𝛾3

0 ⋯ 0 𝛾1 𝛾2]
 
 
 
 

, 𝛿1 =

[
 
 
 
 
𝛿2 𝛿3 0 ⋯ 0
𝛿1 𝛿2 𝛿3 ⋯ 0
⋮ ⋱ ⋱ ⋱ ⋮
0 ⋯ 𝛿1 𝛿2 𝛿3

0 ⋯ 0 𝛿1 𝛿2]
 
 
 
 

, 

𝒜 =

[
 
 
 
 
 
 
 

𝑎1,1 𝑏1,2 𝑎1,3 𝑏1,4 ⋯ 𝑏1,𝑛−2 𝑎1,𝑛−1

𝑎2,1 𝑏1,2 𝑎3,3 𝑏2,4 ⋯ 𝑏2,𝑛−2 𝑎2,𝑛−1

𝑎3,1 𝑏1,2 𝑎3,3 𝑏3,4 ⋯ 𝑏3,𝑛−2 𝑎3,𝑛−1

⋮ ⋮ ⋮ ⋮ ⋱ ⋮ ⋮
𝑎𝑛−3,1 𝑏𝑛−3,2 𝑎𝑛−3,3 𝑏𝑛−3,4 ⋯ 𝑏𝑛−3,𝑛−2 𝑎𝑛−3,𝑛−1

𝑎𝑛−2,1 𝑏𝑛−2,2 𝑎𝑛−2,3 𝑏𝑛−2,4 ⋯ 𝑏𝑛−2,𝑛−2 𝑎𝑛−2,𝑛−1

𝑎𝑛−1,1 𝑏𝑛−1,2 𝑎𝑛−1,3 𝑏𝑛−1,4 ⋯ 𝑏𝑛−1,𝑛−2 𝑎𝑛−1,𝑛−1]
 
 
 
 
 
 
 

, 

ℬ =

[
 
 
 
 
 
 
 

𝑐1,1 𝑑1,2 𝑐1,3 𝑑1,4 ⋯ 𝑑1,𝑛−2 𝑐1,𝑛−1

𝑐2,1 𝑑1,2 𝑐3,3 𝑑2,4 ⋯ 𝑑2,𝑛−2 𝑐2,𝑛−1

𝑐3,1 𝑑1,2 𝑐3,3 𝑑3,4 ⋯ 𝑑3,𝑛−2 𝑐3,𝑛−1

⋮ ⋮ ⋮ ⋮ ⋱ ⋮ ⋮
𝑐𝑛−3,1 𝑑𝑛−3,2 𝑐𝑛−3,3 𝑑𝑛−3,4 ⋯ 𝑑𝑛−3,𝑛−2 𝑐𝑛−3,𝑛−1

𝑐𝑛−2,1 𝑑𝑛−2,2 𝑐𝑛−2,3 𝑑𝑛−2,4 ⋯ 𝑑𝑛−2,𝑛−2 𝑐𝑛−2,𝑛−1

𝑐𝑛−1,1 𝑑𝑛−1,2 𝑐𝑛−1,3 𝑑𝑛−1,4 ⋯ 𝑑𝑛−1,𝑛−2 𝑐𝑛−1,𝑛−1]
 
 
 
 
 
 
 

, 

𝑈 =

[
 
 
 
 
 
 

𝑢1

𝑢2

𝑢3

⋮
𝑢𝑛−3

𝑢𝑛−2

𝑢𝑛−1]
 
 
 
 
 
 

, 𝑉 =

[
 
 
 
 
 
 

𝑣1

𝑣2

𝑣3

⋮
𝑣𝑛−3

𝑣𝑛−2

𝑣𝑛−1]
 
 
 
 
 
 

, ℱ1 =

[
 
 
 
 
 
 
 

𝑓11

𝑓12

𝑓13

⋮
𝑓1𝑛−3

𝑓1𝑛−2

𝑓1𝑛−1]
 
 
 
 
 
 
 

, ℱ2 =

[
 
 
 
 
 
 
 

𝑓21

𝑓22

𝑓23

⋮
𝑓2𝑛−3

𝑓2𝑛−2

𝑓2𝑛−1]
 
 
 
 
 
 
 

, 

𝜔1 =

[
 
 
 
 
 
 
 
 

(𝛼11
− 𝛾1)𝑢0 + 𝛽11

𝑢𝑛

𝛼12
𝑢0 + 𝛽12

𝑢𝑛

𝛼13
𝑢0 + 𝛽13

𝑢𝑛

⋮
𝛼1𝑛−3

𝑢0 + 𝛽1𝑛−3
𝑢𝑛

𝛼1𝑛−2
𝑢0 + 𝛽1𝑛−2

𝑢𝑛

𝛼1𝑛−1
𝑢0 + (𝛽1𝑛−1

− 𝛾3)𝑢𝑛]
 
 
 
 
 
 
 
 

, 𝜑1 =

[
 
 
 
 
 
 
 
 

(𝛼21
− 𝛿1)𝑣0 + 𝛽21

𝑣𝑛

𝛼22
𝑣0 + 𝛽22

𝑣𝑛

𝛼23
𝑣0 + 𝛽23

𝑣𝑛

⋮
𝛼2𝑛−3

𝑣0 + 𝛽2𝑛−3
𝑣𝑛

𝛼2𝑛−2
𝑣0 + 𝛽2𝑛−2

𝑣𝑛

𝛼2𝑛−1
𝑣0 + (𝛽2𝑛−1

− 𝛿3)𝑣𝑛]
 
 
 
 
 
 
 
 

, 

𝛾2 =

[
 
 
 
 
𝛾5 𝛾6 0 ⋯ 0
𝛾4 𝛾5 𝛾6 ⋯ 0
⋮ ⋱ ⋱ ⋱ ⋮
0 ⋯ 𝛾4 𝛾5 𝛾6

0 ⋯ 0 𝛾4 𝛾5]
 
 
 
 

, 𝜔2 =

[
 
 
 
 
 
 
 
 

(𝛼31
− 𝛾4)𝑢0 + 𝛽31

𝑢𝑛

𝛼32
𝑢0 + 𝛽32

𝑢𝑛

𝛼33
𝑢0 + 𝛽33

𝑢𝑛

⋮
𝛼3𝑛−3

𝑢0 + 𝛽3𝑛−3
𝑢𝑛

𝛼3𝑛−2
𝑢0 + 𝛽3𝑛−2

𝑢𝑛

𝛼3𝑛−1
𝑢0 + (𝛽3𝑛−1

− 𝛾6)𝑢𝑛]
 
 
 
 
 
 
 
 

, 

𝒞 =

[
 
 
 
 
 
 

𝑟1,1 𝑠1,2 𝑟1,3 𝑠1,4 ⋯ 𝑠1,𝑛−2 𝑟1,𝑛−1

𝑟2,1 𝑠1,2 𝑟3,3 𝑠2,4 ⋯ 𝑠2,𝑛−2 𝑟2,𝑛−1

𝑟3,1 𝑠1,2 𝑟3,3 𝑠3,4 ⋯ 𝑠3,𝑛−2 𝑟3,𝑛−1

⋮ ⋮ ⋮ ⋮ ⋱ ⋮ ⋮
𝑟𝑛−3,1 𝑠𝑛−3,2 𝑟𝑛−3,3 𝑠𝑛−3,4 ⋯ 𝑠𝑛−3,𝑛−2 𝑟𝑛−3,𝑛−1

𝑟𝑛−2,1 𝑠𝑛−2,2 𝑟𝑛−2,3 𝑠𝑛−2,4 ⋯ 𝑠𝑛−2,𝑛−2 𝑟𝑛−2,𝑛−1

𝑟𝑛−1,1 𝑠𝑛−1,2 𝑟𝑛−1,3 𝑠𝑛−1,4 ⋯ 𝑠𝑛−1,𝑛−2 𝑟𝑛−1,𝑛−1]
 
 
 
 
 
 

, 

𝜑2 =

[
 
 
 
 
 
 
 
 

(𝛼41 − 𝛿4)𝑣0 + 𝛽41
𝑣𝑛

𝛼42
𝑣0 + 𝛽42

𝑣𝑛

𝛼43𝑣0 + 𝛽43
𝑣𝑛

⋮
𝛼4𝑛−3𝑣0 + 𝛽4𝑛−3

𝑣𝑛

𝛼4𝑛−2𝑣0 + 𝛽4𝑛−2
𝑣𝑛

𝛼4𝑛−1𝑣0 + (𝛽4𝑛−1
− 𝛿6)𝑣𝑛]

 
 
 
 
 
 
 
 

, 𝛿2 =

[
 
 
 
 
𝛿5 𝛿6 0 ⋯ 0
𝛿4 𝛿5 𝛿6 ⋯ 0
⋮ ⋱ ⋱ ⋱ ⋮
0 ⋯ 𝛿4 𝛿5 𝛿6

0 ⋯ 0 𝛿4 𝛿5]
 
 
 
 

, 

𝒟 =

[
 
 
 
 
 
 

𝑦1,1 𝑧1,2 𝑦1,3 𝑧1,4 ⋯ 𝑧1,𝑛−2 𝑦1,𝑛−1

𝑦2,1 𝑧1,2 𝑦3,3 𝑧2,4 ⋯ 𝑧2,𝑛−2 𝑦2,𝑛−1

𝑦3,1 𝑧1,2 𝑦3,3 𝑧3,4 ⋯ 𝑧3,𝑛−2 𝑦3,𝑛−1

⋮ ⋮ ⋮ ⋮ ⋱ ⋮ ⋮
𝑦𝑛−3,1 𝑧𝑛−3,2 𝑦𝑛−3,3 𝑧𝑛−3,4 ⋯ 𝑧𝑛−3,𝑛−2 𝑦𝑛−3,𝑛−1

𝑦𝑛−2,1 𝑧𝑛−2,2 𝑦𝑛−2,3 𝑧𝑛−2,4 ⋯ 𝑧𝑛−2,𝑛−2 𝑦𝑛−2,𝑛−1

𝑦𝑛−1,1 𝑧𝑛−1,2 𝑦𝑛−1,3 𝑧𝑛−1,4 ⋯ 𝑧𝑛−1,𝑛−2 𝑦𝑛−1,𝑛−1]
 
 
 
 
 
 

, 

𝑎𝑖,𝑗 =
ℎ3𝜆1

9
(𝑘1𝑖+1,2𝑗−1

+ 𝑘1𝑖−1,2𝑗−1
) +

10ℎ3𝜆1

9
𝑘1𝑖,2𝑗−1

+
𝑞1𝑖

ℎ4𝜆2

18
(𝑘3𝑖+1,2𝑗−1

+ 𝑘3𝑖−1,2𝑗−1
), 

𝑏𝑖,𝑗 =
ℎ3𝜆1

18
(𝑘1𝑖+1,2𝑗

+ 𝑘1𝑖−1,2𝑗
) +

10ℎ3𝜆1

18
𝑘1𝑖,2𝑗

+
𝑞1𝑖

ℎ4𝜆2

36
(𝑘3𝑖+1,2𝑗

+ 𝑘3𝑖−1,2𝑗
), 

𝑐𝑖,𝑗 =
ℎ3𝜆1

9
(𝑘2𝑖+1,2𝑗−1

+ 𝑘2𝑖−1,2𝑗−1
) +

10ℎ3𝜆1

9
𝑘2𝑖,2𝑗−1

+
𝑞1𝑖

ℎ4𝜆2

18
(𝑘4𝑖+1,2𝑗−1

+ 𝑘4𝑖−1,2𝑗−1
), 

𝑑𝑖,𝑗 =
ℎ3𝜆1

18
(𝑘2𝑖+1,2𝑗

+ 𝑘2𝑖−1,2𝑗
) +

10ℎ3𝜆1

18
𝑘2𝑖,2𝑗

+
𝑞1𝑖

ℎ4𝜆2

36
(𝑘4𝑖+1,2𝑗

+ 𝑘4𝑖−1,2𝑗
), 

𝑤𝑖,𝑗 =
ℎ3𝜆2

9
(𝑘3𝑖+1,2𝑗−1

+ 𝑘3𝑖−1,2𝑗−1
) +

10ℎ3𝜆2

9
𝑘3𝑖,2𝑗−1

+
𝑞2𝑖

ℎ4𝜆1

18
(𝑘1𝑖+1,2𝑗−1

+ 𝑘1𝑖−1,2𝑗−1
), 

𝑥𝑖,𝑗 =
ℎ3𝜆2

18
(𝑘3𝑖+1,2𝑗

+ 𝑘3𝑖−1,2𝑗
) +

10ℎ3𝜆1

18
𝑘3𝑖,2𝑗

+
𝑞2𝑖

ℎ4𝜆1

36
(𝑘1𝑖+1,2𝑗

+ 𝑘1𝑖−1,2𝑗
), 

𝑦𝑖,𝑗 =
ℎ3𝜆2

9
(𝑘4𝑖+1,2𝑗−1

+ 𝑘4𝑖−1,2𝑗−1
) +

10ℎ3𝜆2

9
𝑘4𝑖,2𝑗−1

+
𝑞2𝑖

ℎ4𝜆1

18
(𝑘2𝑖+1,2𝑗−1

+ 𝑘2𝑖−1,2𝑗−1
), 

𝑧𝑖,𝑗 =
ℎ3𝜆2

18
(𝑘4𝑖+1,2𝑗

+ 𝑘4𝑖−1,2𝑗
) +

10ℎ3𝜆2

18
𝑘4𝑖,2𝑗

+
𝑞2𝑖

ℎ4𝜆1

36
(𝑘2𝑖+1,2𝑗

+ 𝑘2𝑖−1,2𝑗
), 

𝑓1𝑖
=

ℎ2

12
(𝑓1𝑖+1

+ 10𝑓1𝑖
+ 𝑓1𝑖−1

) +
𝑞1𝑖

ℎ3

24
(𝑓2𝑖+1

− 𝑓2𝑖−1
), 𝑓2𝑖

 

=
ℎ2

12
(𝑓2𝑖+1

+ 10𝑓2𝑖
+ 𝑓2𝑖−1

) +
𝑞2𝑖

ℎ3

24
(𝑓1𝑖+1

− 𝑓1𝑖−1
), 

𝜸𝟏 = 1 +
ℎ2(𝑞1𝑖

𝑞2𝑖
+ 𝑝1𝑖

)

12
+

ℎ3(𝑞1𝑖
 𝑞2

′
𝑖
+ 2𝑝1

′
𝑖
)

24
, 

𝜸𝟐 = −2 −
ℎ2(𝑞1𝑖

𝑞2𝑖
+ 𝑝1𝑖

)

6
+ 𝑝1𝑖

ℎ2 +
ℎ4𝑝1

′′
𝑖

12
, 

𝜸𝟑 = 1 +
ℎ2(𝑞1𝑖

𝑞2𝑖
+ 𝑝1𝑖

)

12
−

ℎ3(𝑞1𝑖
 𝑞2

′
𝑖
+ 2𝑝1

′
𝑖
)

24
, 

𝜹𝟏 =
ℎ2𝑞1

′
𝑖

6
+

ℎ 𝑞1𝑖

2
+

ℎ3(𝑝2𝑖
𝑞1𝑖

+ 𝑞1
′′

𝑖
)

24
, 

𝜹𝟐 =
−ℎ2𝑞1

′
𝑖

3
+

ℎ4𝑞1𝑖
𝑝2

′
𝑖

12
, 

𝜹𝟑 =
ℎ2𝑞1

′
𝑖

6
−

ℎ𝑞1𝑖

2
−

ℎ3(𝑝2𝑖
𝑞1𝑖

+ 𝑞1
′′

𝑖
)

24
, 

𝜸𝟒 =
ℎ2𝑞2

′
𝑖

6
+

ℎ𝑞2𝑖

2
+

ℎ3(𝑝1𝑖
𝑞2𝑖

+ 𝑞2
′′

𝑖
)

24
, 

𝜸𝟓 =
−ℎ2𝑞2

′
𝑖

3
+

ℎ4𝑞2𝑖
𝑝1

′
𝑖

12
, 

𝜸𝟔 =
ℎ2𝑞2

′
𝑖

6
−

ℎ𝑞2𝑖

2
−

ℎ3(𝑝1𝑖
𝑞2𝑖

+ 𝑞2
′′

𝑖
)

24
, 

𝜹𝟒 = 1 +
ℎ2(𝑞1𝑖

𝑞2𝑖
+ 𝑝2𝑖

)

12
−

ℎ3(𝑞1
′
𝑖
𝑞2𝑖

+ 2𝑝2
′
𝑖
)

24
, 

𝜹𝟓 = −2 −
ℎ2(𝑞1𝑖

𝑞2𝑖
+ 𝑝2𝑖

)

6
+ 𝑝2𝑖

ℎ2 +
ℎ4𝑝2

′′
𝑖

12
, 

𝜹𝟔 = 1 +
ℎ2(𝑞1𝑖

𝑞2𝑖
+ 𝑝2𝑖

)

12
−

ℎ3(𝑞1
′
𝑖
𝑞2𝑖

+ 2𝑝2
′
𝑖
)

24
, 
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𝜶𝟏𝒊
=

ℎ3𝜆1

36
(𝑘1𝑖+1,0

+ 𝑘1𝑖−1,0
) +

10ℎ3𝜆1

36
𝑘1𝑖,0

+
𝑞1𝑖

ℎ4𝜆2

72
(𝑘3𝑖+1,0

− 𝑘3𝑖−1,0
), 

𝜶𝟐𝒊
=

ℎ3𝜆11

36
(𝑘2𝑖+1,0

+ 𝑘2𝑖−1,0
) +

10ℎ3𝜆1

36
𝑘2𝑖,0

+
𝑞1𝑖

ℎ4𝜆2

72
(𝑘4𝑖+1,0

− 𝑘4𝑖−1,0
), 

𝜷𝟏𝒊
=

ℎ3𝜆1

36
(𝑘1𝑖+1,𝑛

+ 𝑘1𝑖−1,𝑛
) +

10ℎ3𝜆1

36
𝑘1𝑖,𝑛

+
𝑞1𝑖

ℎ4𝜆2

72
(𝑘3𝑖+1,𝑛

− 𝑘3𝑖−1,𝑛
), 

𝜷𝟐𝒊
=

ℎ3𝜆1

36
(𝑘2𝑖+1,𝑛

+ 𝑘2𝑖−1,𝑛
) +

10ℎ3𝜆1

36
𝑘2𝑖,𝑛

+
𝑞1𝑖

ℎ4𝜆2

72
(𝑘4𝑖+1,𝑛

− 𝑘4𝑖−1,𝑛
), 

𝒂𝟑𝒊
=

ℎ3𝜆2

36
(𝑘3𝑖+1,0

+ 𝑘3𝑖−1,0
) +

10ℎ3𝜆2

36
𝑘3𝑖,0

+
𝑞2𝑖

ℎ4𝜆1

72
(𝑘1𝑖+1,0

− 𝑘1𝑖−1,0
), 

𝒂𝟒𝒊
=

ℎ3𝜆2

36
(𝑘4𝑖+1,0

+ 𝑘4𝑖−1,0
) +

10ℎ3𝜆2

36
𝑘4𝑖,0

+
𝑞2𝑖

ℎ4𝜆1

72
(𝑘2𝑖+1,0

− 𝑘2𝑖−1,0
), 

𝜷𝟑𝒊
=

ℎ3𝜆2

36
(𝑘3𝑖+1,𝑛

+ 𝑘3𝑖−1,𝑛
) +

10ℎ3𝜆2

36
𝑘3𝑖,𝑛

+
𝑞2𝑖

ℎ4𝜆1

72
(𝑘1𝑖+1,𝑛

− 𝑘1𝑖−1,𝑛
), 

𝜷𝟒𝒊
=

ℎ3𝜆2

36
(𝑘4𝑖+1,𝑛

+ 𝑘4𝑖−1,𝑛
) +

10ℎ3𝜆2

36
𝑘4𝑖,𝑛

+
𝑞2𝑖

ℎ4𝜆1

72
(𝑘2𝑖+1,𝑛

− 𝑘2𝑖−1,𝑛
). 

 

Algorithm 2 

Input: 𝑁, 𝑎 , 𝑏, and boundary conditions 𝑢0, 𝑢𝑛, 𝑣0  and 

𝑣𝑛, where (𝑎 = 𝑥0, 𝑏 = 𝑥𝑛). 

Set: ℎ =
𝑏−𝑎

𝑁
. 

for 𝑖 ⟵ 0 to 𝑁 do 

     for 𝑗 ⟵ 0 to 𝑁 do 

           𝑥𝑖 = 𝑎 + 𝑖ℎ. 
           𝑡𝑗 = 𝑎 + 𝑗ℎ. 
       end for 

end for 

for 𝑖 ⟵ 0 to 𝑁 do 

           𝑢𝑖 ⟵ 𝑢(𝑥𝑖); 𝑣𝑖 ⟵ 𝑣(𝑥𝑖) 

          for 𝑗 ⟵ 0 to 𝑁 do 

               𝑘1𝑖,𝑗 ⟵ 𝑘1(𝑥𝑖, 𝑡𝑗); 𝑘2𝑖,𝑗 ⟵ 𝑘2(𝑥𝑖, 𝑡𝑗); 𝑘3𝑖,𝑗 ⟵

𝑘3(𝑥𝑖, 𝑡𝑗) ; 𝑘4𝑖,𝑗 ⟵ 𝑘4(𝑥𝑖, 𝑡𝑗) 

          end for 

end for 

for 𝑖 ⟵ 1 to 𝑁 − 1 do 

     𝐶1𝑖 = ℱ1 + 𝜔1 + 𝜑1 

     𝐶2𝑖 = ℱ2 + 𝜔2 + 𝜑2 

     for 𝑗 ⟵ 1 to 𝑁 − 1 do 

       𝒜 = 𝛾1 + 𝒜 

       ℬ = 𝛿1 + ℬ 

        𝒞 = 𝛾2 + 𝒞 

       𝒟 = 𝛿2 + 𝒟 

     end for 

end for 

ℜ = [𝒜 ℬ;  𝒞 𝒟] 
𝐶1𝑖 = [𝐶11 − 𝛾1𝑢0 − 𝛿1𝑣0;  𝐶12: 𝐶1𝑛−2; 𝐶1𝑛−1

− 𝛾3𝑢𝑛 − 𝛿3𝑣𝑛] 

𝐶2𝑖 = [𝐶21 − 𝛾4𝑢0 − 𝛿4𝑣0;  𝐶22: 𝐶2𝑛−2; 𝐶2𝑛−1

− 𝛾6𝑢𝑛 − 𝛿6𝑣𝑛] 

𝐶 = [𝐶1𝑖; 𝐶2𝑖] 

𝒲 = [𝑈;𝑉] 
Output: 𝒲 ⟵ ℜ ∖ 𝐶 

 

Next, the following examples, a system of Integro-

Differential Equations, are solved by Compact Finite 

Difference Method.  

Example 4: We deal with 𝑝1(𝑥), 𝑝2(𝑥) = 0, 𝑞1(𝑥)  and 

𝑞2(𝑥) ≠ 0 such that: 

 

𝑢′′(𝑥) + 𝑣′(𝑥) = 2(𝑒𝑥 − sin 𝑥) − ∫ 𝑒𝑥(𝑢(𝑡) − 𝑣(𝑡))𝑑𝑡
𝜋

0

 

𝑣′′(𝑥) + 2𝑢′(𝑥) = (1 +
𝜋

2
) cos 𝑥 −

𝜋

2
sin 𝑥

− ∫ cos(𝑥 + 𝑡) (𝑢(𝑡) + 𝑣(𝑡))𝑑𝑡,
𝜋

0

 

0 ≤ 𝑥 ≤ 𝜋 

 

with Dirichlet boundary conditions, 

 

𝑢(0) = 0, 𝑢(𝜋) = 0, 𝑣(0) = 1, 𝑣(𝜋) = −1, 
 

and the exact solutions are 𝑢(𝑥) = sin 𝑥 and 𝑣(𝑥) = cos 𝑥. 

Example 5: We deal with  𝑝1(𝑥), 𝑝2(𝑥) = 0, 𝑞1(𝑥)  and 

𝑞2(𝑥) = 0 such that: 

 

𝑢′′(𝑥) =
3𝑥

10
+ 6 − 2 ∫ xt(𝑢(𝑡) − 3𝑣(𝑡))𝑑𝑡

1

0

 

𝑣′′(𝑥) = 15𝑥 +
4

5
− 3∫ (2𝑥 + 𝑡2)(𝑢(𝑡) − 2𝑣(𝑡))𝑑𝑡,

1

0

 

0 ≤ 𝑥 ≤ 1 

 

with Dirichlet boundary conditions, 

 

𝑢(0) = 1, 𝑢(1) = 4, 𝑣(0) = −1, 𝑣(1) = 2, 
 

and exact solutions are: 𝑢(𝑥) = 3𝑥2 + 1 and 𝑣(𝑥) = 𝑥3 +
2𝑥 − 1. 

Example 6: We deal with 𝑝1(𝑥), 𝑝2(𝑥) = 0, 𝑞1(𝑥)  and 

𝑞2(𝑥) ≠ 0 such that: 

 

𝑢′′(𝑥) + 𝑣′(𝑥) = 𝑒𝑥 +
𝑥

2
+ ∫ 𝑥𝑡(𝑢(𝑡) + 2𝑣(𝑡))𝑑𝑡,

1

0

 

𝑣′′(𝑥) + 𝑢′(𝑥) = 2 − 𝑥𝑒1 +
𝑥

3
+ 𝑒𝑥

+ ∫ 𝑥(𝑢(𝑡) + 2𝑣(𝑡))𝑑𝑡,
1

0

 

0 ≤ 𝑥 ≤ 1 

 

with Dirichlet boundary conditions: 

 

𝑢(0) = 1, 𝑢(1) = 𝑒1, 𝑣(0) = 0, 𝑣(1) = 1, 
 

and the exact solutions are 𝑢(𝑥) = 𝑒𝑥 and 𝑣(𝑥) = 𝑥2. 
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Table 1. Rate convergence for Example 1 

 

𝑵 𝒍𝟐(𝚬, 𝒉) Rate 𝒍∞(𝚬, 𝒉) Rate 

10 2.5935e-07  3.5847e-07  

20 1.6227e-08 3.9984 2.2488e-08 3.9946 

40 1.0145e-09 3.9996 1.4079e-09 3.9975 

80 6.3409e-11 3.9999 8.8014e-11 3.9997 

 

Table 2. Rate convergence for Example 2 

 

𝑵 𝒍𝟐(𝚬, 𝒉) Rate 𝒍∞(𝚬, 𝒉) Rate 

10 5.4065e-05  7.9096e-05  

20 3.3780e-06 4.0005 5.0185e-06 3.9783 

40 2.1112e-07 4.0000 3.1365e-07 4.0000 

80 1.3195e-08 4 1.9603e-08 4.0000 

 

Table 3. Rate convergence for Example 3 

 

𝑵 𝒍𝟐(𝚬, 𝒉) Rate 𝒍∞(𝚬, 𝒉) Rate 

10 2.9359e-03  3.5700e-03  

20 2.1150e-04 3.7951 2.4212e-04 3.8821 

40 1.3614e-05 3.9575 1.6098e-05 3.9108 

80 8.5649e-07 3.9905 1.0112e-06 3.9927 

 

Table 4. Comparison of the pointwise error ℇ(𝑥) when ℎ = 0.1 and 0.05 for Example 1 

 

𝒙𝒊 
Present Method Reference [13] 

Reference 

[18] 

Reference 

[25] 

N=10 N=20 N=10 N=20 N=10 

N=10 

2.05e-02 

0.1 9.77e-08 6.11e-09 4.31e-05 1.21e-06 4.39e-06 

0.2 1.86e-07 1.16e-08 3.07e-05 6.82e-07 1.81e-05 

0.3 2.61e-07 1.63e-08 1.43e-05 1.41e-07 4.24e-05 

0.4 3.18e-07 1.99e-08 2.37e-06 4.02e-07 7.83 e-05 

0.5 3.52e-07 2.20e-08 1.91e-05 9.45e-07 1.27e-04 

0.6 3.58e-07 2.24e-08 3.59e-05 1.49e-06 1.91e-04 

0.7 3.31e-07 2.07e-08 5.28e-05 2.04e-06 2.70e-04 

0.8 2.65e-07 1.66e-08 6.93e-05 2.59e-06 3.67 e-04 

0.9 1.57e-07 9.82e-09 7.94e-05 3.12e-06 4.85e-04 

 

Table 5. Comparison of the pointwise error ℇ(𝑥) when ℎ = 0.0417 and 0.0208 for Example 2 

 

𝒙𝒊 
Present Method Reference [13] Reference [26] Reference [26] 

N=24 N=48 

N=24 

2.41e-06 

 

N=48 

1.51e-07 

N=24 

3.25e-06 

 

N=48 

2.41e-07 

N=24 

2.89e-03 

 

N=48 

7.91e-04 

0.041 5.99e-07 3.74e-08 

0.125 1.51e-06 9.45e-08 

0.250 2.26e-06 1.41e-07 

0.333 2.41e-06 1.51e-07 

0.375 2.41e-06 1.50e-07 

0.500 2.12e-06 1.32e-07 

0.625 1.57e-06 9.86e-08 

0.750 9.30e-07 5.81e-08 

0.875 3.49e-07 2.18e-08 

0.958 8.02e-07 5.01e-09 

Table 6. Comparison of the pointwise error ℇ(𝑥) when ℎ = 0.05 and 0.25 for Example 3 

 

𝒙𝒊 
Present Method Reference [13] Reference [21] 

N=10 N=20 N=10 N=20 

N=10 

8.31e-01 

0.5 3.57e-03 2.35e-04 1.28e-01 3.88e-02 

1.0 1.77e-03 1.20e-04 3.47e-02 6.56e-02 

1.5 8.03e-04 5.70e-05 2.83e-03 9.48e-04 

2.0 4.61e-04 3.46e-05 5.30e-03 2.64e-03 

2.5 3.57e-04 2.77e-05 7.20e-04 3.03e-04 

3.0 3.27e-04 2.57e-05 7.64e-03 3.11e-03 

3.5 3.17e-04 2.50e-05 7.73e-03 3.10e-03 

4.0 3.03e-04 2.39e-05 7.70e-03 3.01e-03 

4.5 2.48e-04 1.95e-05 7.08e-03 2.57e-03 
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The results are computed as the 𝑙2(𝐸, ℎ), and 𝑙∞(𝐸, ℎ) error 

norms for the proposed method in Tables 1-3. The error norms 

of ℇ(𝑥) are reported in Tables 4-6 for different space and 

compared with the results given by references [13, 18, 21, 25, 

26] at different space levels ℎ ≤ 1 are reported for different 

values of 𝑁, at domain [𝑎, 𝑏]. It is clear that from the all tables 

our results are better than the results given by references [13, 

18, 21, 25, 26]. In addition, that the number of subintervals 

increases, the pointwise errors become smaller. The solution 

profiles in Figures 1 and 2 visually compare the physical 

behavior of both the exact and approximate solutions of the 

problem at different levels of space. Approximate solutions 

generated through the proposed approach of compact finite 

difference have a strong agreement with the exact solutions. 

The consistency across the different levels of space serves to 

underpin the solver's effectiveness at Fredholm Integro-

Differential Equations with high accuracy. 

 

 
 

Figure 1. Exact and approximate solution of Example 1 

using 𝑁 = 20, ℎ = 0.05 

 

 
 

Figure 2. Exact and approximate solution of Examples 2 and 

3 using 𝑁 = 20, ℎ = 0.05 and ℎ = 0.25, respectively 

 

Table 7. Rate convergence for Example 4 

 

𝑵 𝒍𝟐(𝚬𝒖, 𝒉) Rate 𝒍∞(𝚬𝒖, 𝒉) Rate 𝒍𝟐(𝚬𝒗, 𝒉) Rate 𝒍∞(𝚬𝒗, 𝒉) Rate 

10 7.2085e-05  7.2541e-05  1.1759e-04  1.0227e-04  

20 4.5080e-06 3.9991 4.5370e-06 3.9990 7.3236e-06 4.0051 6.3556e-06 4.0082 

40 2.8172e-07 4.0002 2.8364e-07 3.9996 4.5719e-07 4.0017 3.9667e-07 4.0020 

80 1.7606e-08 4.0001 1.7771e-08 3.9965 2.8565e-08 4.0005 2.4792e-08 4.0000 

 

 
 

Figure 3. Exact and approximate solution of u(x) for Example 

4 with N=20 and h=0.1571 

 
 

Figure 4. Exact and approximate solution of v(x) for 

Example 4 with N=20 and h=0.1571 
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Table 8. Rate convergence of for Example 5 

 

𝑵 𝒍𝟐(𝚬𝒖, 𝒉) Rate 𝒍∞(𝚬𝒖, 𝒉) Rate 𝒍𝟐(𝚬𝒗, 𝒉) Rate 𝒍∞(𝚬𝒗, 𝒉) Rate 

10 3.1963e-06  4.4469e-06  5.0889e-06  6.9621e-06  

20 1.9978e-07 3.9999 2.7793e-07 4.0000 3.1807e-07 3.9999 4.3572e-07 3.9980 

40 1.2486e-08 4.0000 1.7411e-08 3.9967 1.9880e-08 4.0000 2.7283e-08 3.9973 

80 7.8035e-10 4.0000 1.0881e-09 4.0001 1.2425e-09 4 1.7052e-09 4.0000 

 

Table 9. Comparison between the present method and B-spline for Example 5 
 

𝒙𝒊 
Present 𝒖(𝒙) [19] Present 𝒗(𝒙) [19] 

N=10 N=10 N=10 N=10 

0.1 1.14e-06 3.23e-07 2.73e-06 8.40e-06 

0.2 2.22e-06 2.58e-06 4.76e-06 3.70e-05 

0.3 3.16e-06 8.73e-06 6.11e-06 9.08e-05 

0.4 3.89e-06 2.06e-05 6.83e-06 1.75e-04 

0.5 4.34e-06 4.04e-05 6.96e-06 2.95e-04 

0.6 4.44e-06 6.98e-05 6.53e-06 4.55e-04 

0.7 4.13e-06 1.11e-04 5.57e-06 6.61e-04 

0.8 3.33e-06 1.65e-04 4.14e-06 9.17e-04 

0.9 1.98e-06 2.35e-04 2.27e-06 1.23e-03 
 

 
 

Figure 5. Exact and approximate solution of u(x) for 

Example 5 with N=20 and h=0.05 

 
 

Figure 6. Exact and approximate solution of v(x) for 

Example 5 with N=20 and h=0.05 
 

Table 10. Rate convergence for Example 6 
 

𝑵 𝒍𝟐(𝚬𝒖, 𝒉) Rate 𝒍∞(𝚬𝒖, 𝒉) Rate 𝒍𝟐(𝚬𝒗, 𝒉) Rate 𝒍∞(𝚬𝒗, 𝒉) Rate 

10 3.5239e-07  4.8050e-07  2.0983e-07  2.8764e-07  

20 2.2050e-08 3.9983 3.0228e-08 3.9906 1.3125e-08 3.9906 1.8001e-08 3.9981 

40 1.3785e-09 3.9996 1.8898e-09 3.9976 8.2048e-10 3.9997 1.1279e-09 3.9964 

80 8.6105e-11 4.0009 1.1811e-10 3.9999 5.1280e-11 4 7.0490e-11 4.0001 
 

 
 

Figure 7. Exact and approximate solution of u(x) for Example 

6 with N=20 and h=0.05 

 
 

Figure 8. Exact and approximate solution of v(x) for 

Example 6 with N=20 and h=0.05 
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To provide the summary of the proposed method to find the 

approximate solutions based on applying compact finite 

difference on the system of Examples 4-6 that have been 

illustrated in Tables 7-10. The error norms of Ε𝑢(𝑥) , and 

Ε𝑣(𝑥) are reported in the Table 9 for space levels and 

compared with the results given by Ebrahimi and Rashidinia 

[19]. It is clear that from Table 9 our results are better than the 

results [19]. One of the reasons is due to the errors produced 

by the presented scheme are much close to zero and the 

obtained numerical solutions indicate that the method is 

reliable and yields results compatible with the previous studies 

and analytical solutions. In addition, the scheme is shown that 

is fourth-order convergent in space as evidenced by the results 

presented in Tables 7, 8, and 10. The solution behavior 

depicted in Figures 2-8, evidently indicates a comparison 

between the exact and approximate solutions of the problem at 

different spatial modes. The approximate solution obtained 

from the proposed compact finite difference method is highly 

compatible with the exact solution. The strong agreement for 

different spatial modes further justifies the efficiency of the 

method in generating accurate approximate solutions to the 

coupled Fredholm Integro-Differential Equations. 

 

 

5. CONCLUSION 

 

This study establishes a connection between the fourth-

order compact finite difference methods with Simpson’s 

quadrature rule to address Fredholm Integro-Differential 

Equations (FIDEs) and System of Fredholm Integro-

Differential Equations (SFIDEs) of the second order. The 

precision and efficacy of the proposed scheme are rigorously 

evaluated through the application to various test problems, 

with the assessment based on 𝑙2 and 𝑙∞  error norms at 

different spatial resolutions. The convergence for the 

suggegested methods is proved through Sobolev space. 

Numerical experiments affirm the efficiency, reliability, 

fruitfulness, and robustness of the presented method in 

obtaining accurate solutions for SFIDEs. The scheme exhibits 

a fourth-order spatial accuracy, demonstrating excellent 

agreement with analytical solutions and outperforming 

existing solutions reported in the literature.  
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