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In this paper, the advantages of using adaptive controllers in active vehicle suspension 
systems to improve passenger comfort and safety are investigated. Based on Lyapunov 
analysis, the adaptation law of the controller is derived, where it uses the road profile and 
vehicle response to calculate the required control force. One of the advantages of the 
proposed controller is that it relies on a single tuning parameter, γ. In order to validate the 
proposed controller, MATLAB simulations are used to compare the performance of the 
proposed adaptively controlled system with that of both the uncontrolled and optimal 
controlled systems. The results show that the value of γ has significant effects on peak 
overshoot and the settling time of both vehicle displacement and acceleration. 
Furthermore, the results show a significant improvement between the adaptively 
controlled system and the uncontrolled system, with peak overshoot reductions of 44.6% 
and settling time reductions of 36%. The results also show that the adaptively controlled 
system proves its advantage by outperforming the optimal controlled system when dealing 
with large disturbances, but unfortunately, the adaptively controlled system typically 
requires a greater control force, twice as much as the optimal controlled system. Finally, 
the proposed adaptive controller exhibits remarkable performance and adaptability in 
responding effectively to changes in system parameters. This implies that, under many 
operational circumstances, it may be a trustworthy choice that ensures both the vehicle's 
safety and the comfort of its occupants. 
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1. INTRODUCTION

A vehicle suspension system connects its body to its wheels
using mechanical and electrical elements. The main 
responsibility of this system is to regulate how the tires interact 
with the road so that the car may be stable and safe while the 
occupants can ride comfortably [1]. 

These days, automobiles may have three basic kinds of 
suspension systems: active, semi-active, and passive. Every 
kind has its own approach to doing its job of enhancing the 
car's reaction to road conditions and providing comfort to its 
occupants [1-4]. 

The passive suspension mechanism is an old-fashioned one. 
It reduces the vibrations in automobiles through shock 
absorbers and springs, which have certain values. This kind of 
suspension system provides a basic degree of stability and 
comfort, but its performance may not be at its best under all 
driving circumstances [5]. 

A semi-active suspension system, on the other hand, 
consists of a rheological damper or another shock absorber 
with adjustable damping capacity. Typically, a controller 
included in a semi-active suspension system adjusts the shock 
absorber damping capacity to ensure safe and enjoyable riding. 
Semi-active systems lack the power of active systems, even if 
they are more flexible than passive ones [6, 7]. 

The most complex suspension systems are active. By using 
controllers, electronic sensors, and actuators, these suspension 

systems actively manage how the car reacts to road 
irregularities using comptroller, electronic sensors, and 
actuators. Usually, to alter the performance of the car, the 
controller manages the force magnitude of the actuator to alter 
the car's efficiency. This implies that the car's dynamics 
change depending on road conditions and the vehicle's status. 
This kind of suspension can work correctly even in cases 
where mechanical factors like stress and fatigue alter the 
suspension characteristics. They may successfully compensate 
for road imperfections and preserve correct operation [8-11]. 

Suspension systems generally use control algorithms to 
enhance ride comfort, stability, and safety. These algorithms 
use sensor data to calculate the appropriate suspension system 
modification. This modification can affect either the force the 
actuator delivers in an active system or the damping capacity 
in a semi-active system, as previously mentioned. Optimal and 
adaptive control algorithms are the two basic categories of 
controllers. Optimal control aims to optimize the controller 
parameters for a specific performance by taking into account 
system dynamics and disturbances. On the other hand, 
adaptive control measures system dynamics and disturbances 
and uses them as inputs to the adaptation law to repeatedly 
update the controller parameters [12]. 

There are still many obstacles to overcome and chances for 
improvement, even if the area of adaptive control for active 
suspension systems has advanced significantly. In order to 
further current understanding, this work presents an adaptive 
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controller based on state feedback control that dynamically 
modifies the suspension system's reaction to road 
circumstances. Adaptive control in active car suspension 
systems has been the subject of many published techniques 
and approaches to achieve consistent suspension system 
performance at various road imperfections. Proportional-
integral-derivative (PID), sliding mode control (SMC), and 
fuzzy logic control (FLC) are among the numerous control 
strategies previously studied. Each of these approaches has 
pros and cons of its own. 

PID controls are simple to implement in suspension systems 
to improve their performance and stability. However, 
implementing PID control in suspension systems presents 
numerous challenges, including gain tuning and nonlinearities. 
Usually, adaptive control approaches adjust the PID 
controller's gains based on specific adaptation rules that 
consider the vehicle's condition [13-18]. 

On the other hand, using sliding mode control (SMC) in 
suspension systems provides reliable functioning in the face of 
uncertainties and disturbances. By creating a stable sliding 
surface, the controller ensures effective responses to various 
traffic scenarios. This approach greatly enhances both vehicle 
control and safety, but unfortunately, chatting with SMC 
might have a negative effect on ride comfort [19-30]. 

Alternately, fuzzy logic controllers (FLCs) find use in 
automotive suspension systems [31-39]. Moreover, a number 
of research publications integrate FLCs with SMCs or PID 
controllers. This is because FLCs can improve the 
performance of these controllers in complex and uncertain 
situations by resolving their shortcomings. FLCs provide these 
controllers with extra robustness and effectively address 
nonlinearities [40-57]. 

Many published works use inertial profilers, or LIDAR, to 
detect road imperfections. Recently, there has been a trend to 
use the suspension response itself as an input for the controller, 
utilizing onboard sensors such as accelerometers and 
potentiometers [58-64]. 

This work attempts to further develop the adaptive control 
of active suspension systems by presenting a novel adaptive 
controller that operates depending on the measurement of both 
road profile and suspension response. The adaptation 
mechanism of the proposed controller will be derived based on 
Lyapunov's stability analysis. An optimal controller (LQR) for 
the suspension system will be introduced in order to validate 
the proposed adaptive controller. Also, MATLAB will be used 
to simulate and analyze the proposed adaptively controlled, 
optimally controlled, and uncontrolled suspension systems. 
All three systems will be assessed for their performance across 
various road profiles and system uncertainties. At the end, the 
results, limitations, and capabilities of the proposed controller 
will be reviewed. 

2. MATHEMATICAL MODEL

In vehicle engineering, a quarter-car model is a shortened
approximation that studies the dynamic behavior of a 
suspension system. This study uses the controlled quarter-car 
model, as illustrated in Figure 1. Within this model, the control 
force is represented by u(t), the vehicle body displacement by 
yb(t), the wheel displacement by yw(t), and the road profile by 
yr(t). 

Figure 1. Illustration diagram of the controlled suspension 
system 

Using Newton's second law, the governing equations of the 
vehicle body can be expressed as: 

𝑀𝑀𝑏𝑏𝑦̈𝑦𝑏𝑏(𝑡𝑡) + 𝑏𝑏𝑠𝑠(𝑦̇𝑦𝑏𝑏(𝑡𝑡) − 𝑦̇𝑦𝑤𝑤(𝑡𝑡)) + 𝑘𝑘𝑠𝑠(𝑦𝑦𝑏𝑏(𝑡𝑡) −
𝑦𝑦𝑤𝑤(𝑡𝑡)) = 𝑢𝑢(𝑡𝑡)  (1) 

and, for the wheel, it can be written as: 

𝑀𝑀𝑤𝑤𝑦̈𝑦𝑤𝑤(𝑡𝑡) + 𝑏𝑏𝑠𝑠�𝑦̇𝑦𝑤𝑤(𝑡𝑡) − 𝑦̇𝑦𝑏𝑏(𝑡𝑡)� + 𝑘𝑘𝑠𝑠�𝑦𝑦𝑤𝑤(𝑡𝑡) −
𝑦𝑦𝑏𝑏(𝑡𝑡)� + 𝑘𝑘𝑡𝑡�𝑦𝑦𝑤𝑤(𝑡𝑡) − 𝑦𝑦𝑟𝑟(𝑡𝑡)� = −𝑢𝑢(𝑡𝑡)  

(2) 

where, the masses of the body of the vehicle and its wheels are 
denoted by Mb and Mw, respectively. Moreover, the damping 
coefficient of the suspension system is denoted by bs; the 
stiffness of the suspension and the tire are denoted by ks and kt. 

Assuming x1(t)=yb(t), 𝑥𝑥2(𝑡𝑡) = 𝑦̇𝑦𝑏𝑏(𝑡𝑡) , x3(t)=yw(t), and 
𝑥𝑥4(𝑡𝑡) = 𝑦̇𝑦𝑤𝑤(𝑡𝑡), then substituting these into Eq. (1) and Eq. (2) 
gives:  

𝑥̇𝑥2(𝑡𝑡) = − 𝑘𝑘𝑠𝑠
𝑀𝑀𝑏𝑏
𝑥𝑥1(𝑡𝑡) − 𝑏𝑏𝑠𝑠

𝑀𝑀𝑏𝑏
𝑥𝑥2(𝑡𝑡) + 𝑘𝑘𝑠𝑠

𝑀𝑀𝑏𝑏
𝑥𝑥3(𝑡𝑡) +

𝑏𝑏𝑠𝑠
𝑀𝑀𝑏𝑏
𝑥𝑥4(𝑡𝑡) + 1

𝑀𝑀𝑏𝑏
𝑢𝑢(𝑡𝑡) 

(3) 

and 

𝑥̇𝑥4(𝑡𝑡) = 𝑘𝑘𝑠𝑠
𝑀𝑀𝑤𝑤

𝑥𝑥1(𝑡𝑡) + 𝑏𝑏𝑠𝑠
𝑀𝑀𝑤𝑤

𝑥𝑥2(𝑡𝑡) − �𝑘𝑘𝑡𝑡+𝑘𝑘𝑠𝑠
𝑀𝑀𝑤𝑤

� 𝑥𝑥3(𝑡𝑡) −
𝑏𝑏𝑠𝑠
𝑀𝑀𝑤𝑤

𝑥𝑥4(𝑡𝑡) − 1
𝑀𝑀𝑤𝑤

𝑢𝑢(𝑡𝑡) + 𝑘𝑘𝑡𝑡
𝑀𝑀𝑤𝑤

𝑦𝑦𝑟𝑟(𝑡𝑡) 
(4) 

Now, rewriting the differential equations presented in Eq. 
(3) and Eq. (4) in matrix form, such as:

⎣
⎢
⎢
⎡𝑥̇𝑥1

(𝑡𝑡)
𝑥̇𝑥2(𝑡𝑡)
𝑥̇𝑥3(𝑡𝑡)
𝑥̇𝑥4(𝑡𝑡)⎦

⎥
⎥
⎤

=

⎣
⎢
⎢
⎢
⎡

0 1 0 0
− 𝑘𝑘𝑠𝑠

𝑀𝑀𝑏𝑏
− 𝑏𝑏𝑠𝑠

𝑀𝑀𝑏𝑏

𝑘𝑘𝑠𝑠
𝑀𝑀𝑏𝑏

𝑏𝑏𝑠𝑠
𝑀𝑀𝑏𝑏

0 0 0 1
𝑘𝑘𝑠𝑠
𝑀𝑀𝑤𝑤

𝑏𝑏𝑠𝑠
𝑀𝑀𝑤𝑤

− �𝑘𝑘𝑡𝑡+𝑘𝑘𝑠𝑠
𝑀𝑀𝑤𝑤

� − 𝑏𝑏𝑠𝑠
𝑀𝑀𝑤𝑤⎦
⎥
⎥
⎥
⎤

�

𝑥𝑥1(𝑡𝑡)
𝑥𝑥2(𝑡𝑡)
𝑥𝑥3(𝑡𝑡)
𝑥𝑥4(𝑡𝑡)

� +

⎣
⎢
⎢
⎢
⎡

0
1
𝑀𝑀𝑏𝑏

0
− 1

𝑀𝑀𝑤𝑤⎦
⎥
⎥
⎥
⎤

𝑢𝑢(𝑡𝑡) +

⎣
⎢
⎢
⎢
⎡

0
0
0
𝑘𝑘𝑡𝑡
𝑀𝑀𝑤𝑤⎦
⎥
⎥
⎥
⎤
𝑦𝑦𝑟𝑟(𝑡𝑡) 

(5) 

and 
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⎣
⎢
⎢
⎡
𝑦𝑦1(𝑡𝑡)
𝑦𝑦2(𝑡𝑡)
𝑦𝑦3(𝑡𝑡)
𝑦𝑦4(𝑡𝑡)⎦

⎥
⎥
⎤

= �

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

�

⎣
⎢
⎢
⎡𝑥𝑥1

(𝑡𝑡)
𝑥𝑥2(𝑡𝑡)
𝑥𝑥3(𝑡𝑡)
𝑥𝑥4(𝑡𝑡)⎦

⎥
⎥
⎤
 (6) 

As a result, the state space model for the suspension system 
provided in Eq. (5) can be written as:  

𝑥̇𝑥(𝑡𝑡) = 𝐴𝐴𝐴𝐴(𝑡𝑡) + 𝐵𝐵𝐵𝐵(𝑡𝑡) + 𝑊𝑊𝑦𝑦𝑟𝑟(𝑡𝑡) (7) 

where, x(t) represents the state variable of the system, and y(t) 
is the output state, which may be stated as: 

𝑦𝑦(𝑡𝑡) = 𝐶𝐶𝐶𝐶(𝑡𝑡) (8) 

Given here is the system matrix A: 

𝐴𝐴 =

⎣
⎢
⎢
⎢
⎡

0 1 0 0
− 𝑘𝑘𝑠𝑠

𝑀𝑀𝑏𝑏
− 𝑏𝑏𝑠𝑠

𝑀𝑀𝑏𝑏

𝑘𝑘𝑠𝑠
𝑀𝑀𝑏𝑏

𝑏𝑏𝑠𝑠
𝑀𝑀𝑏𝑏

0 0 0 1
𝑘𝑘𝑠𝑠
𝑀𝑀𝑤𝑤

𝑏𝑏𝑠𝑠
𝑀𝑀𝑤𝑤

− �𝑘𝑘𝑡𝑡+𝑘𝑘𝑠𝑠
𝑀𝑀𝑤𝑤

� − 𝑏𝑏𝑠𝑠
𝑀𝑀𝑤𝑤⎦
⎥
⎥
⎥
⎤

 (9) 

One may state the input matrix B as: 

𝐵𝐵 = �0
1
𝑀𝑀𝑏𝑏

0 − 1
𝑀𝑀𝑤𝑤
�
𝑇𝑇

(10) 

The reference matrix W can be written as: 

𝑊𝑊 = �0 0 0 𝑘𝑘𝑡𝑡
𝑀𝑀𝑤𝑤
�
𝑇𝑇

(11) 

At last, one may depict the output matrix C as: 

𝐶𝐶 = �

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

� (12) 

These matrices will be very important for the next parts that 
create the proposed adaptive controller. They will be used in 
MATLAB to model the optimal controller as well. The 
performance of the proposed controller is to be assessed using 
this simulation.  

3. ADAPTIVE CONTROLLER

Figure 2. Functional block diagram of the proposed adaptive 
controller 

The functional block diagram shown in Figure 2 illustrates 

the proposed controller's configuration. The control process 
begins by measuring the vehicle states x(t) and comparing 
them with the desired states xd(t) in order to calculate the error 
signal e(t) that is used with the measured road profile yr(t) to 
deduce the required controller parameters based on the derived 
adaptation law. These parameters will then be used by the 
proposed control law to compute the control force u(t) that will 
work quickly to bring the vehicle states x(t) into the desired 
states xd(t). This control process is repeated continuously 
during motion to improve passenger comfort. 

The error e(t) is assumed to be: 

𝑒𝑒(𝑡𝑡) = 𝑥𝑥(𝑡𝑡) − 𝑥𝑥𝑑𝑑(𝑡𝑡) (13) 

In suspension system applications, the desired state xd(t) of 
the vehicle is assumed to be zero to prioritize passenger 
comfort. Consequently, Eq. (13) can be expressed as: 

𝑒𝑒(𝑡𝑡) = 𝑥𝑥(𝑡𝑡) (14) 

Therefore, the error rate of change 𝑒̇𝑒(𝑡𝑡) can be expressed as: 

𝑒̇𝑒(𝑡𝑡) = 𝑥̇𝑥(𝑡𝑡) (15) 

Substituting Eq. (7) into Eq. (15) yields: 

𝑒̇𝑒(𝑡𝑡) = 𝐴𝐴𝐴𝐴(𝑡𝑡) + 𝐵𝐵𝐵𝐵(𝑡𝑡) + 𝑊𝑊𝑦𝑦𝑟𝑟(𝑡𝑡) (16) 

Applying state feedback control theory, the control law can 
be expressed as: 

𝑢𝑢(𝑡𝑡) = −𝑘𝑘𝑟𝑟𝑦𝑦𝑟𝑟(𝑡𝑡) (17) 

where, kr represents the controller gain. Substituting Eq. (17) 
into Eq. (16) results in the following expression: 

𝑒̇𝑒(𝑡𝑡) = 𝐴𝐴𝐴𝐴(𝑡𝑡) + (𝑊𝑊 − 𝐵𝐵𝑘𝑘𝑟𝑟)𝑦𝑦𝑟𝑟(𝑡𝑡) (18) 

Eq. (18) illustrates the relationship between the system 
states, errors rate, and design factors. It stated that when this 
relationship, W=Bkr, is correct, there will be a direct 
connection between the states x(t) and the errors rate 𝑒̇𝑒(𝑡𝑡). 
This implies that as the states x(t) approach zero, so do the 
errors rate 𝑒̇𝑒(𝑡𝑡). Thus, the control law will be proposed based 
on this finding.  

In practical applications, wear, deformation, and friction 
may cause system parameters A and B to change over time. As 
a result, the gain kr is difficult to accurately calculate. To 
overcome this difficulty, the control law is rewritten as follows: 

𝑢𝑢(𝑡𝑡) = −𝑘𝑘�𝑟𝑟𝑦𝑦𝑟𝑟(𝑡𝑡) (19) 

where, 𝑘𝑘�𝑟𝑟(𝑡𝑡) is the estimation of the gain kr. Now, substituting 
Eq. (19) into Eq. (16), which gives: 

𝑒̇𝑒(𝑡𝑡) = 𝐴𝐴𝐴𝐴(𝑡𝑡) + �𝑊𝑊 − 𝐵𝐵𝑘𝑘�𝑟𝑟�𝑦𝑦𝑟𝑟(𝑡𝑡) (20) 

It can be noted that the estimation gain 𝑘𝑘�𝑟𝑟(𝑡𝑡) is varying with 
time, and they assumed to be expressed as: 

𝑘𝑘�𝑟𝑟(𝑡𝑡) = 𝑘𝑘𝑟𝑟 − 𝑘𝑘�𝑟𝑟(𝑡𝑡) (21) 
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where, 𝑘𝑘�𝑟𝑟(𝑡𝑡) is the error in estimating the gain kr. Substituting 
Eq. (21) into Eq. (20) gives: 

𝑒̇𝑒(𝑡𝑡) = 𝐴𝐴𝐴𝐴(𝑡𝑡) + �𝑊𝑊 − 𝐵𝐵𝑘𝑘𝑟𝑟 + 𝐵𝐵𝑘𝑘�𝑟𝑟(𝑡𝑡)� 𝑦𝑦𝑟𝑟(𝑡𝑡) (22) 

By plugging in the outcomes of Eq. (18) and Eq. (19) into 
Eq. (22) and making a few math simplifications, the 
expression transforms into: 

𝑒̇𝑒(𝑡𝑡) = 𝐵𝐵𝑘𝑘�𝑟𝑟(𝑡𝑡)𝑦𝑦𝑟𝑟(𝑡𝑡) (23) 

Now, Lyapunov stability analysis will be used to derive the 
adaptation law for the proposed controller. It begins by 
defining a suitable Lyapunov function, V(t), which leads to 
having the adaptation law that ensures the stability of the 
closed-loop system. The Lyapunov function is chosen such 
that its time derivative along the trajectories of the closed-loop 
system is negative semi-definite. Thus, the following 
candidate function can be proposed: 

𝑉𝑉(𝑡𝑡) = 1
2
𝑒𝑒2(𝑡𝑡) + 1

2
𝑘𝑘�𝑟𝑟2(𝑡𝑡) (24) 

The time derivative of the Lyapunov function can be written 
as: 

𝑉̇𝑉(𝑡𝑡) = 𝑒𝑒(𝑡𝑡)𝑒̇𝑒(𝑡𝑡) + 𝑘𝑘�𝑟𝑟(𝑡𝑡)𝑘𝑘�𝑟̇𝑟(𝑡𝑡) (25) 

The time derivatives of 𝑘𝑘�𝑟𝑟(𝑡𝑡) can be written as: 

𝑘𝑘�𝑟̇𝑟(𝑡𝑡) = −𝑘𝑘�𝑟̇𝑟(𝑡𝑡) (26) 

Substituting Eq. (26), and Eq. (23) into Eq. (25), which 
leads to: 

𝑉̇𝑉(𝑡𝑡) = 𝐵𝐵𝑦𝑦𝑟𝑟(𝑡𝑡)𝑒𝑒(𝑡𝑡)𝑘𝑘�𝑟𝑟(𝑡𝑡) − 𝑘𝑘�𝑟̇𝑟𝑘𝑘�𝑟𝑟(𝑡𝑡) (27) 

According to Lyapunov's direct method, stability of the 
system can be guaranteed if 𝑉̇𝑉(𝑡𝑡) goes to zero as time tends to 
infinity. Therefore, the following relationship should be 
provided: 

𝑘𝑘�𝑟̇𝑟(𝑡𝑡) = 𝐵𝐵𝑦𝑦𝑟𝑟(𝑡𝑡)𝑒𝑒(𝑡𝑡) (28) 

Substituting Eq. (10) and Eq. (14) into Eq. (28) and making 
a few mathematical simplifications yields: 

𝑘𝑘�𝑟̇𝑟(𝑡𝑡) = 𝛾𝛾𝑦𝑦𝑟𝑟(𝑡𝑡)𝑥𝑥(𝑡𝑡) (29) 

In this context, γ represents a constant. As γ is a positive 
definite constant, it ensures that 𝑉̇𝑉(𝑡𝑡) is zero, thereby ensuring 
the stability of the closed-loop system. Adjusting γ allows for 
fine-tuning of the controller's performance to align with the 
designer's preferences. 

4. OPTIMAL CONTROLLER

This section, Introducing the Linear Quadratic Regulator
(LQR) Optimal Controller, aims to examine how well the 
proposed adaptive controller works and what its features are. 
LQR is defined as a robust controller extensively used in 

designing feedback control systems for linear dynamic 
systems. It provides optimal performance and stability 
assurances. Due to its versatility, this controller finds 
widespread use across a variety of real-life applications [65]. 

To ensure precise regulation and tracking, it is assumed that 
the optimal controller's control law can be written as:  

𝑢𝑢𝑜𝑜𝑜𝑜(𝑡𝑡) = −𝑘𝑘1𝑥𝑥(𝑡𝑡) − 𝑘𝑘2𝑦𝑦𝑟𝑟(𝑡𝑡) (30) 

where, uop(t) is the optimal control force. Furthemore, k1 and 
k2 are optimal gain vectors. The essence of LQR control lies in 
seeking the optimal control action to efficiently stabilize the 
system. This goal is attained by minimizing a performance 
index termed J, represented as:  

𝐽𝐽 = ∫ �𝑥𝑥(𝑡𝑡)𝑇𝑇𝑄𝑄𝑄𝑄(𝑡𝑡) + 𝑢𝑢𝑜𝑜𝑜𝑜𝑇𝑇 𝑅𝑅𝑢𝑢𝑜𝑜𝑜𝑜�𝑑𝑑𝑑𝑑
∞
0   (31) 

where, Q is a positive semidefinite weighting matrix for the 
state variables x(t), and R is a positive definite weighting 
matrix for the control input uop(t). The goal of the LQR 
controller is to minimize this cost function by calculating 
selecting the control input uop(t) based on the state x(t) of the 
system. In this paper, the MATLAB Command ‘lqr’ will be 
used to calculate the gain vectors k1 and k2 based on inputting 
proper Q and R depending on the desirable suspension system 
performance. 

5. CASE STUDY

In this part, the performance of the proposed controller will
be validated under actual circumstances and its potential for 
practical applications will be explored via a thorough case 
study. We will run the simulation using MATLAB, a well-
known dynamic system analysis software. In Table 1, the 
particular parameters used in the case study are described. 

Table 1. Specifications of the employed suspension system 
parameters 

Description Symbol Unit Value 
Body mass Mb kg 300 
Wheel mass Mw kg 60 

Suspension stiffness ks N/m 16000 
Suspension damping coefficient bs N⋅s/m 1000 

Tier stiffness kt N/m 190000 

The road profile encompasses two distinct bumps and is 
defined by the following equation: 

𝑦𝑦𝑟𝑟(𝑡𝑡) = �
𝛿𝛿1(1 − cos 4𝜋𝜋𝜋𝜋), 0 ≤ 𝑡𝑡 ≤ 0.5
𝛿𝛿2(1 − cos 4𝜋𝜋𝜋𝜋), 2 ≤ 𝑡𝑡 ≤ 2.5

0, otherwise
 (32) 

The investigation will consider two road profiles based on 
the values of the constants δ1 and δ2. In the first road profile, 
δ1 is set to 0.02 m and δ2 is set to 0.03 m. In the second road 
profile, the constants are interchanged, making δ1 equal to 0.03 
m and δ2 equal to 0.02 m. This setup facilitates the examination 
of the suspension system's response to varying levels of 
disturbance. In the first profile, the suspension system will 
encounter a smaller disturbance initially, followed by a larger 
disturbance. Conversely, in the second profile, the suspension 
system will face a larger disturbance followed by a smaller one. 
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The investigation aims to demonstrate the robustness of the 
controller under different conditions, highlighting its ability to 
adapt to varying road profiles. 

Analysis of Eq. (29) reveals the significant impact of the 
tuning parameter γ on the suspension system's response. 
Consequently, an initial simulation is conducted with varying 
values of γ to ascertain the optimal parameter. Figures 3 and 4 
illustrate the displacements of both the vehicle body and the 
wheel resulting from applying the first road profile. These 
figures distinctly demonstrate that augmenting the tuning 
parameter γ enhances the suspension response, thereby 
ensuring passenger comfort. 

Figure 3. Body displacement at different values of the tuning 
parameter γ 

Figure 4. Wheel displacement at different values of the 
tuning parameter γ 

To determine the most suitable tuning parameter γ, further 
data concerning body acceleration and the corresponding 
control force for each γ value is essential. Figures 5 and 6 
illustrate the body acceleration and control force, respectively. 
Minimizing body acceleration is crucial for passenger comfort, 
while keeping the control force at a reasonable and minimal 
level is paramount to avoid discomfort. After thorough 
deliberation, a value of γ=1×106 is selected. This choice results 
in an exemplary response with minimal exertion compared to 
alternative cases, aligning closely with the preferences of the 
designers. The chosen value of the tuning parameter γ will now 
be implemented in the subsequent analysis. Furthermore, the 
investigation expanded to include the optimal controlled 
system, where various 𝑄𝑄  and 𝑅𝑅  matrices were employed as 
inputs in the system simulation. Through meticulous analysis 
of the results, it was determined that the most effective 
matrices were a unity matrix of 4×4 dimensions for Q and 
R=1×10-6[1 1]T. This careful selection of matrices not only 
underscores the depth of the research but also highlights the 
precision in optimizing the system's performance. 

In Figures 7a and 7b, the input displacements (road profiles) 
are compared with the corresponding body displacements of 
the actual suspension system, the suspension system equipped 

with the proposed adaptive control, and the suspension system 
equipped with an optimal control. 

Figure 5. Body acceleration at different values of the tuning 
parameter γ 

Figure 6. Control force at different values of the tuning 
parameter γ 

(a) Body displacements under first road profile

(b) Body displacements under second road profile

Figure 7. Body displacements of the investigated systems 
under different road profiles 

In Figure 7a, significant enhancements are observed for 
both controlled systems. The figure demonstrates that for the 
initial bump, the actual system fails to reach a stable state. The 
adaptive controlled system reduces peak overshoot by 17%, 
with a markedly improved settling time of 1.56 seconds 
(considering a 2% criterion). In contrast, the optimal 
controlled system reduces peak overshoot by 37% and never 
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reaches 2% of its value. For the second bump, the adaptive 
controlled system exhibits a substantial 44.6% reduction in 
peak overshoot and settles in approximately 3.2 seconds, 
compared to the optimal controlled system which achieves a 
27.3% reduction in peak overshoot and settles in 
approximately 4.4 seconds. The adaptive controller appears 
more effective than the others at mitigating fast or large road 
disturbances. 

In Figure 7b, significant enhancements are again evident for 
both controlled systems. For the initial bump, the actual 
system fails to reach a stable state. Both the adaptive and 
optimal controlled systems achieve a similar reduction in peak 
overshoot, approximately 27%, while the settling time of the 
adaptive controlled system is notably shorter at 1.21 seconds, 
compared to the optimal and actual systems which never settle. 
For the second bump, the adaptive controlled system 
demonstrates a substantial 51.5% reduction in peak overshoot 
and settles in approximately 3.0 seconds, whereas the optimal 
controlled system achieves a 28.5% reduction in peak 
overshoot and settles in approximately 4.4 seconds. The actual 
system has a settling time of about 4.8 seconds. These results 
confirm the effectiveness of the proposed adaptive controller, 
particularly under adverse road conditions. 

Furthermore, Figures 8a and 8b demonstrate minimal 
disparity between the different investigated systems under the 
two types of road profiles, except at the peak of the larger 
bump. Here, the wheel displacement of the adaptively 
controlled system experiences a 32% increase, strategically 
implemented to counteract the bump's effect on the vehicle 
body. This refined approach showcases significant 
advancements in the system's overall performance and 
robustness. 

 

 
(a) Wheel displacements under First road profile 

 
(b) Wheel displacements under second road profile 

 
Figure 8. Wheel displacements of the investigated systems 

under different road profiles 
 

As previously emphasized, the acceleration of the vehicle 
body holds paramount importance in ensuring passenger 
comfort. Figures 9a and 9b provide comprehensive 
comparisons, each displaying three distinct curves illustrating 
the acceleration profiles of the actual system, the adaptive 

controlled system, and the optimal controlled system under 
one of the utilized road profiles. A discernible difference is 
immediately evident. The adaptive controlled system excels in 
terms of settling time and peak overshoot, showcasing a 
remarkable 46% reduction in maximum acceleration. This 
compelling improvement underscores the enhanced comfort 
and stability achieved through the proposed adaptive control 
methodology. 

 

 
(a) Body acceleration under first road profile 

 
(b) Body acceleration under second road profile 

 
Figure 9. Body accelerations of the investigated systems 

under different road profiles 
 

Additionally, an examination of wheel acceleration 
provides a holistic perspective on the performance of the three 
investigated systems. Illustrated in each of Figures 10 are three 
distinct curves representing the acceleration profiles of the 
wheel under one of the utilized road profiles. It is evident that 
the adaptive controlled system registers higher levels of 
acceleration in the wheel; at certain moments, it reaches levels 
twice those of the actual system and the optimal controlled 
system. This discrepancy underscores the adeptness with 
which the controlled system manages the energy input from 
the road profile. By directing a substantial portion of this 
energy towards the wheel, the controlled system prioritizes 
passenger comfort and safeguards the integrity of the vehicle 
body. This nuanced approach, coupled with meticulously 
designed wheel and associated parameters, lays the foundation 
for a dependable suspension system that significantly 
enhances passenger comfort. 

 

 
(a) Wheel acceleration under first road profile 
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(b) Wheel acceleration under second road profile

Figure 10. Wheel accelerations of the investigated systems 
under different road profiles 

Figure 11 demonstrates the optimal controller's superiority 
over the adaptive controller in determining the required 
control force for different road profiles. In certain situations, 
the adaptively controlled system necessitates a control force 
that is 2.2 times greater than the optimally controlled system. 
However, this figure also shows the superiority of the adaptive 
controller in dealing with large disturbances. This occurs 
because the adaptive controller relies directly on system states 
and road profile data for its calculations, which prioritize 
passenger comfort over the magnitude of the control force. 
Overall, it is critical to carefully design suspension system 
elements and choose the tuning parameter γ to maximize 
performance. 

Figure 11. Comparison of required control force for adaptive 
and optimal controllers under different road profiles 

Figure 12. Comparing body displacements: Adaptive 
controlled vs. actual suspension systems with varying 

parameters and identical input excitation 

In practical applications, variations in important factors 
such as body mass, suspension stiffness, damping coefficient, 
and tire stiffness cause problems for suspension systems. 
Mechanical wear or changing loading conditions over time can 
cause these differences. Figures 12, 13, and 14 demonstrate the 

assessment of the proposed adaptively controlled suspension 
system under various parameter modifications. These figures 
show how effectively the system performs under changing 
conditions, as well as how flexible and resilient it is to 
anticipated interruptions in the suspension system's 
functioning. Crucially, even when suspension characteristics 
vary, passenger comfort metrics like body displacement and 
acceleration, as well as vehicle safety factors like control force, 
are mostly constant. Every instance examined has a consistent 
settling time.  

Figure 13. Comparing wheel displacements: Controlled vs. 
actual suspension systems with varying parameters and 

identical input excitation 

Figure 14. Control force variation with changing suspension 
system parameters 

6. CONCLUSIONS

The performance of the adaptively controlled suspension
systems is significantly influenced by the tuning parameter γ. 
Based on extensive simulation testing, it is clear that a value 
of 106 produces the optimal results. 

In terms of performance, the adaptively controlled system 
proves to be better than both the actual system and the optimal 
controlled system, particularly when dealing with large 
disturbances. During large disturbances, the adaptation law 
allows for an overestimation of the control force, ensuring 
rapid suppression of body displacement and passenger 
comfort. Therefore, the system requires a larger control force, 
typically twice that of an optimal controller. In the meantime, 
the wheel acceleration for the adaptively controlled system is 
also twice that of an optimal controller. 

The main benefit of using the proposed adaptive controller 
is the noticeable decrease in both displacement and 
acceleration of the vehicle's body. The results demonstrate a 
remarkable 44.6% reduction in peak overshoot of body 
displacement, accompanied by a 36% reduction in settling 
time and a 46% reduction in body acceleration. Thus, these 
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results show how the adaptively controlled system provides a 
more comfortable and safer ride for the vehicle and the 
passengers, surpassing the performance of the actual system. 

Additionally, the findings show that the adaptively 
controlled suspension system responds well to changes in 
system parameters. The adaptation law replaces the effects of 
changing parameters with the control force, which keeps the 
body's displacement and acceleration almost constant. 

In closing, the well-selected tuning parameter γ has enabled 
the adaptively controlled suspension system to exhibit optimal 
performance, characterized by improvements in ride comfort 
and safety. Therefore, future investigations may focus 
primarily on optimizing this parameter. 
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NOMENCULATURE 

A system matrix  
B input matrix  
C output matrix  
bs damping coefficient of the suspension, N. s. m-1 
e(t) error represents x(t)-xd(t) 
J performance index of the optimal controller  
k1 optimal gain vector of x(t) 
k2 optimal gain vector of yr(t) 
kr controller gain, N. m-1 
𝑘𝑘�𝑟𝑟(𝑡𝑡) estimation of the gain kr, N. m-1 
𝑘𝑘�𝑟𝑟(𝑡𝑡) error in estimating the gain kr, N. m-1 
ks stiffness of the suspension, N. m-1 
kt stiffness of the tire, N. m-1 
Mb masses of the vehicle body, Kg 
Mw masses of the vehicle wheel, Kg 
Q positive semidefinite weighting matrix for the 

state variables x(t) 
R positive definite weighting matrix for the control 

input uop(t) 
u(t) control force, N 
uop(t) optimal control force, N 
V(t) Lyapunov function 
W reference matrix 
x(t) state space of the system 
xd(t) desired state of the system 
x1(t) state space variable represents yb(t), m 
x2(t) state space variable represents 𝑦̇𝑦𝑏𝑏(𝑡𝑡), m.s-1 
x3(t) state space variable represents yw(t), m 
x4(t) state space variable represents 𝑦̇𝑦𝑤𝑤(𝑡𝑡), m.s-1 
y(t) state space output  
yb(t) displacement of the vehicle body, m 
yr(t) input displacement (road profile), m 
yw(t) displacement of the vehicle wheel, m 
y1(t) state space output represents x1(t), m 
y2(t) state space output represents x2(t), m.s-1 
y3(t) state space output represents x3(t), m 
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y4(t) state space output represents x4(t), m.s-1 

Greek symbols 

γ fine-tuning parameter of the controller 
δ1 constant for defining the road profile, m 
δ2 constant for defining the road profile, m 

Subscripts 

FLC Fuzzy Logic Control 
LQR Linear Quadratic Regulator  
PID Proportional-Integral-Derivative 
SMC Sliding Mode Control 
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