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Orthotropic rectangular plates, featuring central cutouts and subjected to in-plane 

loading, are extensively employed across various engineering fields, including 

mechanical, automobile, aerospace, and marine. The introduction of a cutout inevitably 

leads to stress concentration within the plate. Incorporating carbon nanotubes (CNTs) 

into the polymer matrix composite has been noted to induce significant heterogeneity in 

stress fields. Functioning as bridges between the fibers and the matrix, CNTs can 

effectively mitigate stress concentration and enhance the damage tolerance of the 

composite. However, accurately determining stress concentration in CNT-based 

composites requires comprehensive understanding of the geometric discontinuity edge 

and well-defined evaluation techniques. Among these, the finite element method emerges 

as a straightforward yet precise approach for studying stress concentration around 

geometric discontinuities. The present work harnesses the finite element method to 

investigate stress concentration in CNT-based multiscale composite plates (Glass 

Fiber/CNT/Epoxy) with central cutouts under static in-plane loading. To validate the 

model, the derived results are compared with analytical data from conventional 

composite materials. Moreover, the impact of cutout size on stress concentration is 

examined for three distinct configurations: plates with a central circular cutout, plates 

with an elliptical central cutout (major axis in the longitudinal direction), and plates with 

an elliptical central cutout (major axis in the transverse direction). Preliminary findings 

suggest a correlation between increased cutout size and augmented percentage reduction 

in stress concentration. Notably, the maximum percentage reduction in stress 

concentration is observed in the case of plates hosting an elliptical cutout at the center 

with the major axis aligned in the transverse direction. 
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1. INTRODUCTION

First introduced by Iijima [1], carbon nanotubes (CNTs) 

have garnered attention due to their remarkable mechanical, 

thermal, chemical, electrical, and biological properties. The 

development of CNT-based composites has seen 

computational methods taking a leading role. The nanoscale 

presents challenges for analytical modeling and makes 

experimental tests costly. However, desktop computer 

simulations have facilitated the modeling of carbon 

nanocomposites. 

While continuum mechanics [2-6] and molecular dynamics 

[7-10] have been used for modeling and analysis of CNT-

reinforced polymer composites, few efforts have been directed 

towards modeling fiber/CNT/matrix multiscale composites. 

Orthotropic rectangular plates with central cutouts, loaded in-

plane, find wide-ranging applications across mechanical, 

automobile, aerospace, and marine engineering. Stress 

concentration, a result of sudden configuration changes under 

loading, often leads to failure of composite plates due to plastic 

deformation and fatigue cracking. 

Xu et al. [11] employed classical laminated plate theory to 

explore stress concentration in a composite shell with an 

elliptical cutout. Khechai et al. [12] studied stress 

concentration in angle and cross-ply composite laminated 

plates, and isotropic plates with circular cutouts loaded axially. 

Sathurusinghe et al. [13] found high stress concentration 

locations at the junction of the carbon nanotube and matrix at 

the end-cap. Tzeng and Tsai [14] and Liu and Her [15] further 

investigated the stress distribution in a single-walled CNT-

based polymer composite. 

Wang et al. [16] utilized an image-driven finite element 

modeling method to evaluate stress and strain distribution in 

CNT/epoxy composites. The simulation results underscored 

the efficiency of well-dispersed MWCNTs in transferring 

stresses, thereby reducing localized stress concentration and 

enhancing deformation resistance in composites. Zeighami 

and Jafari [17] estimated the stress and moment resultants on 

the edge of elliptical cutouts in asymmetric FG-CNTRC plates 

under various loading circumstances using a new analysis 

based on Lekhnitskiis complex variables method, mapping 

function, and Laurent series. 
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While significant research has been conducted to ascertain 

the stress concentration in nanocomposites (two-phase, 

including epoxy and CNTs) and conventional composites, 

there is a noticeable lack of substantial research efforts 

focusing on the simulation of multiscale composites (three-

phase, including fiber, epoxy, and CNTs). In this study, the 

stress concentration of a CNT-based multiscale composite 

plate (Glass Fiber/CNT/Epoxy) with a central cutout is 

examined using the finite element analysis software, ANSYS 

17.2. The results are validated by comparing the obtained 

values with analytical outputs for conventional composite 

materials. 

 

 

2. NUMERICAL HOMOGENIZATION 

 

A composite is one which contains fibres and matrix having 

entirely distinct properties. It will show uneven response even 

when it is loaded uniformly. However, the composite is 

modelled as an orthotropic medium in classical composite 

theory. The effective moduli of these composites show the 

average material properties of the composites. In the 

homogenization technique, a representative volume element 

(RVE) is taken which is shown in Figure 1 by considering that 

the embedded material is in a periodic arrangement, and it is 

assumed that the mean properties of a representative volume 

element are identical to the mean mechanical properties of the 

composite. 

 

 
 

Figure 1. Periodic microstructures and an RVE 

 

The mean stresses and strains in a representative volume 

element are calculated using Eqs. (1) and (2): 

 

̅𝑘𝑙 =
1

𝑉
∫ 𝑘𝑙
𝑉

𝑑𝑉 (1) 

 

̅𝑘𝑙 =
1

𝑉
∫ 𝑘𝑙
𝑉

𝑑𝑉 (2) 

 

where, k and l indicates the composite global coordinate 

directions. The Eq. (3) shows the overall strain energy (U) of 

the effective medium in the given volume: 

 

U =
1

2
̅𝑘𝑙 ̅𝑘𝑙𝑉 (3) 

 

Performing numerical analysis by applying appropriate 

boundary conditions to the Representative Volume Model, the 

effective elastic properties (Eq. (4)) can be determined by the 

use of strain energy equation and Hooke’s law: 

 

𝐸 =
2𝑈

𝑉𝜀2 and 𝐺 =
2𝑈

𝑉𝛾2 (4) 

 

where, U = overall strain energy; ε = strain in axial direction; 

γ = strain due to shear. 

 

 

3. RESULTANT ELASTIC PROPERTIES OF CARBON 

NANOTUBE EMBEDDED COMPOSITES 

 

The resultant properties are calculated by considering a 

square representative volume element for a SWCNT 

reinforced in an epoxy matrix, moreover in glass composites, 

is examined using finite element analysis. 

 

Materials and their properties: 

The geometric and mechanical properties of material 

considered in this analysis are: 

Single walled carbon nanotubes embedded in a matrix: 

Single Walled Carbon Nanotube (SWCNT): 

The type of SWCNT is taken in the analysis is armchair (9, 

9) considered from the literature [18] 

Length Lcnt = 50 nm; 

Outside radius rcnt = 0.61 nm; 

CNT Effective thickness tcnt = 0.43 nm; 

Modulus of Elasticity Ecnt = 1050 nN/nm2; 

Poisson’s ratio νcnt = 0.35. 

Epoxy Matrix: 

RVE side length = variable; 

Length of RVE Lm = 120 nm; 

Modulus of Elasticity Em = 3.6 nN/nm2; 

Poisson’s ratio νm = 0.28. 

The resultant properties are obtained by using finite element 

analysis and the strain energy equations. 

Glass/SWCNT embedded in an epoxy matrix: 

SWCNT embedded in an epoxy: 

Modulus of Elasticity Eem = 5.02 GPa; 

Poisson’s Ratio νem = 0.35; 

Effective Length Lem = 1050 μm; 

Volume Vem = variable; 

Length of side = variable. 

Glass Reinforcement [19]: 

Modulus of Elasticity Ef = 75 GPa; 

Poisson’s Ratio νf = 0.2; 

Length Lf = 1050 µm; 

Diameter df = 20 μm; 

Volume fraction Vf = variable. 

 

 

4. ANALYTICAL SOLUTION 

 

The basic plate configuration for which solutions are given 

for stress concentrations around cutouts is shown in Figure 2. 
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Figure 2. Orthotropic plate subjected to axial loading 

 

In case of orthotropic composite plate loaded axially, the 

tangential stress (σθ) at the edge of the cutout is calculated 

using the Eq. (5) given by Greszczuk [20]: 
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σθ= [
(1+1)(1+2)(1+1+2-12-2cos2θ)
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. 

(5) 

 

where, EL is the longitudinal elastic modulus, ET is the elastic 

modulus in transverse direction, νTL is the Poisson’s ratio and 

GLT is the shear modulus. 

 

 

5. NUMERICAL ANALYSIS 

 

In this work, the numerical analysis of conventional and 

multiscale composite plate with central cutout is performed, to 

study the stress concentration. In the numerical simulation 

process, PLANE82 element shown in Figure 3 is used. 

PLANE82 is a 8-noded element, at each node it is having two 

degrees of freedom. The element can be used as an axi-

symmetric element. This is most popular element for the 

analysis of plates and thin shells often approximated as being 

under condition of plane stress. It gives more precise results 

for automatic meshes due to the PLANE82 element has mid-

nodes. 

 

 
 

Figure 3. PLANE82 element 

 

For validation a rectangular plate of 200 mm length, 100 

mm width and 1 mm thickness with a circular cutout of 5 mm 

diameter and uniformly distributed static in plane loading σa=1 

N/mm2 as shown in Figure 4 is used. 

 

 
 

Figure 4. Rectangular plate with a circular cutout at the 

centre loaded in a plane 

 

Numerical homogenization is used to find the material 

properties needed for the analysis of rectangular orthotropic 

plate which are shown in Table 1. 

Finite element analysis is performed for stress concentration 

in a orthotropic rectangular plate with central cutout subjected 

to inplane loading. Owing to symmetry of the plate, only 

quarter rectangular plate is analysed. Mapped meshing is used 

for finite element modelling of quarter plate. A more reliable 

method of ensuring that the mesh is fine enough is to carry out 

a convergence study as shown in Figure 5. Using different 

mesh densities the finite element model of the quarter plate has 

been developed. The analysis is carried out with ever 

increasing mesh density till there is no significant difference 

from one run to another. 

 

Table 1. Elastic properties Glass Fiber/SWCNT/ Epoxy and 

Glass Fiber/ Epoxy composite at Vf = 60% and Vcnt = 5%) 
 

Composite Materil 
EL 

(GPa) 

ET 

(GPa) 

GLT 

(GPa) 
vLT 

Density 

(kg/m3) 

Glass 

Fibre/SWCNT/Epoxy 
43.5 43.5 16.02 0.28 1985 

Glass Fiber/Epoxy 43.0 43.0 8.74 0.30 1980 

 

 
 

Figure 5. Mesh convergence study for a rectangular plate 

with central hole 

 

From the Figure 5, it is found that the RVE models with 

number of elements increasing from 100 to 3500, the stress 

concentration increases more significantly. The effect of mesh 

refinement is negligible on the stress concentration, beyond 

the number of elements 3500. So, the finite element model, 

which is having 3840 elements and 11777 nodes producing 

converging results shown in Figure 6 is used for this study. 

 

 
 

Figure 6. Meshed model of quarter rectangular plate with 

circular cutout 
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Symmetric boundary conditions are applied on the quarter 

model to account for the full model. By using finite element 

method and applying necessary loading and boundry 

conditions, the tangential stress around the edge of the cutout 

is obtained. Figure 7 shows stress results obtained by finite 

element method for an rectangular orthotropic plate with 

central circular cutout having final optimum mesh. 

 

 
 

Figure 7. Stress concentration for an orthotropic rectangular 

plate with central circular cutout 

 

Stress concentration in conventional as well as multiscale 

composite plate with  central circular cutout is determined 

using numerical analysis. Figure 8 shows the normalized stress 

as a function of circumferential angle for both conventional 

and multiscale composites.  

The obtained results are compared with the analytical 

results for a composite plate containing central circular cutout. 

A good correlation is observed between the two. It can also be 

noted that the stress concentration is high nearly at 90° 

circumferential angle and this trend is similar to that of 

isotropic materials. Further, it is found that the stress 

concentration is reduced by about 8% due to addition of CNTs 

to the glass fiber composites. 

 

 
 

Figure 8. Variation of normalized stress (σθ/σa) with the 

circumferential angle 

 

From the in depth observations, it is found that the reduction 

in stress concentration is due to change in ET/GLT ratio, 

because the stress concentration is not effected too much by 

the change in EL/ET ratio. 

6. EFFECT OF SIZE OF THE HOLE UPON STRESS 

CONCENTRATION 

 

To investigate the effect of cutout size upon the stress 

concentration around the edge of a cutout of multiscale 

composite plate, a rectangular plate of length 200 mm, width 

100 mm and thickness 1 mm loaded in a plane and σa=1 

N/mm2 is considered. Three different cutout configurations are 

used for study which are shown in subgraph (a) of Figure 9 flat 

rectangular plate with central circular cutout (d/w=0.1 to 0.5), 

(b) plate containing central elliptical cutout having 

longitudinal major axis and (c) plate containing central 

elliptical cutout with transverse major axis (a/w=0.1 to 0.5 and 

a/b=2). 

 

 
(a) 

 
(b) 

 
(c) 

 

Figure 9. (a) Plate having circular cutout at the centre; (b) 

Plate having elliptical cutout with longitudnal major axis; (c) 

Plate having elliptical cutout with transverse major axis 

 

 

7. RESULTS AND DISCUSSION 

 

Finite element method is used for performing numerical 

analysis. The results are shown in Figures 10-12. 

Figure 10 shows the effect of cutout size on the stress 

concentration in a composite plate with central circular cutout 

for both conventional and multiscale composites. From the 

results it is observed that multiscale composites consistently 

give lesser values of stress concentration than conventional 

composites for all d/w ratios. At d/w=0.1, the stress 

concentration reduced by 7% for multiscale composite plate 

than conventional composite plate. As the cutout size increases 
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the stress concentration reduces and at d/w=0.5, the stress 

concentration reduced by 13% for multiscale composites than 

the conventional composites. Same trend is observed with 

plates having elliptical holes (Figures 11 and 12) of two 

configurations. Due to the addition of CNT reinforcement in 

glass fiber composites, the maximum percentage reduction in 

stress concentration is observed in case of plate containing 

central elliptical cutout with transverse major axis, while in the 

plate with circular cutout moderate reduction and less 

reduction in case of plate containing elliptical cutout with 

longitudinal major axis. 

Figure 10. Variation of stress concentration with d/w ratio in 

a composite plate with circular cutout 

Figure 11. Variation of stress concentration with a/w ratio in 

a composite plate containing elliptical cutout at the center 

with longitudinal major axis 

Figure 12. Variation of stress concentration with a/w ratio in 

a composite plate containing elliptical cutout with transverse 

major axis  

Figure 13. Variation of stress concentration with a/b ratio in 

a composite plate containing central cutout with longitudinal 

major axis 

The variation of stress concentration with a/b ratio in a 

composite plate with elliptical cutout at the center with 

longitudinal major axis in case of both conventional and 

multiscale composite plates is shown in Figure 13. The results 

reveal that as a/b ratio increases, the stress concentration 

decreases for both the composite plates but, the multiscale 

composites give lesser values of stress concentration. 

Figure 14. Variation of stress concentration in a composite 

plate containing central cutout with transverse major axis 

The variation of stress concentration with respect to a/b ratio 

for both the conventional and multiscale composite plates 

having elliptical cutout at the center with transverse major axis 

is given in Figure 14. From the results it is observed that as a/b 

ratio increases, the stress concentration increases for both the 

composite plates but, the multiscale composites consistently 

give lesser values of stress concentration. So, there is a 

significant effect on stress concentration due to change in a/b 

ratio for both the conventional and multiscale composite plates. 

In depth investigations disclose that the reduction in stress 

concentration in multiscale composites is due to increase in 

stiffness by the reinforcement of CNTs into glass fiber 

composites. These investigations show that CNT 

reinforcement in glass fiber composites improves structural 

performance. 

8. CONCLUSIONS

The effect of CNT embedment on the stress concentration 

in multiscale composite plates having cutout at the center 

loaded in a plane has been examined using finite element 
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method. Maximum values of stress concentration are observed 

in conventional composite plate containing central hole. The 

results also reveal that percentage increase in stress 

concentration is less in CNT based multiscale composites 

compared to conventional composites. 
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