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In this article, the concept of maximality degree of a finite group G, where G is cyclic
group Zy,n or Zpmgn is introduced and studied in details. The probability of a random
subgroup of G to be maximal is measured by this quantity. For certain special kinds of
finite groups, explicit formulas are obtained. We will give a value of one when the
probability of (x, y) <. G, and a value of zero when it does not maximal sub group.
This will be useful in our research to calculate the degree of probability. Several limits
of degrees of maximality are also calculated. We studied three cases, the first is when

p is a prime number in Z,,, the second is when p is a prime number raised to a certain
degree in Zjn, and the third case is when p and q are the product of two prime numbers,
each of these prime numbers is raised to a certain degree in Z,n,m. We find an algorithm
to compute the probability of maximality degree Pmax(G). We will use the CAP program
to compute the number of maximal subgroups of group G. In this program, we will
calculate the max sub groups when p, q is a large number that is difficult to calculate
manually.

maximality degree

1. INTRODUCTION 1 if(xy) <, GIye G}

nx,y) = {0 .
otherwise

In 2021, many researchers presented some of the studies
about computing the cyclicity degree of some of finite groups,
If n is greater than or equal to 3, then D», is defined by D,,, =

{a,b|a™ = b? = e,bab = a~'} Suppose that the number of

and entry in cyclicity degree of elements table is given in
reference [2], and its defined by #(x, y):

integer n is define by 2" lepf‘" and odd prime number. Let n y

x be element in G, the cyclicizer of x is denoted by Cyc(x) thus, : :
the cyclicizer of all elements of dihedral group Daz, is X n(x,y)
computed by the following: i

{:vVy€eDy} ifx=e Theorem 1.

Cyc(x)={ {d/:1<j<n} ifx=da Taking n be an odd positive integer number, the cyclicity
{e,a'b} if x =alb degree elements table of Dz, illustrated by below [3]:
We get for any group G, degl;(x) = |Cycs(x)| —1, il a alb
where x € G. Let G be a finite group, the cyclicity degree of g o o
the group G is define by: al n(al,a’) n(al, a’b)
_ [{eey)€GXGI(xy)scy G Vx,yEG)] ab a‘b,a’ n(a'b,a’b)
PCyC(G) - G2 - . r)( )

The value Pcy(G) is 0<Pcy <1, we recall that for a finite
group G we have Pcy(G)=1 if and only if G is an abelian group
[1]. 1t is clear when G is abelian group, then Pcy(G)=1. The
cyclicity degree of elements in group G is define by:

The entries are defined by:

1.n(al,a’) = 1forall1 <i,j <n.
i 1 ifi=n ,
l yi — <
2.n(a",alb) {5 othermige T Al TS i
3.n(a'b,a’) = n(at, a’b).
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1 ifi=j

iy 4ib) = ..
n(a‘b,a’b) = {O otherwise foralll <i,j

where, n is a positive integer number, the cyclicity degree of
D2n is fixed by:

n+3
4n

PCyc (Dap) =

One of the older topics in finite group theory that is still
regularly investigated is counting the number of subgroups of
finite groups. Which was studied by Calhoun and Cavior [4,
5].

A method to ascertain a finite abelian p-group's total
number of subgroups was provided by Schmidt [6]. Consider
the finite group G, a maximal subgroup of G is a subgroup of
G which is not a proper subgroup of any other proper subgroup
of G, and the set of all maximal subgroups of G is given by
Max(G). In this work, G refers for the cyclic group of order n,
referring to Z,. The maximality degree of G is represented by
Pmax(G) and represents a probability that two elements chosen
at random x and y that are adjacent in the maximal graph in G.
This is how probability is defined:

_ HOY)EGXGHx,Y)SmaxG)
N G2

Pmax (G)

Here, the number of maximality degree elements of group
Zyn, Zmgn is studied and computed.

In 1979, Rusin [7] clarified the probability stated above is
obviously not equal to one for any G. It was established that
for finite non-abelian groups, the adjacent of two elements
commuting is less than or equal to 5/8. Using conjugacy
classes, this probability can be calculated. The commutativity
degree has been the subject of numerous studies and has been
widely generalized.

Note that by calculating the conjugacy classes under some
group action on a set lead to obtaining the above probability.
For later use, in the following we recall some important
concepts concerning graph theory.

Consider the finite group G. The group of |G|'s prime
divisors are denoted by the symbol (G). If there isn't a suitable
subgroup of G that correctly contains a given subgroup H, then
that subgroup H is said to be a maximum subgroup. If a group
G is non-cyclic yet every appropriate subgroup of G is cyclic,
then G is said to be minimally non-cyclic. Suppose that the
collection of all maximal subgroups of the group G is denoted
as Max(G).

Also, the Frattini subgroup of a group G defines the
intersection of all maximal subgroups of G and is denoted by
@(G). In this paper we consider for cyclic group of order p*
where p is an odd prime number and o>1.

It is commonly known that |G| is only divisible by one prime
and that G is cyclic if a finite group G has just one maximum
subgroup. In light of this, one would wonder whether the
aforementioned conclusion could be expanded if G has exactly
two or three maximal subgroups.

If G has precisely three maximal subgroups, neither G must
be cyclic nor must |G| be divisible by three prime numbers.

1.1 Basics of number theory [8]
The Euler function, or totient function ¢ is the number of

non-negative integers less than n that are relatively prime to n
[8]. Every integer n has a unique prime factor decomposition:
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Furthermore, pi1<p2<...<p: this decomposition is called the
canonical prime factor decomposition of n, where p; is prime
number and ¢;>0 for all i.

Thus, the Euler function ¢ define by:

() = (") = N(p;" —p/")

Let n be a positive integer and let z(n) and a(n) be functions
defined by:

« 7(n): the number of divisors of n;

* o(n): the sum of divisors of n.

2. LITERATURE REVIEW

In 1973, Gustafson [9] studied the following question,
“What percentage of the time do two group elements
commute?” There has been an increase in interest in the
application of probability in finite groups over the past 30
years, specifically in the last decade. Erfanian et al. [10] in
2013 introduced some of the probability in finite groups. In
2019, Lazorec [11] presented “Relative cyclic subgroup
commutativity degrees of finite groups”. In this paper, we will
study and compute the number maximality degree elements of
group Z,n, Zymgn, and we will find an algorithm to compute
the probability of maximality degree Pmax(G).

3. MAIN RESULTS

In this section we will introduce and compute the
probability of the maximal subgroups of the finite group.

3.1 Definition

Let G be a finite group and x is an element of G, the
maximalizer of a subset the group G is define as:

maxz(x,G) = {y € G:(x,y) <pax G}
where, (X, ¥)<maxG.
3.2 Definition

Let G be a finite group and x € G, the maximality degree of
element x in G is defined by:

maxd(x,G) = [{y € G:(x,y) Smax G}| = |maxz(x, G)|
where, (X, ¥)<maxG [12].
3.3 Theorem

Let G be a finite group, the maximality degree of group is
given by:

maxd(G) = Yygec maxd(g,G).

Proof.
Let G be a finite group of order n, that we can write by

G={01, 92, -, On}-



The set of maximalizer is maxz(gi, G) can be computed by
the following:

maxz(gl,G) = {gl € G: (gligi) Sma.x G'Hgi € G}
maxZ(QZIG) = {gl € G: <92'gi) Sma.x G'Hgi € G}

maxz(gn, G) = {gi € G:{gn, Ji) <max G,39; € G}
maxd(G) = Xi-, |max(g;, G)|

3.4 Theorem

Let G be a finite group, the maximality degree of the group
G is given by:

[Maxg(x)| _ |Max(G)|

L
PMax(G) == EG|G|2 |G|?

Proof.

Let G be a finite group of order n, say G={x1, Xz, ***, Xn}-

The set of maximalizer element x is Maxg(Xi) is computed
by the following:

Maxg(x1) = {(x1,¥) € G X G{x1,Y) Smax G,y € G}
Maxg(x;) = {(x2,¥) € G X G|{x2,¥) <pax G, Y € G}

MaxG(xn) = {(xn,y) €EGX G:<xnvy> SMax G:y € G}
Max(G) = Norg(x;) U Norg(x,) U ---U Norg (%)
[Max(G)| = [Maxg(x,)| + [Maxg(x2)| + -+ [Maxg (x,)|
= Yic1 [Maxg (x;)]-

Zvxeg [Maxg(¥)| _ [Max(G)]
1612 IG12

Thus, Py, (G) =

3.5 Definition [13]

Let G be a finite group, the portability maximality
subgroups of a group G is compute by:

1{(9i, 9)) € G X G,(9i,9}) <max G}|
|G|?

Brax(G) =

3.6 Remark

The following are held:

* The parameter Pmax(G) iS 0<Pmax(G)<1.

* Usually, the maximalizer max(g, G) of elements is not
necessary is a subgroup of G [13].

We can take this example G=Dxy, the set of all elements
with a2 such that maximal subgroup of group Max(a?, Do) =
{a'bicic10,a,a® a® a’,a’} is not a subgroup in Dao.

Another example, we can see when G = A,,

It is clear that the maximalizer max((1,2)(3,4),4,) =
{(1,2)(3,4), (1,4)(2,3)} is not subgroup of As.

[Computed by GAP] [14].

4. MAXIMALITY DEGREE TABLE
4.1 Definition
The maximality degree element table is a two-dimensional

table whose rows and columns are correspond to elements of
the group. The entries consist of #(g; gj) is defined by:
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g — 1 <gi'gj> SMaxG
n(909;) {0 otherwise '

In references [15, 16], a max degree has been calculated for
the group D,,,. We can describe maximal degree for cyclic
group nMax(Cy) is given by the following table, it is well
known the cyclic group is define by:

C,={a, a* =e)

al
n(al,al)

4.2 Corollary

The following holds:
» max(g;, G) = Xv; 1(9:.9);

Yvijn(gig;j)
* Prax(G) = %

4.3 Lemma

Assume G=(x) is a cyclic group of order n>1, then a
subgroup H of G is (H<maxG) iff H=(xP) for some prime p|n.

Proof. (=)

Let H be a maximal subgroup of G. We can write H=(x")
with s|n.

Suppose, to reach a contradiction, that s is not prime.

Then we can write s=gm with 1<g<s.

Since x*=x%m=(x7)m, it follows that H € (x9).

By order considerations, we get strict inclusions (x*}{x?}{G)
and this contradicts the maximality of H.

Hence, s must be prime.

(<)

Suppose H=(x")<(x*) at p|n. Lagrange's Theorem provides
us with §|% = (n,s)|p and thus [(x°)] € {gp,n} . We

deduce that either (x*)=H or (x*)=G.
Thus, A is maximal.

4.4 Theorem

For any p-group the probability maximality degree is equal
to:

1

Prnax(G) = »?

Proof.

It is obvious that, G is a cyclic p-group when it has one
maximum subgroup, and then there exists only one maximum
subgroup in the cyclic group C,, it will be clearer by using the
following formula:

If n=p, then:

; 1 ifiisequel top

Yy —
Max(Cy, a’) = {0 if i is not equel to p.
By using Definition 3.4, we get:

{(9:9/)€6%6X9:.9)<maxG}| _ 1
|G|? p?

Prnax (G) =



From the above results, we can compute the number of
maximality degrees table for any elements of p-group then
Max(C,) is given by:

1 ifi=j=p
0 Otherwise '

n(al,a)) = {

We can obtain the one and exactly maximal subgroup in C,
its Group(()), which is referred to as in previous studies [17-
20].

Thus, the identity element is the only element that can
generate a maximal subgroup in C, since there are elements
that generate its self-group.

4.5 Theorem

For any element &’ in Cpa, p is a prime number and o1, the
following is held:

a—-1

i p ifi=pr,r=1
|Maxc,(a")| = {ptp(a-ﬂ

ifi=p*r,r>1

If i=pr, r>1, then Maxc, (a") ={a’|Gcd(i,j) # 1} ,
|Maxc, (a)| = p*! and the number of all elements is equal
to #a' = @(p*~Y).

If i=p’r be integer number and o>2, then Maxc, (a') =
{a’|Ged(i,j) # 1and i # j}, |Maxc, (a)| = @(p*™!) and
#a'=1.

The maximality degree elements is equal to:

re®) +o®) _¢®)A+p)
(p*)? )

Puax (Cp) =

Proof.

(1) Since the order elements a’ be equal to p for each i
without i=p, thus the subgroup (&', &) be isomorphic to C, and
C, is a Sylow subgroup. |Maxcp(al)| = |{a"',1 <i < p} for
each i without i=p and |[Maxc,(a")| = |{a’,1 <i<p -1},
when i=p.

(2) It is clear that Max, is isomorphic to C,.

Thus for any subgroups of type (@', &), if gcd(i, j)=1, then it
is isomorphic to C, thus it is Max,, by other hand, if gcd(i, j)=t.

4.6 Theorem

1

p?-
—.

p

If n=p”, then B 45 (Cpa) =

Proof.
It is clear that, the maximality degree of elements of group
Cpa are generated by the following:

Max iy ={a?, 1<t <p*}

where, i { p and the order set |[Max . .»i)| = p* L.

By other hand, for the remand elements be equal to
Max . prijlr=2 = {a3,1<t<p*1&ptt} where itp

and the order set |Max(cn,apri)| = @(p*1) since:

p® _ a-1
w(;)—fp(’p ).
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Now: '
#a®) = (@)
#a'?") = p(P*?)

#a'"") = ¢(p)
#a@’ )=1

Thus, p(p*~ ") |Max, ,iv)| = @(@* Hp*".
a

So, @(P“—1)|Max(cn’aipr)r>z| = (p(pa—1).2i=2 <p(p“—i):

p@* Dle@*H + @+ + 0@ +oM)] =
p@P*HP*.

Now, we can compute by the following directly by (4.5
Theorem):

P o) +p P (*h)

Pra(Cy) = oy
_ (P& 1-p®=2)(pa-14pa-2) _ p2a-2_p2a-4 _ p2-1
®»%)? (»%)? p*
4.7 Theorem

Suppose that G = (4 for p, g are prime numbers. The
probability maximality degree is equal to:

pP)a(p) + e(q)a(q)
Ipq|?

Brax (Cpq) =

Proof.

Form (4.5. Theorem), the maximality degree of element
max(a?, Cpq) = {aP,a®®,---,aP} = q, by similarly for each,
max(a®, C,,) = {aP,a?, -, aP}, when 1<i<¢(q).

So, for max(a?Cpyy) ={a%,a®,-,aP}=p , by
similarly for each max(ai", Cpq) = {a?,a%9,---,aP?}, when
1 < i < o@p), max(apq, Cpq) = {a”, aP, ...,a(p—l)q} U
{a%,a*9, -, a? "D} = ¢ (p) + ¢(q), max(Cpq) = P () +
q9(@) + ¢() + ¢(@) = e(P)a(®) + (a)a(q).

4.8 Example

In this example we will introduce three cases, for cycle
group Cy:

o Ifn = 11, then C°={e, a, &%, @ a* &’ a° a’, a8, a°, a'%},
we have that [maxc,, (e)| = 1, and we have |maxc11 (a)| =
0V 1<i<11, see Table 1.

Thus, we have two ways to find the solution:

Either by using general definition (Definition 3.4):

|{(gi»gj)€GXG,(girgj)SmaxG}l
162

Brax (G) =

1 —
[C1112

1

Pmax(cll) = 121

Or, by our theorem (Theorem 4.4):

1 1

Prax(Cy1) = Pz =1z 1
In Table 1, we will show the value is 1 for the elements that
satisfy the maximal subgroup, otherwise the value is zero for

the group Cy;.



Table 1. Maximality degree of Ci;

QD
N
QD
w
o4
S
<)
o
QD
o
QD
~
Q
®
QD
©

Cooco0ocoo0o0o o kR
Coo0oo0oo0oocoo oo ol
Coo0oo0co0coooooo
Coo0oo0co0coooooo
OCoo0oo0cocoooooo
OCoo0oo0cocoooooo
OCoo0oo0cocooooooo
Cooo0coo0coooooo
Cooo0coo0coooooo
Cooo0oo0coooooo
cooocoocooooooo%

Table 2. Maximality degree of Co

jo}]
N
o))
w
Q
o
Q
o
QD
o
Q
~
Q
oo

OO FrPr OO0OFr OO0 Oolom
O OO OO OO OO oy
[elNelNelNolNeNeNoNoNoel
OO PP OOFr OO
O OO0 OO0 o OoOo
O OO0 O OO o OoOo
OO PP OO0OFr OOk
O OO0 OO0 O oo
O OO0 OO0 O oo

oIf n=32, then C°={e, a, a? & a* & af d’, a®}, we have
that |maxg,(@®)| = {e,a®,a®} =3 , |max,(@®)|=
l{e,a®,a®}| =3 , |maxc,(e)| = [{a%a®}| =2, Table 2
shows the elements that satisfy the maximal subgroup, and the
elements that do not achieve for the group Cs.

Then, we have two ways to find the solution:

Either by using general definition (Definition 3.4):

_ {(g19/)e6%6491.9 ) smaxG}]

Prax(G) = G2
(1%2)+(2%3) 8
Pmax(C9) = 1Col? = a1

Or, by our theorem (Theorem 4.6):

p*-1_3*-1 _ 8
®H

Prax(Co) =

81

It is difficult to calculate the maximum degree table when
the value of n is large, but it can be easily calculated by
(Theory 4.6).

For example, when n=133, C,33 = C5147, then

p%2-1 _ 13%2-1 _ 169-1 _ 168
(%~ (13)* ~ 28561 28561

Brax (62197) =

8 10

& a0, !

>

* If n=15, then Cis={e, a, a* @, a* a°, a% d’, a
12

a'?, a3, a'*}, we have that
|maxcls(e)| = |{a3; a5‘ 6; agl alO' a12}| = 67
|maxc, (a®)| = l{e, a® a®,a® a'?}| =5,
|maxc, (a®)| = l{e, a® a®,a® a'?}| =5,
|maxc, (a®)| = l{e,a®,a® a® a'?}| = 5,
|maxc, (a'?)| = |{e,a? a® a’ a?}| = 5.
Thus 4*5=20.

|maxcls(a5)| = |{e,a® a'’}| =3
Imaxc, (a*®)| = |{e,a® a'}| =3

Thus 2*3=6, in Table 3, we show the elements that satisfy
the maximal subgroup when n equal to the product of two
prime numbers.

Then, we have two ways to find the solution:

Either by using general definition (Definition 3.4):

[{(9:.9/)€6XG (9.9 ))<maxG}]|

Pmax(G) = 112
(1%6)+(4%5)+(2%3) 32
Pmax(Cls) = PRE = 225

Or, by our theorem (Theorem 4.7):

P@o@+e@ala) _ 4G+1D+2(3+1) _ 32
Ipal? (5+3)? 225

Prax (Cpq) =

We can take another example, when the value of n is large,
when n=91*17, Co1#17=C1s47, then:

Prax(Co1:17) = (p(p)a(p)p;;p(q)a(w

90(91+1) +16(17 + 1)

(1547)2
 8280+288 8568

2393209 2393209

Table 3. Maximality degree of Cis

®
N
®
w
8
®
(3]

QD
o

QD
~

alU all alZ a13 al4

Q
@

OCOrRPORRPOORRPROROOO|D
OO0 00O0OO0O0OO0O0O0OO0OOOoO|w
0O0000O0OO0O0OO0O0O0OO0O0OO
OO0OrRO0OOrROOROOROOR
O0O0OO0O0OO0OO0OO0OO0OO0O0OO0O0OOO
OO0 O0ORrROO0OO0OOROOOOR

OOPFRPOORFRPROOFrRPROOFRP,ROOR
[eNolololoNololololeNololoNolNo)

[EN
[ER

O0OO0OO0O0OO0OO0OO0OO0O0OOO0OOO
OCOrRrOOrROOROOR OORY
OO0 O0ORrROO0OO0OORrROOOO
clelololoRoloclololoRoloNo oo
OOrrOORrROOROOR OO
cleolololcRoloclololoRoloNo oo
O0OO0OO0CO0OO0OO0OO0OO0OO0O0OO0OOO
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49 Lemma

The following is hold:
If n is prime number, then

* Pyax (Cp) = é is a largest value, at n=3.

* for n—oo, then Pmax(Cp)—0

In Figure 1, we can see a curve of the maximum and
minimum values of maximality degree of cyclic group C,
when n = prime number.

Maximality degree

0.12

0.1
0.08
0.06
0.04
0.02

Figure 1. Largest and smallest value of maximality degree of
G

5. DISCUSSION AND CONCLUSIONS

It is difficult to find the maximum degree by using the
general definition when the value of n is large number.
Therefore, in this paper, we constructed three algorithms to
calculate the probabilities of the maximality degree of finite
group Z,. We indeed consider three cases, the first is when the
order group is a prime number in Z,, second it is when the
order group is a prime number raised to a certain degree in
Zpm, and third case is when the order is the product of two
prime numbers, each of these primes is raised to a certain
degree in Z,mgn. Those algorithms will be calculated Maxc
whatever the value of n.

We hope to develop the research by calculating the
maximality degree of another finite group like dihedral
group D,,,, when n is odd or even number. We will also study
in the future the possibility of Decyclic group Ty,,.
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APPENDIX

GAP program was used to find all the maximal subgroups.
User code of Co:

gap> c:=CyclicGroup(IsPermGroup,9);

Group([ (1,2,3,4,5,6,7,8,9) 1)

gap> g:=GeneratorsOfGroup(c);


http://dx.doi.org/10.1063/5.0161568
https://doi.org/10.1515/9783110868647
https://www.gap-system.org/

[(1,2,3,45,6,7,8,9) ]

gap> a:=g[1];

(1,2,3,4,5,6,7,8,9)

gap> m:=MaximalSubgroups(c);

[ Group([ (1,4,7)(2,5,8)(3,6,9) 1) ]

gap> x:=[]; for tin [2..9] do

[1]

> h:=Group([a"9,a"t]); if h in m then; Add(x,t); fi; od; X;
[3,6]

gap> x:=[]; for tin [2..9] do

[1]

> h:=Group([a*3,a"t]); if h in m then; Add(x,t); fi; od; x;
[3,6,9]

gap> x:=[]; for tin [2..9] do

[1]

> h:=Group([a™6,a"t]); if h in m then; Add(x,t); fi; od; x;
[3,6,9]

User code of Cy5:
gap> c:=CyclicGroup(IsPermGroup,15);
Group([ (1,2,3,4,5,6,7,8,9,10,11,12,13,14,15) ])
gap> g:=GeneratorsOfGroup(c);
[(1,2,3,45,6,7,8,9,10,11,12,13,14,15) |
gap> a:=g[1];
(1,2,3,4,5,6,7,8,9,10,11,12,13,14,15)
gap> m:=MaximalSubgroups(c);
[ Group([ (1,4,7,10,13)(2,5,8,11,14)(3,6,9,12,15) ]),
Group([ (1,11,6)(2,12,7)

(3,13,8)(4,14,9)(5,15,10) 1) ]
gap> x:=[]; for tin [2..15] do
[1]

2579

> h:=Group([a*15,at]); if h in m then; Add(x,t); fi; od; x;
[3,5,6,9,10,12]

gap> x:=[]; for tin [2..15] do

[]

> h:=Group([a"3,a"t]); if h in m then; Add(x,t); fi; od; x;
[3,6,9,12,15]

gap> x:=[]; for tin [2..15] do

[]

> h:=Group([a"6,a™t]); if h in m then; Add(x,t); fi; od; X;
[3,6,9,12,15]

gap> x:=[]; for tin [2..15] do

[]

> h:=Group([a*9,a™t]); if h in m then; Add(x,t); fi; od; x;
[3,6,9,12,15]

gap> x:=[]; for tin [2..15] do

[]

> h:=Group([a"5,a"t]); if h in m then; Add(x,t); fi; od; x;
[5,10,15]

gap> x:=[]; for tin [2..15] do

[1]

> h:=Group([a*10,a"t]); if h in m then; Add(x,t); fi; od; x;
[5,10,15]

gap> h:=Group([a*12,a"t]); if h in m then; Add(x,t); fi; od;

" Group([ (1,13,10,7,4)(2,14,11,8,5)(3,15,12,9,6), () ])
Syntax error: expression expected
h:=Group([a*12,a*t]); if h in m then; Add(x,t); fi; od; X;

[5,10, 15, 15]





