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In this paper, we present a new computational methodology using the Residual Power
Series Method (RPSM) to create a new model in the fuzzy domain suitable for solving
a fourth-order of FBVP using the concept of generalized differentiation, and we present
an algorithm for the numerical solutions of fourth-order fuzzy boundary value problems
(FBVPs), which include ordinary differential equations, based on concepts from fuzzy
set theory. The effectiveness of the suggested technique was tested to verify the
accuracy of RPSM, and the series solutions were compared to the exact solution when
the plane is equal to one. The results show that the algorithm is highly efficient and
straightforward in implementation, compared to the other mentioned schemes, and

fulfills the characteristics of fuzzy solution, thus it is a practically optimal solution for
the most complex BVP programs in science.

1. INTRODUCTION

In recent years, the study of fuzzy boundary value problems
(FBVPSs) has grown rapidly as a new field of mathematics;
high level BVPs can be seen in various branches of
engineering. Chang and Zadeh [1] initially proposed the idea
of FDE. The idea of the derivative H of a function with fuzzy
values is introduced by Puri and Ralescu [2]. An exact solution
to a first-order fuzzy boundary value problem was found by
O'Regan et al. [3], the two-point solution of the FBVP was
obtained via generalized differentiation by Khastan and Nieto
[4], there is a lot of literature on BVPs, Recently, boundary
value problems for higher-order differential equations have
seen an increasing number [5-11], in particular, Palamides and
Palamides [12] suggested finding solutions to the four-point
boundary value problems of the ordinary differential equations
of the fourth order. In this work, the fourth-order fuzzy
differential equation is solved using the RPS approach and the
proposed fourth-order expansion is tested at four different
points. An exponential series approximation solution is used
to represent the approximate answer, all of its derivatives
converging with the exact solution. The suggested algorithm
yields a rapidly converging arithmetic series and that can be
computed using symbolic arithmetic. We frequently use serial
expansion to denote FDEs. To solve different ordinary and
partial differential equations, RPS theory is an analytical
method [13], the proposed method is an alternative to obtain
analytical solution of Taylor series of FBVP. RPSM has been
used by several researchers in a variety of scientific and
technological disciplines [14-18]. The RPSM was expanded
by Kumar et al. [19] to include partial diffusion equations.
Arqub applied RPSM to fuzzy differential equations [20]. The
development of a residual power series implementation is the
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main goal of this paper, which aims to obtain analytical
solutions for first-order FBVP of the form [5].
G® =h(t6®)
6@ =6°,6() =G*

and fourth -order fuzzy boundary value problem in the
following form:

(1)

GP® =h(t6®,6'®,67®,§®) t € [a,b]
With boundary conditions:

G@=6°60) =g
G@=6%gb =g

where, %G1, G%and G2 € Ry and h: I xRy X Ry X Ry X
Ry— Ry are continuous fuzzy functions. It is important to
note that many of the basic definitions, statements, and fuzzy
concepts that are not included in this work are widely known.
Trigonometric and fuzzy -trapezoidal numbers, fuzzy level
sets and fuzzy extension theory have all been defined by
Jameel et al. [21] and Anakira et al. [22]. This paper is
organized as follows. Section 2 introduces basic concepts of
fuzzy derivatives. Section 3 presents the theory of fourth -
order FBVP. In Section 4, the fundamental principle of the
residual power series approach is presented. In Section 5, we
show a numerical example to explain the proposed method.

()

2. MATHEMATIC NOTATIONS

In this section, we introduce the fourth-order derivative
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based on choosing the type of derivative at each step using
strong generalized calculus, where the sources of basic
concepts, properties of the fuzzy derivative and some theories
are found by Prakash et al. [23]. Now, we extend the theory
discussed by them.

Definition 2.1: LetG =1 - Ryandn, m, I, s =1, 2. Where
G is (n, m, I, s) — differentiable at t, € I. If fo)g, DZ .G and
D3 1§ exists on a neighborhood of t, as a fuzzy function and
its (s) - differentiable at t,. The fourth derivatives of G are
denoted by Dy, ..1G (to).

Theorem 2.2: LetG:I » Ry, DL G:I —» Ry, D&, G:1 > Ry
and D3 1G:I >Ry for n, m, I=1,2 and let G(t) =

[G «(©),G,(®).]:

(1) If D3, 1§ is (1) - differentiable, consequently g"
are differentiable and [D?, ., G(©]" = 67 «(®.6"
(2) 1f D 1,1 G is (2) - differentiable, consequently G
are differentiable and [D?, ., G(©)]" = 6" «(®.6"
(3) If D3, .G is (1) - differentiable, consequently g"
are differentiable and [D?, ,, G(©)]" = 6" «(®.6"
(4) 1 D ,G is (2) - differentiable, consequently G
are differentiable and [D?, ,, G(©)]" = 67 «(®.6"
(5) If D3 ;1§ is (1) - differentiable, consequently g"
are differentiable and [D?,, , G(©)]" = 6" «(®.6"
(6) If D3 ;1§ is (2) - differentiable, consequently g"
are differentiable and [D#,,, G(©)]" = 67 «(®.6"
(7) If D3, ,G is (1) - differentiable, consequently Q”
are differentiable and [D?,,, G(©)]" = 6" (.G
(8) If D3, ,G is (2) - differentiable, consequently Q”
are differentiable and [D? ,,, G(©)]" = 67 «(®),G"" 2]
(9) If D3 , , G is (1) - differentiable, consequently 9" w G
are differentiable and [D4, , , G(®)]" = 67 «(®),G"" 2 ()]
10) If D3 is (2) - differentiable, consequently G,
( 2110 q YGa
G, are differentiable [D%... 6]

G757 (D]
(11) If D3,,G is (1) - differentiable, consequently Gy,

[ are  differentiable [D%.,.6®]"
670,67 (V)]
(12) If D3,,G is (2) - differentiable, consequently 9" w
E_a are  differentiable [D%.,, 6]
(67«0, 6" «(®]

(13) If D3,,G is (1) - differentiable, consequently 9" w
G, are differentiable [D%,.. 6]
670,67 (V)]

(14) If D3 ,,G is (2) - differentiable, consequently 9" w
"', are  differentiable [D%,..6®]"

7,7 (O]
(15) If D3,,G is (1) - differentiable, consequently 9" w

‘0§
W(®]
‘0§
W(®]
‘0§
W(®]
‘0§
W(®]
‘0§
W(®]
W)
(]

a

and

and

and

and

and

o <

[
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Gy are differentiable

6" (.5 ()]
(16) If D3,,G is (2) - differentiable, consequently 9" w

G, are differentiable [D%,,.6(0]" =
670,67 «®]

[D§,2,2,1 g(t)]a =

and

and

3. THEORY OF FOURTH-ORDER FOUR-POINT
FUZZY BOUNDARY VALUE PROBLEM

In this section, we study the theory of substantially
generalized derivatives-based fuzzy fourth-order boundary
value problems. Additionally, we offer an algorithm to address
these issues that includes eight fuzzy DE situations (2), where
the selection of the derivation type in the fuzzy setting
determines the fuzzy solution of DE (1), according to
Nguyen's theory [24], we have the following:

[h(t, G(O1*

h(t, [G(D]Y) = [he(t, 6(®), he(t,G(D)]

where, h , and h,, are defined as follows:

ho(6§(0) = min(h(t, [GO1} = hye (£, 60, 5,0)
(6 §() = max{h(t, [GO1 = ha (£, 6u(0, 5,0 )

The next algorithm's goal is to carry out a method for
solving fuzzy DE (1) in parametric form with regard to the
representation of o —levels:

Algorithm 3.1 [22]: In order to determine the solutions to
fuzzy DE (1.1), we consider the two cases below:

Case I. If G(t) is (1)-differentiable, then [G'(t)]* =
[g’a(t),ga(t)] and resolving fuzzy DE (1) results in the
fallowing two branches:

(i) ODEs solution for G, (t), G, ():

G'a® = hyo (£,6u(0,5,0)
G = hoe (£,6.0.5,0) ¥
With the boundary conditions:
Gu(@) =6%G, (@) =G,
1 4)

Gu() =G4, G, () =G,
(if) The solution [Qa(t),ga(t)] and [Q’a(t),?a(t)] are

suitable level sets Va € [0, 1].
Case IlI. IF G(t) is (2)-differentiable, then [G'(D)]* =

[?a(t),g'a(t)] and resolving fuzzy DE (1) results in the
following two branches:
(i) ODEs solution for G, (t), G, (t)

Ga® =y (£,6.0.5, )
§® = o (£.6.0.5,0)

With the boundary conditions:



G (@ = 6%, =Gy Gu®) = G4 G, B) =G,

(if) The solution [ga(t),ga(t)] and [?a(t),g'a(t)] are
suitable level sets V a € [0, 1].

In order to resolve this fuzzy problem, we then investigate
the characteristics of fuzzy BVP solutions (2) with regard to
various forms of differentiation.

Definition 3.2: Let n,m,l,s=12. If G, D;G,D},,G ,
D} .G and Dy, G exist on I as fuzz number value d
functions and D, sG(t) = h(t, G(t), DV G (x), DZ.G (%),

D3 ..G(t)) for all t € I ;then G is said to be a (n, m, |, 9)
solution for the fuzzy differential Eqg. (2) on I. To find it, use
Theorem 2.2 we analyze the level representation of the fuzzy
differential Eq. (2) and we can find its solutions, fuzzy
boundary value problems (2) can be converted into the
corresponding (n, m, |, s), which is a system of fourth-order
ordinary boundary value problems (2). As a result, there are
eight potential systems for this kind of fuzzy problem, as
follows:

Algorithm 3.3:
Case I.

"o(® = h(t,Ga(9), D1G(t) , D3 1Go (1), D1 1Gu (V)

g
G""a(® = h(t,64(0), DIGe(0) , D2 1G4(0), D31 164()

With to the boundary conditions:

Gu@ = 6% 5,@ =G i Gu(® = 64,5, =G,

Jol T o S (5)
G'a(@ = 64,5 @ =G Ga(b) = 6% G () =G

Case Il.

G""a(® = h(t,6a(6), DIGa(6) , D216 (0), DI 1 ,64()

G""a® = h(t,64(6), DIGe(6) , D216 (©), DI 1 ,64()
With to the boundary conditions as in Eq. (5)

Case IlI.
G""a(® = h(t,6a(6), DIGa(6) , D ,G(©), DI 21G(®)
G""a(® = (t,Ga(0), DiGa(t) , D226 (1), D3 516 (D)
With to the boundary conditions as in Eq. (5)

Case IV.

o(® = (t, Ga(®), DIGa(t) , D3 26a(8), D3 526 (1) )

g
G""a(® = 0 (t,64(0), DIGa(0) , D ,64(0), D3 2264())
With to the boundary conditions as in Eq. (5)

Case V.
G""u(® = h (£, Ga(t), DIGa (V) , D31G4(9), D31 1G(0))

G""a(® = (t, (0, D3Ga(t) , DF1Ga (1), DE11Ga(®) )
With to the boundary conditions as in Eq. (5)

Case VI.

«(® = (t, Ga(®), DEGa (1) , DF1Ga(1), D31 26 (1))

G
G"a(®) = h(t,6a(6), D3Ga(6) ,D31Ga(6), D3 12Gu(®) )

With to the boundary conditions as in Eq. (5)
Case VII:

G""a(®) = h(t,6a(0, D3Ga(V) ,D3,64(0), D3 51 Gu®) )
G a(®) = h(t,Ga(6), D3Ga(6) ,D3G0(6), D3 51 Gu®) )

With to the boundary conditions as in Eq. (5)

Case VIII:
G"a(®) = h(t,6a(0), D3Ga(V) ,D3,64(0), D3 52Gu(®) )
G"a(®) = h (£, 6a(0), D3Ga(V) ,D3,64(0), D3 52Gu(®) )

With to the boundary conditions as in Eg. (5)

4. BASIC IDEA OF THE RPSM FOR SOLVING FUZZY
BOUNDARY VALUE PROBLEMS

In this section, we describe the RPS method for fourth-order
BVPs. At first, we analyze the RPS theorem to solve the BVPs
for fuzzy DE (1). The solutions of BVP Egs. (3) and (4) of an
expansion of the power series about the boundary point t = t,
are expressed by the RPSM and assumes that the solution has
the following form:

Ga(©) = T2 0 Gan(® and G () = 220 Gy (D)
where, G, and EQ‘K are approximate terms and are as follows:

g(x,K(t) = aK(a)(t - tO)K;
G ® = b ()t — to)*

Since Gg,0(t) and Ealo(t) which represent the boundary
approximations of G (t) and Ea(t) have:

ap(a) = Qa,o(to) = Qa(to)' by (o) = Ea_o(to) = Ea(to)-

If we use the approximations G o(to) = Gu(to) and
Guo(to) = G, (to) as the boundary of G.(t) and G (¥),
respectively, then we can approximate the solutions G, (t) and
Ea(t) of Egs. (3) and (4) by the n-th-truncated series and
calculate G, (1) and E%K(t), forx=1,2,3,4.

ll"Qot,x(t) = ZE:O aK((x)(t — tO)K
l.pgomc(t) = ZE:O b}c(a) (t - tO)K

1981



Now, we define the Residual functions as:

Resya(® = §'a(®) + hua (£.6e(0.5,(0)

0
o0+ by (66.©,5,0)

g
Res, (1) = g’

Obvious that Res; o (t) = Res, (t) =0V t€land a € [0,
1], and we extend of Qa(t) and Ea(t) in Eq. (6) to approximate
the solution.

Resl,a(t) = Z]oco=1 K aK(a) (t— tO)K_l
X, Y=o (@) (t—to)*,

+h1'a( Yk=0 D (@) (t — o) )

Resz,a(t) = }ocozl KbK(O() (t - tO)K_l
X, ZE:O aK((x) (t - to)K
+h2’°‘< Yk=o bi(@)(t—tp)* )

(8)

We put t = t, in Eq. (8) to get the first approximate and
USing Reslya(to) = Resla(to) = 0.

a1(@) = hyq (to, 29(c0, bo(c))

(©)
b1(00) = ha ( to, 29(c), bo(@))

The first approximation of Egs. (3) and (4) can be
represented as follows using the 1st - truncated series:

W © = Gulto) +hug (£, Gut9),G, (1)) (= )
W5, © = G0 + My (£, Gult9) G, (1)) (£ = t0)

Then using Res’; ,(tg) = Res’; o (t,), we differentiate Eq.
(8) with regard to t to determine the second approximation and
the results are as follows:

a2(0) = 3|3y (to, 20(@), b)) +
1(@) 57y (to, Go(a), by(@))
+ by(@) 52 e (8, 00(@), bo(@)|

by(a) = %[% e (to, ao(@), by (a))
+a1(0) 52 hye (to, ao(@), bo(@))

+ (@) 5= iy (to, 20(@, bo(@)|

(10)

The second approximation of Egs. (3) and (4) can be
represented as follows using the 2nd - truncated Series:

W O = Galt) + M 0, Gut0). 5, (1)) (= o)

+l ai hyq (toﬁa(to),ga(to))
+ h1a<to Ga(to), G, (to)) 3G h1a(to Ga(t0), G, (to))

+ h2a<to Gu(t), G (to)) § h1a(to Gu(t0), G (to))] (t—tp)?

1982

v ,©= Go(to) + hyg ( to, ga(to),ga(to)) (t—to)
1{a _
+5 2 |5t hy o (to,ga(to). ga(to))

i (10,600 5,00)) 50 P (10, 60(t0).5,00))

6
+hy (to Ga(t0), G (t0)> § hy « (to Ga(to), G, (to))] (t—to)?

Then using Res’; (ty) = Res’, o (o), we differentiate Eq.
(8) with regard to t to determine the third approximation and
the results are as follows:

az(a) =%[% h1,a(to, ag(a), by (05))
+ag(@)5e i to, 20(@) , bo(@))
+b2(@) 55 R to, 20(@), bo(@))

bs(@)=3 [at ha,a(to, ao(@) , bo(a))
+ (@52 hae(t0, 20(@), bo(@)

—

(11)

+b2(@) 5 haa(to, 60(@), bo(@)|

The third approximation of Egs. (3) and (4) can be
represented as follows using the 3rd - truncated series:

Voes © = Galto) +hra( t0,6060),G,(t0)) (¢ = to)
+212 hyg (to Ga(t0), G (1)) +
hy <t0 Ga(to), Q (to)> hiq (to Ga(to), g (to)) +

P (t0,G(t0). 5 00)) 1 P (t0,64(t0). G 10|
(t - to)2
o5 (10,6400 5, 00))

ay(a) Z hiq ( to, ga(to) Q (to)
+

+ by () 5 hy (to,ﬁa(to):ga(to))] (t—to)?

W5, © = G0 + My (£, Gut0), G (1)) (t = 1)
22 o (10, 6ulto) 5, (00)) +
(to, Ga(to), G, (t )) % hy . (to, Galto), Gy (to )) n
(t0,9(t0) G0 €0)) = e (0,600 G 50|
e O Wt
AT CYACONACH)

+ 2202 by (t0,6u(t) G, (1))
aga 0 , Ja 1 I o

hl,tx

h .«

d _
+ b, () E hy (to,ga(to ), G, (t ))] (t—to)?

o



Then using Res’; o (ty) = Res’, o (to), we differentiate Eq.
(8) with regard to t to determine the fourth approximation and
the results are as follows:

24(@) = 5 |5 By (o, 20(@), bo(@)) +
h1a(t0 (o), bo(a))
by (@) 5 by (t, 20(e0, bo(@)|
ba(e) = = [ hz (to, a0(0), bo(0))
+a3(e) 3 Mo (t0,20(@), bo(c0))

hZa(to ap(a), bo(a))]

33(0‘)

(12)

+ bs (0‘)

The fourth approximation of Egs. (3) and (4) can be
represented as follows using the 4th - truncated series:

W5 O = Galto) + e o, Guto). G () ) (= o)
2 [% o (t0,Gal0) Gy (60 ) +
o (£, Ga(80)Got0)) 5o o (t0,Get0) G (80)) +
o (t0,G0(60) .50 (80)) 72 B (0, 6ulto) G (80D
(6= t0)? +2[2 My (to, Gulto) G, (1))
+ 25000 70 Mo (t0, G601 G, (1))
+by(@) 7= hm(t0 Gu(t0),Go(t0) )] (= t0)?
—[5 hm(t0 Ga(t0) G, (t0))
+ 25000 30 Mo (t0, G000, G (80
+b3(@) 7= hm(t0 Gu(t0) G (t0) )] (6= t0)*

= Gu(to)*ha ( o, Gulto). 5, (1)) (£~ )
215 o (0, 6ut0). G, 1)) +
(0, Gu(t). G (60) ) 5o e (t0, G602, G (00)) +
e (f0,Gu0.5, 00 ) e e (80, G105t
(6= t0)? + 2[5 ho (0, Gult0), G (00) ) +
320 72 Do (£, 6ut0). G, (80
+b,(00 72 iy (0, 6ut0). G, (t0) )] (6= 10)?
2 (0 Gult0). G (6
+ 5@ 72 Dy (f0,6ut0),5,())
+b3(@) 7 hy (10, Ga). 5, (1) ) 6= t0)*

LU ®

to find the approximate solution to BVP Egs. (3) and (4), we
substitute the n-th - truncated series W;_, (t) and Vs k(t) into

the Residual Eqg. (8) instead of the of expansion G, (t) and

G, respectively, to obtain G, (to) = Y5, P (t) and
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G, (t) = W5 Ote)s=n.

The foIIowing'theorem is an extension of the theorem [14]
that illustrates the RPS method's convergence.
Theorem 4.1: Assume that G, (t) and Ea(t) are the exact
solutions of the Egs. (3) and (4) in the sense of (1)-
differentiable. Then, the Taylor expansion of Qa(t) and Ea(t)

is the approximate solution that the RPSM yields.
Proof: Assume that Egs. (3) and (4) have the following
approximate solutions:

Qa(t) = ap(a)+a ()t —t) + a(a)(t—ty)?

_ +az(a)(t—1t)* + ay(@)(t—ty)*

ga(t) = bo(a)+ by (@) (t — to) + by () (t — to)?
+ b3 (@) (t —to)® + by(e)(t —to)*

(13)

the coefficients a, and b,. in Eq. (13) are display as follows:

3@ = 2 6.9 (@) @ =2 G () (1)

where, ga(t) and Ea(t) are the exact solutions of Egs. (3) and

4),vx=0,1234, a € [0, 1], It's clear that for k = 0 the
boundary conditions (4) yield ay(a) = Qa(to) and by (a) =

?a(to) and where « =1, we obtain h, (to, Qa(to),ga(t0)> =

G'(to), and by (£, Ga(t0), G (t0) ) = G alto). And, from
Eqg. (3), we can get:

Ga(®) = Ga(to) +ar(@)(t —to) + az(c)(t —t)?
+az(@)(t—to)® + as(a)(t —to)*
=G (t)+ by (@) (t — to) + by () (t — t,)°
+ b3 () (t —to)* + by () (t —to)*

_ 15
. (1)

We set t = t, and by substitution Eq. (15) in Eq. (3) we can
obtain:

ag(a) =hyq (to Ga(to), G (to)) =
by () = hyq (tOIQa(to);ga(to)>

«(to),
«(to)

g
— (16)
g

Furthermore, the differential of Eq. (3) with regard to t can
be obtained for k=2:

G"a(® = 2 by (£.6u(0.5,0)

o) 50 e (£6a(0.5,0)

T2 hae (£ 60.5,0)

§e(® = 3 b (1. 6ul0,5,0)

+6a® 5 s

2by(0) =

(7)

——

O RORAC
% (10, Gu60). G, 10))
+Galto) 5 Do (t0:GaCt0). G, (1))
LA CHP O (R CONACHY

Substitute t = t, into the Eq. (17), we can obtain:



N———

G alte) = 2 by t0, Gulto). G o)

+G olto) 3 s % o (0.Gult0). 5, 00)

(
+5'ulto) = hm(t | Gat), G (t0)
“ulto) = hm(t | Ge0), G ()
4G ult) 5 hm(t | Gu0), G ()

(18)

~  N—— v N s

+g a(to) @ hz,a (tO' Qa(to)' Ea(t0)>

We can construct the approximation system of Egs. (3) and
(4) according to Egs. (15) and (16) as follows:

got(t) = Qa(%)"‘gla(to)(t - tO)
+ ay () (t—to)* +

G = G_(to) +G'alto)(t — to)
+ by () (t—tg)2 + -

(19)

by substitution Eq. (18) in Eq. (17) and put t = t, we get

22,(0) = 2 Moo (t0,.Get0), G (1))
When we compare Egs. (18) and (22) we obtain:

2,(0) = =G o(to)

b, (0) =G a(to) 0

Similarly, the differential of Eq. (3) with regard to t can be
obtained for k =3:

§a® = ghoe (66.©.5,0)
4670 76 b (£ 6.0.6,00)
4507 Mo (8.6:(0.6,0
+Go(0 5 o (6.6
450 by (g(og(t)
§0(® = % o (0.6
4670 70 o (1.6 (t).gam)
HG a0 50 N (£ 6a0,G,0) +
6O 7 Mo (£ 6u(0.5,0)
45 a0 5= M (£ 6a0,5,0)

(21)
)

We can construct the approximation system of Egs. (3) and
(4) according to Egs. (15), (16) and (20) as follows:

Ga(®) = Gal(to) +

6 alt0)(E— )5 6 (1)t~ ) (22)
+az(a)(t—1tp)* +

1984

6.0 = G_(to) + G a(to)t— t)
+2G" (to)(t—to)z + b3(@)(t—to)* +
Galt0) 50 e (f0, Galt0). G, ()
+6'a(60) 7 b (10, 6uto). G, (60
2b2(@) = 5 Mo (10 Gulto). G, (1)) +
G alto) 50 Mo (0, Gut0), G, ()
T ulto) 2 o (f0 6ul00).5, ()

(23)

by substitution Eq. (22) in Eq. (21) and put t = t, we get:

a _
65(0 = o by (t0.Gu60). (1))
+G'ato) 5 iy (t0,.Ga60). G, (t0)

~——

aga
4G 0(60) 72 M (10, Guto) 5, (t0)
G005 My (80, Gult0). G, (50)
+?'a(to)i b (10 G 40).5, 00)
6300 = 3 Mo (f0 Gult0), G, 60)
+Ga(t0) 1 Do (10, Gul0) G, (00
4G2(60) 72 e (10,Ga(t0). G, (80
+6' a(to)a hZa(to Galto), G lto

45t 7 Mo (10, 6u 6.5, (10)

~_ — —

N S ~— ——— ——

24

When we compare Eqgs. (24) and (21) and sett = t,, we

obtain:

a3(@) = =G""a(to)
b3(0) =G (to).

(25)

Similarly, the differential of Eq. (3) with regard to t can be

obtained for k=4

G al® = 2 Mo (5. 6ul0,5,0)
4G 5 M (£ 60.5,0)
(¢ )

a5 hia (6620, 5,0
+G a<t)—hm( 6©.5,0)
457055 hu (660.6,00)
G (05 hm( «(.6,0)
5O 5 i (660,5,0)
§a(® = hza( G®.5,0)
460 5 Do (6609.5,0)
450 7 o (£.6a.5,0)
467056 o (1.6a(0.6,0)
45O 72 bz (660.5,00)
+G" a(t)—hm( Ga (D, G, )

(26)



We can construct the approximation system of Egs. (3) and
(4) according to Egs. (15), (16) and (25) as follows:

Ga(®) = Go(to) +9’ (to)(t — to)
+= 9 W)t —to)? + = g (o) (t—t)?
_ +a (o) (t— t0)4
G =G _(to) + G a(to)(t — to)
+2G"a(to)(t = £)? + =G4 (to). (t — to)?
+ by (@) (t —to)*

27

Substitution Eq. (26) into Eq. (27) and setting t = t,, we
obtain:

122,000 = 3¢ o (0, Gulto). G, (t0))
4G alto) 5o (0 Gut0). G ()
+G'a(to) % hy« (to.ga(to)@a(to)) +
6 ulto) 5o My (0 Gulto). G, ()
F G ) 1 M 0,600, G, 1)
G at0) 3 Mo (10, Gult0). G, (1))
G a(t0) 5o e (10,60 10). 5, 00))
12,0 = 3 o (0. Ga(60), G, (1)
+Gu(t0) - hm( «(t). G, (%))
4G o(t0) 72 Dz 10,660, G, (1))
46" (to) 70 hm(t 660, G ()
4G a(t0) 52 b (0. Ga(60), G, (1)
+G7u(0) 5 N (F0 Gult0). G ()
4G ult0) 72 N 10,600 5, (10))

(28)
to, G,
to, G,

g
to, .

By setting t = t, and comparing Egs. (26) and (28), we can
conclude that a,(a) = —g «(to) and  Dbu(a) =

1 =i
Eg a(to)-

Corollary 4.1 [20]: The exact solution will be accessible from
the RPSM if either G, (t) or Ea(t) is a polynomial.

5. NUMERICAL EXAMPLES
Consider a fourth-order linear FBVP:
GHM -G =4ete[0,1] (29)

With fuzzy boundary conditions:

5(0) = [0(12 —(X]
G =[(a+1e, (3 —ae]’ (30)
Vae[01]

G'(0)=[a+2,4—q]
G"(M) =[(a+3)e,(5—we]

The solution of eigenvalue and eigenvector are as follows:
Goe® = (et (a+t),ef2—a+1)
Solution of G together with a —levels: G, (t) =[G(1),G (D],

a € (0, 1]. Therefore, we suppose that the problem to the
following solutions in the lower case g:

GPM® -G =4e 31)
with boundary conditions:

G(0) =, G(1) = (a+ D,

G'(0) = a+2,G"(1) = (a+3e (32)
The solution of the series about t,=0 is obtained.
Let:

G(®) = 2o (t— 0 =X a, t© 33)

=ap+a;t+at?+astd+-

Now, the first four coefficients are computed under
boundary conditions:

G(0) = a=ag+a;(0) +a,(0)% +az(0)3+ - =a,
g_”(t) =Y, k(k — Da, t“? =2a, + 32azt + -
B oa+2

2

a+2=G"(0)=2a, »a, =

Similarly, the third derivative:

G0 = N2 Kk — 1)k — 2)a, t
=6a; +4(3)2a,t+ -
G'(0) = G(0) +4
a+4

6a; =a+4—>a;=——

(x+3)e—2a-6

and s0 G'(1) = 2a, +6az + 12a, = (a + 3)e; a, = 5 )

g(1) =ap+a;+a+az+a, = (a+1e:

11 3 3 7  (1la+9)e—-18a—14
a;=|—a+-)Je—-a—-= ————
12 4 6 12

Thus, we use Eq. (33) to solve for Eg. (31), we get
Yo o k(k—1D(k—2)a, t"3-Y2 a,.tc=4¢

Standard form of the first power series as:

— ¥ pati=4et

Z ((k+3)(k+2)(k+ Dayys —a )t =4et
k=0

Yieo (K +3)(k+ 2)(k + Day3 th

This must be removed for each t, so the total coefficient
must be removed for each power of t* separately:

(kK+3)(kK+2)(k+ Day; —a, =0Vk



I S
(k+3)(k+2)(k+1) Vi
Similarly, suppose that the problem with the upper

solution G is as follows:

We conclude that a,.,.5 =

GWE -G =4e (34)
With boundary conditions:

G0 =2-0,G(1) =B = e, (35)
G0 =4-a,"()=(-we

the solution of the series about t,=0 is obtained.
Let:

g(t) = Ym0 by (t = 0)* =Xy b, t* (36)
=by + byt + byt? + bgt3 + -

Now, the first four coefficients are computed under
boundary conditions:

2 —a=G(0) = by + by (0) + b,(0)2 + b3(0)® +
G'()=Y%, k(i — 1)d, t“72 =2d, + 32dst + -

— 4—a
4—(X=g”(0)=2b2 _)bzz 2

bo

Similarly, the third derivative:

G0 = Tz k(< — D)(k — 2)b, t*73
= 6b3 + 4(3)2b4t + A
G"(0)=6(0)+4
6b; =2—a+d > by = ==
And so

G'(1) = 2b, + 6bs + 12 b, = (5 — ae
b _(5—a)e+2(x—10

B v 12

g(l)— b0+b1+b2 +b3 +b4=(3—0()e

3 25 (—11a+31)e+18a—50
by = (Fyat+ e+ la—2 = IR

Thus, we use Eq. (36) to solve for Eq. (34), we get:
— Xx=o by t“ =

Standard form of the first power series as:

Tizs k(e — (k= 2)b, t*°

Yo (K +3)(k+ 2)(k + 1)b, 5 t*
2o (K+3)(k+ 2)(x+ Dbyys —

— Yz bt =4ef
b )t* = 4 et

This must be removed for each t, so the total coefficient
must be removed for each power of t* separately:

k+3)(k+2)(k+ 1)by3 — b, =0,Vk
We conclude that:

dy
bets = LT D+ DD

There are eight cases of fuzzy solutions (n, m, 1, s) for fuzzy
DE Eqgs. (29)-(30), as follows:

Case I: Given the first case in Algorithm 3.3, we get the
following solutions:

Vg, (O =a+ ((%a+%)e—%cx—%>t+a7+2 t* +
a+4 t3 + (a+3)e—2a-6

12

-11 3 25
l|J§m3(t) =2-w)+ ((?a+1 )e+ oc—?)t+

4-a t2 +ﬂt3 + (5-a)e+2a—10 t4
2 6 12

t4—

Case 11: Consider the second Case in Algorithm 3.3, we get
the following solutions:

9a=a+((%a+ )e—Ea——)t+—t2+ =t +

(5—a)e+2a—-10 t4
12

C =2 EUNE _25) 492
G,=~2 (x)+<(12a+1)e+ a 6)t+ L
o(_+4t3+(oc+3)e 20(6t4,

6 12

Case I11: Consider the third Case in Algorithm 3.3, we get the
following solutions:

Ga ‘a+(c;a+3)e——a——)t+a—+2 +22 6+
(5-a)e+2a—10

12
Ea:(Z—a)+<(_1—1210(+ )e+ a—£> +—t2+
(a+3)e—20-6

£ %3 (01302076 s
6 12

t*

Case 1V: Consider the fourth Case in Algorithm 3.3, we get
the following solutions:

Qa:(x+((%(x+ )e—ga——) +— -|-6_Ta
(a+3)e-2a—-6
12

3+

t4—
Ea:(z—(x)+((_1—121a+i;)e+ a—%)t+a7”t2+
a+d 3 (5-a)e+2a—10 t4

t+
6 12

Case V: Consider the fifth Case in Algorithm 3.3, and we get
the following solutions:

ga=a+<(%a+ )e——a——)t+ +6_Tat3+
(a+3)e— 20(6t
12
= -11 3
ga—(Z—a)+((?a+1)e+ a——)t+— +
(x_+4-t3+(5—a)e+2(x 10 t4_
6 12

Case VI: Consider the sixth Case in Algorithm 3.3, we get the
following solutions:

ga=a+((%a+%)e—§a—%)t+4;—a t2+°(T+4 t +
(5-a)e+2a—10 t4
12
a+De+d a—%)t-l—“T” t2 +

Go=@-a+((2
sy
6

(a+3)e 20-6
12

t4—

1986



Case VII: Consider the seventh Case in Algorithm 3.3, we get
the following solutions:
7

4 a+4

ga=a+<(%a+%)e—%a—g)t+%at2+Tt3+
(a+3)e—2a-6 t4
12
G =(2 — a3 3a=2% a2 2
G, =2 a)+<(12a+12) +sa 6)t+ St

6—a
6

(5—a)e+20—10 t4
12

t3 +

Case VIII: Consider the eighth Case in Algorithm 3.3, we get

the combination of Gand G as G (t) = [§.,G], for each a €(0, 1]
and t€[0, 1]. Itis evident that for « =1, we obtain G(t)= G(t),

which is the same precise solution to the non-fuzzy boundary
value problem. Table 1 displays the outcomes of the
calculations for the example shown above and is distilled into
the following in Figure 1.

Table 1. An analysis of the results of the lower and upper
solutions of Egs. (29)-(30)

; : t G(t, a) G, o E(t, o)
the following solutions 0 B g(l ) 1
0.1 1.2022 1.2022 1.2157
Gy =+ ((Ea n E) e_3q_1 ) P82 2, 6=%s 0.2 1.4398 1.4398 1.4657
= 12 4 2 6 2 6 0.3 1.7186 1.7186 1.7548
(5-cje+2a-10 4 0.4 2.0450 2.0450 2.0886
_ PR s s —a 0.5 2.4260 2.4260 2.4731
G =R-a)+|(—a+=)e+-a—=)t+— t> + 0.6 2.8693 2.8693 2.9154
a 12 12 2 6 2
ed k o 0.7 3.3830 3.3830 3.4234
3 a+3)e—-2a-6 4
— P+t 0.8 3.9758 3.9758 4.0060
0.9 4.6570 4.6570 46732
The fuzzy solution of the FBVP Eq. (29) is represented by 1 5.4366 5.4366 5.4366
Solution (upper and lower)
30
25 e
/ =¥ 0=0.7(upper)
20 —
/ a=0.7(lower)
15 / a=0.3(upper)
10 ‘ a=0.3(lower)
5 M_fw ~—a=1
0 ——
0O 01 02 03 04 05 06 07 08 09 1

Figure 1. RPSM solution of Egs. (29)-(30) for many values of o

6. CONCLUSIONS

In this paper, we present the following conclusions:

1. It is suggested that an algorithm be built to resolve fuzzy
BVPs. In order to solve a fourth-order FBVP with fuzzy
boundary conditions, the offered problem is treated by
depending on RPS, which fields appropriate and useful
solutions in a variety of applications.

2. The outcomes can be verified using a=1, where the upper
solution and lower solution must be equal.

3. FBVPs can be seen as a popularization of the non-fuzzy
boundary value issues since the fuzzy solution can be obtained
from the non-fuzzy solution by setting a=1.

4. The proposed method "residual power series" proved
valid in solving FBVPs.
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NOMENCLATURE

FBVPs

Fuzzy Boundary Value Problems

FDEs Fuzzy Differential Equations
RPSM  Residual Power Series Method
Res Residual functions

Greek symbols

o Fuzzy level sets

Vg, . then-th-truncated series

T Element of fuzzy membership function
Subscripts

N Point index in the interval

Ga a-level set of a fuzzy set §

g Fuzzy set





