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ABSTRACT
The Mukherjee-Brill prediction model of pressure gradient is the common calculation model in oil-gas field
development. The laboratory experimental results of multiphase flow show that the average prediction relative
error is 35% and the maximum relative error reaches 72%. By comparing the prediction residual of the
Mukherjee-Brill model with the test condition parameters, this paper suggests that the predicted residual of
Mukherjee-Brill model has a close relationship with the gas-liquid ratio and has no clear correlation with the
water content of fluid when the volume flow rate of liquid is constant. This paper first builds a cubic
regression model of the prediction residual of the Mukherjee-Brill model regarding the gas-liquid ratio, and
subsequently, combining the cubic regression model with the Mukherjee-Brill model, builds a new prediction
model of pressure gradient, the MBM model. The results for 90 test groups show that the average prediction
relative error of the MBM model is reduced to 7.66%. The MBM model improves the prediction accuracy of
the pressure gradient for multiphase flow, and assists in advancing the reliability of the design and analysis of
oil and gas wells.
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it is necessary to further research the Mukherjee-Brill model
and build a modified calculation model.
This paper firstly analyzes the prediction residual of the
Mukherjee-Brill model, obtained by subtracting the
experimental pressure gradient from the calculating pressure
gradient by the Mukherjee-Brill model. The prediction
residual is denoted as an MB residual, then analyzing the
relationship between the MB residual and the gas-liquid ratio
and building the cubic regression model with an independent
variable GLR (gas-liquid ratio) and the dependent variable
MB residual. The cubic regression model is denoted as PMB.
Finally, a new prediction model of pressure gradient is
constructed, called the MBM model. The calculation results
show that the MBM model agrees with the experimental
values more widely.

1. INTRODUCTION
The pressure gradient prediction for multiphase flow is an
important theoretical foundation for the design and analysis
of oil and gas wells. Much research has been carried out [1-5]
in this field. The Mukherjee-Brill prediction model of
pressure gradient [6] can be applied to wells with different
inclination angles and it has been applied widely. This model
is a representative calculation model of the pressure gradient.
Reference [7] proposed a method based on the residual model
to improve the existing prediction model of the gradient
pressure and obtained good results. But the results of
reference [7] have particularity and are difficult to define
compared to other prediction models. The improved method
proposed in reference [8] is generalized, but the
implementation procedure is too complicated and affects the
application of the improved model. Based on the results
which are obtained from the experimental data in this paper,
it can be shown that the average relative error between the
pressure gradient calculated by the Mukherjee-Brill model
and the one obtained from the experiment exceeds 35%. Thus

2. PREDICTION PERFORMANCE OF MUKHERJEEBRILL MODEL
The experimental conditions are given as follows. The
liquid flow rates are 10 m3/d, 15 m3/d, 20 m3/d, 30 m3/d, 40
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m3/d and 50 m3/d. The gas liquid ratios are 50, 100, 150, 200
and 300. The temperature is between 14 degrees Celsius and
17 degrees Celsius. The medium is air, white oil and water.
The pressure gradient is between 0.55 kPa/m and 3.06 kPa/m.
There are 90 groups of experimental data. The pipe diameter
is 75 mm and the water contents are 30%, 60% and 90%. The
roughness is taken as 0.0002 m. The process of experiment is
similar to reference [6]. The comparison between the pressure
gradient calculated by the MB model and the experimental
pressure gradient is shown in Figure 1. Most of the pressure
gradient values calculated by the MB model are smaller than
the experimental values. The average residual is 0.4945
kPa/m and the average relative error exceeds 35%.

Figure 1. Comparison between the values calculated by MB
model and experimental pressure gradient values under water
content 30%
For different liquid flow rates, the curve with the abscissa
GLR and the ordinate predicted residual is shown in Figure 2.
From Figure 2, the following results can be observed: 1)
among the residual curves with a water content of 30%, 60%
and 90%, no one residual curve lies between any other two
residual curves. It shows that the effect of water content on
the residual has no obvious regulation; 2) with the increase of
the liquid flow rate, the GLR corresponding to the maximum
predicted residual decreases; 3) or the constant liquid flow
rate, the residual curves have some similarities to their
geometrical shapes. Hence, aiming at a constant liquid flow
rate, this paper considers building a correlation between the
predicted residual and the GLR.
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Table 1. Values of ai , bi , ci and di under different liquid
flow rates
Liquid flow rate
(m3/d)
10
15
20
30
40
50

ai

bi

ci

di

0.6687
-0.3807
-0.56 12
-9.3759
-9.9266
-8.9051

0.0255
2.5795
3.7839
19.2185
19.3181
18.1804

-1.0788
-2.6759
-3.5583
-11.2864
-10.4263
-10.5071

-0.5359
-0.0893
0.1427
1.4509
1.2456
1.5335

For the liquid flow rate 10 m3/d, 30 m3/d and 50 m3/d, MB
residual and the regression value of residual are shown in
Figure 3.

Figure 2. Relation between the predicted residual and GLR

3. CUBIC REGRESSION MODEL OF PREDICTED
RESIDUAL OF MB MODEL
According to the above analysis, for six different liquid
flow rates, cubic regression analysis for the predicted residual
with respect to the GLR is required, since the difference in
the order of magnitude between the MB predicted residual
and the GLR is very large. Hence, the GLR is divided by 300
before building the cubic regression model such that the value
ranges of the independent variable and dependent variable are
close.
The cubic function model used in this paper is denoted as a
PMB model. It is shown in Eq(1).
3

2
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 x 
 x 
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 300 
 300 
 300 

,6

(1)
In Eq(1), xi represents GLR with unit m3/m3; yˆ i is the
regression value of predicted residual of MB model with unit
kPa/m; ai , bi , ci and di are undetermined fitting
coefficients.
Taking QL  10m3 / d as an example which is shown in the
first sub-graph of Figure 2, there are 15 data points ( x1, j , y1, j )
for j  1, 2, 3,

,15 . The undetermined fitting coefficients ai ,

bi , ci and di can be determined by the following method.
Step 1 Build the objective function:
15

E   ( y1, j  yˆ1, j )2
j 1
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 300 
 300 
 300 
j 1
15

(2)

Step 2 Taking ai , bi , ci and di as unknown parameters,
use the optimization algorithms [9-13] to minimize the
objective function E . When the objective function E takes
the minimum value, the corresponding values of ai , bi , ci
and di are the desired values.
Figure 3. Comparison between MB residual and the
regression value of residual

Under different liquid flow rates, the values of ai , bi , ci
and di are shown in Table 1.
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4. MODIFIED MB MODEL
As described in the introduction，the MB residual is the
difference value obtained by subtracting the experimental
pressure gradient by the calculating pressure gradient of the
MB model. Combining the MB model and the regression
model of the residual, a prediction model of the pressure
gradient can be built, called the MBM model in Eq(3).

MBM model=MB model-PMB model

(3)

The predicting pressure gradient of MBM model is

MBM Value  MB Value  PMB Value

(4)

Figure 4. Comparison between the predicting residual of MB
model and that of MBM model

where, MBM Value denotes the calculating pressure gradient

From Figure 4, it can be seen that the predicted residual of
the MBM model is intensively distributed near the zero
curve, which is the red axis in Figure 4. It shows that MBM
model proposed in this paper has a better prediction effect.

value by the MBM model with unit kPa/m; MB Value
denotes the calculating pressure gradient value by the MBM
model with unit kPa/m; PMB Value denotes the regression
value of residual by the residual model with unit kPa/m.
The relative error between the predicting pressure gradient
by the MBM model and the experimental pressure gradient is
defined as Eq(5).

err 

MBM Value-E Value
E Value

5. VERIFICATION OF MBM MODEL
This paper uses the method described below to verify the
MBM model. Firstly, it supposes that the regression model of
the predicted residual corresponding liquid flow rate 15 m3/d
is unknown. The regression models of predicted residual
corresponding liquid flow rates 10 m3/d and 20 m3/d are
considered as known conditions, and a linear interpolation is
used to determine the predicted residual corresponding liquid
flow rate of 15 m3/d. The specific form of the linear
interpolation polynomial is shown in Eq(6).

(5)

In Eq(5), E Value denotes the experimental pressure
gradient with unit kPa/m.
Based on the 90 groups of experimental data, the average
value of the predicted relative error of the MBM model is
7.66% by comparing the relative error between the predicted
pressure gradient of the MBM model and that of the MB
model.

rQ =

Q  10
20  Q
r10 
r20
20  10
20  10

(6)

In Eq(6), r represents the predicting residual and its
subscript represents the corresponding liquid flow rate. When
Q  15 m3/d, rQ is the predicting residual value
corresponding to the liquid flow rate of 15 m3/d. The
verification results are shown in Table 2.
Table 2. Verification results of MBM model under liquid
volume flow rate 15 m3/d
GLR

Water
content

30%
60%
90%
30%
100
60%
90%
30%
150
60%
90%
30%
200
60%
90%
30%
300
60%
90%
Average
value(%)
50
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Relative error
of MB
model(%)
20.91
23.85
11.5
36.45
42.54
34.73
53.93
48.49
58.43
59.31
59.28
62.03
63.03
55.01
64.44

Relative error
calculated by
Eq(1) (%)
2.42
6.15
8.48
0.71
3.35
8.59
2.26
3.73
8.83
3.18
1.80
0.37
5.15
17.24
8.92

Relative error
calculated by
Eq(6) (%)
0.15
3.70
11.25
3.18
0.75
11.46
0.42
6.43
6.26
6.17
4.73
2.58
6.15
15.99
9.87

46.26

5.41

5.94

From Table 2, it can be seen that for the liquid flow rate 15
m3/d, the average relative error of the predicted pressure
gradient is 5.41% directly calculated by Eq (1) and 5.94%
calculated by Eq (6) which uses the interpolation. Both
results significantly improve the average relative error of the
original MB model which is 46.26%. It shows that the
modified model is feasible and has a better predictive effect.

[7]

[8]
6. CONCLUSIONS
(1) This paper builds a cubic regression model of the
predicted residual of the Mukherjee-Brill model regarding the
gas-liquid ratio, and subsequently combining the cubic
regression model with the Mukherjee-Brill model, builds a
new prediction model of pressure gradient, the MBM model.
(2) For the pressure gradient under the experimental
conditions, the average value of the predicting relative error
of MBM model is 7.66%
(3) The verification results based on the interpolation show
the effectiveness of the modified model proposed in this
paper.
(4) The MBM model proposed in this paper is more
concise compared to reference [8] and has better extendibility
compared to reference [7].
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NOMENCLATURE
a

b
c

d
E
err

E Value
MB
MBM

MBM Value
MB Value
PMB

PMB Value
Q
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undetermined fitting coefficient
undetermined fitting coefficient
undetermined fitting coefficient
undetermined fitting coefficient
residual function
relative error between the predicting
pressure gradient by MBM model and the
experimental pressure gradient is defined as
Eq(5)
experimental pressure gradient, kPa/m
Mukherjee-Brill model
new prediction model of pressure gradient
pressure gradient value by MBM model,
kPa/m
calculating pressure gradient value by
MBM model, kPa/m
cubic regression model
regression value of residual by the residual
model, kPa/m
flow rate, m3/d

r
x
ŷ

( x1, j , y1, j )

predicting residual
gas liquid ratio, m3/m3
regression value of predicted residual of
MB model, kPa/m
data point

Subscripts

i
j
L
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number of values of liquid flow rate
number of data points
liqud phase

