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This work investigates along a vertical plate transient magnetohydrodynamic free
convection flow of Prandtl-Eyring non-Newtonian fluid with non-Dacian properties in a

medium that is permeable. Considering the effects of magnetic field, thermal radiation
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and viscous dissipation on the flow, the governing equations for the problem were
formulated, non-dimensionalised and solved using the implicit finite difference scheme of
Crank-Nicolson type. The finite difference equations formed Thomas algorithm tri-diagonal
matrix system of equations, which were solved with the help of MATLAB programming

package. Of great importance for this study are to investigate the influence of Prandtl-Eyring
parameters and other physical parameters on the velocity, temperature and concentration
profiles with the aid of graphs.

1. INTRODUCTION

In recent years, heat and mass transfer in boundary layer
flow has gained attension as a result of its wide range of
applications in nuclear engineering and industries. The results
from this studies are used in modeling and simulation. Both
thermal and concentration boundary layers develop when fluid
at specified temperature and concentration flows over a
surface that is at a different temperature and concentration.
Behaviour of non-Newtonian fluids in permeable medium
varies due to different models used to analyse nonlinear
relationship between shear stress and shear rate. For Prandtl-
Eyring model, accordind to [1] the behaviour can be analysed
using

= wsinh~1 (12
Tyy = wSinh (bay)

)

where w and b corresponds to Prandtl-Eyring parameters, z—;j

implies the rate of deformation, (x,y) are the Cartesian
coordinates of any point in the flow domain and 7 is the shear
stress. Numerous practical applications and studies have
brought about considerable interest in studying the flow of
non-Newtonian fluids. [2-5] used Eyring-Powell model to
analyze viscous behavior of non-Newtonian fluids. [6]
investigated the non-Newtonian fluid flow under the effect of
couple stresses between two parallel plates using Eyring-
Powell model. Numerical study of viscous dissipation effect
on free convection heat and mass transfer of
magnetohydrodynamic (MHD) non-Newtonian fluid flow
through a porous medium was carried out by [7]. [8] obtained
boundary layer flow of an Eyring-Powell model fluid due to a
stretching cylinder with a variable viscosity. Radiation effects
on boundary layer flow of an Eyring-Powell fluid over an
exponentially shrinking sheet was investigated by [9].
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Few work has been done using Prandtl-Eyring non-
Newtonian model. Review of non-Newtonian mathematical
models for rheological characteristics of viscoelastic
composites was carried out by [10]. Various constitutive
equations are reviewed for a better understanding of their
applicability to polymer melt in determining the viscosity.

Similarity analysis for natural convection boundary layer
flow of Williamson and Prandtl-Eyring fluids using deductive
group theoretic method was considered by [11]. They
considered the velocity distribution, the slope of velocity and
temperature variations for Prandtl-Eyring and Williamson
fluid respectively. Their investigation showed that velocity
and skin friction in Williamson fluids are considerably higher
than those in Prandtl-Eyring. Unsteady magnetohydrodynamic
flow showing comparison between Prandtl-Eyring and
Eyring-Powell non-Newtonian fluid models on a parallel plate
with wall slip effects through porous channel was studied by
Oyelami and Dada [12]. Also, numerical investigations was
carried out on non-Newtonian fluids along a vertical plate with
emphasis on Eyring-Powell model by Oyelami and Dada [13].

In this present study, the effects of magnetic field, thermal
radiation and viscous dissipation are considered on the
transient free convection flow and of non-Newtonian fluids in
porous media and the relationship between shear stress and
rate of deformation was analysed using Prandtl-Eyring non-
Newtonian fluid model.

2. FORMULATION OF PROBLEM

Transient free convection incompressible electrically
conducting non-Newtonian Prandtl-Eyring fluid along a
vertical plate in a saturated porous medium is considered. The
x*-axis is taken along the plate while the y*-axis is taken
normal to it. Along y*-axis in the fluid flow, a magnetic field



of uniform strength was applied. Initially, at t < 0, it was
assumed that both the plate and fluid are at the same
temperature Tg and concentration C; . At t >0, the
temperature and concentration of the plate was raised and both
maintained T,;, and C, (greater than Ty and C5 ). Along y*
direction, there is assumed to be a thermal radiation in form of
unidirectional flux and other fluid properties were regarded as
constant except for the approximation done by Boussinesq to
body forces term in momentum equation. The Rosseland
diffusion flux in the y*according to [14] is defined as:

400T**
3klay*

qr = — 2

The governing equations for the above class of problem
were formulated as follows:
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with the following initial and boundary conditions:

t"<0: w=0v"=0T"=T;, C*=

Cs for every x* and y*

t*>0u" =u;, v =0T"=T,,C"=C, aty =0
uw'=0T"=Ts, C*=C; atx*=0

u* =0T " >TyC" > Cs; asy” — oo, @)

where T*, C*,u* and v* are temperature, concentration and
velocities in  x* and y* directions respectively,
£, 9.t Br,Bc,0,k,b,D,Cp,a, By, K, qr, v, Ty, are  density,
gravitational acceleration, time, thermal volumetric
coefficient, concentration volumetric coefficient, electric
conductivity, permeability, Darcy-Forchheimer, concentration
diffusivity, specific heat, thermal diffusivity, magnetic field,
chemical reaction, radiative heat flux, kinematic viscosity and
stress tensor parameters respectively .

. . .1 (10u”
The series expansion for sinh™? (;a—’;*) from the stress

tensor for Prandtl-Eyring non-Newtonian fluid model
modified after [4] defined in equation (1) gives

. _q1 (1ou* 10u 10u 10u
st (350) =3 5163

b oy* _Za__ b oy b oy
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Hence, the stress tensor for Prandtl-Eyring model becomes

©)

b oy*

With regards to Prandtl-Eyring non-Newtonian fluid model,
the momentum equation is expressed as follows
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This analysis concerns an optically thick limit boundary
layers. For quartic function for sufficiently small temperature
differences in the flow, the quartic temperature function
following [15] can be expresses as a linear function of
temperature by doing away with higher order terms as follows.
T* ~ 4T3 — 3T (11)

Substituting the above equation into the Rosseland diffusion
flux yields the following result for energy equation;

oT”
at*

aT* 160TsS 92T
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ay*2  pCp \dy

To transform the dimensional governing equations, the
following non-dimensional quantities are defined.

+ull (12)
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Introducing equation (13) into the dimensional equations
(3), (4), (10) and (12) gives the following continuity,

momentum, energy and concentration non-dimensional
equations.
ou | av
Ty =0 (14)
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with the following dimensionless boundary conditions

t<0: U=0, V

=0, T=0 C=0forallXandY

t>0: U=1,V=0T=1 =1 atY =0

U=0T=0C=0atX=0

U-0T-0, C->0asY > (18)
where T is the dimensionless temperature, C is the
dimensionless concentration, N is the thermal radiation

parameter, Da is the Darcy number, Fs is the Forchheimer
inertia number, Pr is the Prandtl number signifying the relative
importance of heat conduction and viscosity of the fluid, Sc is
the Schimdt number showing the ratio of momentum
diffusivity and mass diffusivity, Re is the Reynold number, U



and V are dimensionless velocities in X and Y directions, t is
the dimensionless time, Gr is the thermal Grashof number
giving the relative importance of buoyancy forces to viscous
forces, Gm is the concentration Grashof number, M is the
Magnetic field parameter, Ec is the Eckert number
characterizing the effect of dissipation, ¢ =;’—# and ¢ =

wUgt
2pv3b3

are the Prandtl-Eyring non-Newtonian parameters.

3. SOLUTION TO THE PROBLEM

Crank-Nicolson finite difference scheme was used to
provide solution to the stated problem. The finite difference
equation corresponding to the non- dimensional governing
equations (14), (15), (16) and (17) are given as:
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multiplying equations (19), (20), (21) and (22) by At for
simplicity, the equations are arranged so that velocities,
temperature and concentration at the present time step (k+1)
are on the left while those of previous time step (k) are on the
right hand side. Hence, the equation form tri-diagonal matrix
system.

The grid point along the X direction is denoted by i while j
and k are grid points along Y and t directions. Dividing X and
Y into M and N grid gave a well-spaced points. Mesh sizes
were taken to be AX=0.05, AY=0.25 and At=0.01 and the
region of integration considered is a rectangle with sides
Xmax=1.05 and Ymax=5.25 while Ymax lie outside the
momentum, energy and concentration boundary layers.

While computing during a time step, the coefficients
Uf;and V5 in the finite difference equation were taken to be

constants. From the initial conditions at all grid points, the
values of C, T, U and V are known. For the calculations of C,
T,Uand V at present time (k+1), the known values at previous
time level (k) are used as follows:

Equation (22) on a given i- level at every internal nodal
point forms a tri-diagonal system of equation. Thomas
algorithm which was discussed in [3] was used to provide
solution to the problem. With this, the value of C on a given i-
level at time (k+1) level was known at every nodal point.

Also, the value of T at time (k+1) level was calculated in
the same manner we calculated C using equation (21).

The results gotten from C and T at time (k+1) level are used
in equation (20) to calculate U at time (k+1) level.

Hence, the values of C, T and U are known on a particular i
level. This process was carried out several times at various i
levels. This approach gave the values of C, T and U at all grid
point.

The values of V were also calculated at every nodal point
explicitly using equation (19) on a particular i level at (k+1)
time level.

4. DISCUSSION OF RESULTS

In order to get more clue to the physical problem, fluid
parameters were varied and their influence were studied on
velocity, temperature and concentration distributions. Default
values are given as: ¢ =2, ¢ =0.5, Gr=15, Gm=15, M=1, y=1,
Da=0.1, Fs=0.1 Re=1, Pr=1.0, N=3.0, Ec=0.002, Sc=1.0 and
all graph corresponds to these values except stated otherwise

on the graph.
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Figure 1. Velocity distribution for various values of thermal
radiation parameter
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Figure 2. Temperature distribution for various values of
thermal radiation parameter
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Figure 3. Concentration distribution for various values of
thermal radiation parameter

Figures 1, 2 and 3 represent the effect of thermal radiation
parameter N on the velocity, temperature and concentration
distributions. A rise in N values results to a considerable
reduction on velocity profile with reduction in velocity layers
and transport of energy to the fluid. Temperature profile
decreases while the concentration of the fluid increases with
greater value of N and corresponding to smaller value of
radiation flux.
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Figure 4. Velocity distribution for various values of Eckert
number
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Figure 5. Temperature distribution for various values of
Eckert number

The effect of increasing the viscous dissipation parameter
Ec on velocity and temperature is presented on figures 4 and
5. With higher values of Ec, both the fluid velocity and
temperature experienced a retarding effect with significant
changes in both momentum and thermal boundary layer
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thicknesses.

Figures 6, 7 and 8 display magnetic field with various
values on velocity, temperature and concentration
distributions. Velocity distribution decreased on figure 6 as a
result of increasing magnetic field parameters. This retarding
effect is due to the presence of Lorentz force reducing the
movement of the fluid. Temperature and concentration
profiles rises with an increase in magnetic field parameters on
figures 7 and 8 with little changes in the thermal and
concentration boundary layers.

1 T
—&—N=09
09} —+— N=3.0 |
08 — N=5.0 ||
— N=%0
07 B
o
=06 g
=]
£ os 1
5
S
5 04 B
o
03 B
02 B
01 B
0 o P @
0 1 2 3 4 5 6
Distance, Y

Figure 6. Velocity distribution for various values of
magnetic field parameter
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Figure 7. Temperature distribution for various values of
magnetic field parameter
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Figure 8. Concentration distribution for various values of
magnetic field parameter

Figure 9, 10 and 11 represent the velocity, temperature and
concentration profiles for Schmidt number Sc. A rise in
Schmidt number decelerates the velocity and concentration



profiles. This decrease amounts to a reduced velocity,
diffusivity and the concentration boundary layer thickness.
This is because the ratio of thickness of the viscous and
concentration boundary layer is measured by Schmidt number.
Higher values of Sc gives lower diffusion properties.
Concentration boundary layer becomes thinner than the
velocity boundary layer thickness. Increase in Schmidt
number causes a slight increase in the fluid temperature and
the thermal boundary layer thickness.
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Figure 9. Velocity distribution for various values of Schmidt
number
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Figure 10. Temperature distribution for various values of
Schmidt number
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Figure 11. Concentration distribution for various values of
Schmidt number

Figure 12, 13 and 14 depict the effect of thermal Grashof
number Gr on velocity, temperature and concentration
distributions. As Gr increases, velocity profile increases with
a rise in buoyancy force and the velocity near the wall. On
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temperature profile, relative effect of increasing buoyancy
force to viscous hydrodynamic force within the boundary layer
decreases the temperature distribution. Concentration profile
also decreases down the stream as shown on figure 14.
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Figure 12. Velocity distribution for various values of thermal

Grashof number

T T T T
—+—Gm=200
—&—6m=15.0
Gm=10.0
24 —5—Gm=5.0
?
N _
Zost 1
=}
=
0BF \ b
04} "é‘i\\& .
| \ﬂww |
0 L L L o
0 1 2 3 4 5 6

Distance, Y

Figure 13. Temperature distribution for various values of
thermal Grashof number
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Figure 14. Concentration distribution for various values of
thermal Grashof number

Figures 15 and 16 represent the importance of modified
Grashof number Gm on the velocity and temperature
distributions. Modified Grashof number Gm gives the relative
importance of buoyancy force to the viscous forces and its
effects on the velocity profile is seen to accelerate the
magnitude of velocity of the flow. Increasing Gm leads to an
increase in the velocity distribution while the fluid temperature
decreases down the stream.
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Figure 15. Velocity distribution for various values of
modified Grashof number
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Figure 16. Temperature distribution for various values of
modified Grashof number

Figures 17 and 18 show the effect of various Prandtl number
Pr on velocity and temperature distributions. By signifying the
thickness ratio of the viscous and thermal boundary layer
thickness, a rise in the Pr values causes a decrease in the
velocity and thermal boundary layer thickness. With smaller
values of Pr, thermal conductivity of the fluid increases while
higher value reaches zero faster.
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Figure 17. Velocity distribution for various values of Prandtl
number

Figure 19 present the velocity distribution for various values
of Prandtl-Eyring non-Newtonian parameter ¢ . It was
discovered that parameter ¢ causes the flow rate of non-
Newtonian fluid to below. Figure 20 shows the effect of the
Prandtl-Eyring non-Newtonian parameter i on the velocity
distribution. On this profile, an increase in non-Newtonian
parameter 1 causes a rise in velocity distribution. However,
from figures 19 and 20, we found that parameter ¢ accounts
for the low rate of flow of Non-Newtonian fluids. Figures 21
and 22 represent the importance of permeability parameter Da

148

on the velocity and temperature distributions. As Da increases,
we experience an increase in the fluid temperature and a
reduction in the velocity of the fluid because increasing the
permeability increase the flow resistance reducing the fluid
velocity and accelerating its temperature.
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Figure 18. Temperature distribution for various values of
Prandtl number
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Figure 19. Velocity distribution for various values of
Prandtl-Eyring parameter ¢
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Figure 20. Velocity distribution for various values of
Prandtl-Eyring parameter
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Figure 21. Velocity distribution for various values of Darcy
number



1
\
! —%— Da=0.01
09\ 1
u —&— Da=0.10
o8l ’\\N Da=0.50 | |
Y.\ —&8—Da=1.0
0.7 X\
- "“.‘ .\\
o6 W Yy
2 X\
D o5F . X
g B
£ o4l R, )
5 0.4 5
R XN
03} xR X
®
L ¥ s
.
01r S .
"*-fff*,a‘f‘*ﬂ
0 ' S &
0 1 2 3 4 5 6

Distance, Y

Figure 22. Temperature distribution for various values of
Darcy number

5. CONCLUSION

In this study, transient incompressible
magnetohydrodynamic Prandtl-Eyring non-Newtonian fluid
in a porous medium, under the influence of thermal radiation,
magnetic field and viscous dissipation was considered. The

governing equations were simplified and non-dimensionalised.

Solution was provided using implicit finite difference method
of Crank Nicolson with the help of MATLAB programming
package. The result show that:

A rise in thermal Grashof number, Non-Newtonian
parameter y and modified Grashof number causes velocity
distribution to increase while it reduces as dissipation function,
non-Newtonian parameter ¢, magnetic field parameter, Darcy
number, thermal radiation parameter, Schmidt number and
Prandtl number increases.

Temperature rises as magnetic field and Schmidt number
increases while it reduces as Prandtl number, thermal Grashof
number, modified Grashof number, thermal radiation and
viscous dissipation parameter increases.

Increase in Schmidt number, thermal Grashof number and
magnetic field causes a decrease in Concentration profile.
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NOMENCLATURE

Non-dimensional
normal to the plate

X, Y coordinate along and

U,V Non-dimensional velocities in X and Y
directions

N Thermal radiation parameter

P* Dimensional pressure

P Dimensionless fluid pressure

T Dimensional temperature of fluid

T Dimensionless temperature of fluid

c Dimensional concentration of fluid

C Non-dimensional concentration of fluid

b, P Prandtl-Eyring parameters

B, Applied magnetic field

Cy specific heat at constant pressure

Da Darcy number

Ec Eckert number

Gr Thermal Grashof number

P Prandtl number

Or radiative heat flux

Re Reynolds number



Dimensional time

Non-dimensional time

Dimensional coordinates along and normal
to the plate

Dimensional velocities in x'and y
directions

gravitational acceleration

permeability

Velocity in the x direction

Velocity in the y direction

Thermal radiation parameter

Dimensional pressure

Non-dimensional fluid pressure

*

150

Tw Temperature of the plate
Cw Concentration of the plate

Greek alphabets

density

Stefan-Boltzmann constant
characteristic of Eyring-Powell model
Viscosity

stress tensor

thermal  volumetric  coefficient
concentration volumetric coefficient

and





