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In the present paper, the numerical simulation on two-dimensional transient free convective 

heat transfer of incompressible copper-water nanofluid flow in a semi-circular-annulus is 

investigated. Nonhomogeneous dynamic model of nanofluid is used in the simulation. A 

constant low temperature is applied to the curved top boundary of the cavity whereas the 

bottom wall is heated by a uniform thermal condition. The enclosure is permitted by a 

uniform magnetic field. Nanoparticle random motions and migrations are considered in the 

governing equations. Galerkin weighted residual finite element method is employed to solve 

the nonlinear momentum, energy, and concentration equations. The flow, thermal and 

concentration fields are demonstrated to understand the flow dynamics and heat transfer. 

The effects of the widths of the annulus, Rayleigh number, nanoparticle volume fraction, 

magnetic field and its orientation angle on the heat transfer are investigated. The virtual 

results for a particular situation are compared with the experiment and standard numerical 

data. The results show that the semi-circular annulus of having higher width exhibits higher 

heat transfer. The effect of the magnetic field and its orientation angle for the annulus of 

bearing lower widths are negligible whereas the significant results are found for the annulus 

of having higher width. 
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1. INTRODUCTION

Nanofluid is an extraordinary stable mixture of a 

conventional fluid and tiny nanoparticles. The 

interdisciplinary research on nanofluids has been increasing 

over the past few years because of its diverse applications. The 

main aim of the nanofluids research is to obtain the highest 

possible results for the lowest possible cost. Also, to sustain 

the usable objects for long periods of time is another aim for 

the use of nanofluids. Nanofluids have many uses and 

prospects. As for examples, in heat exchangers, vehicle’s 

engines, microelectronics, and nuclear systems, fuel cell, high-

temperature pipes, cool bag, solar water heating, diesel 

combustion, domestic refrigerator, lubrication, drilling, and 

the thermal storage, nanofluids are using instead of 

conventional fluids. Also, nanofluids have tremendous 

potentials in the biomedicine and other biomedical sectors. 

The applications and the prospects of nanofluids can be found 

in the study of Das et al. [1], Choi [2] and Huminic et al. [3]. 

Uddin et al. [4] have studied the fundamentals of nanofluids 

along with the numerous applications of it. It is difficult to 

describe nanofluids flow mathematically because many 

complex situations arise during the flow. Many attempts have 

been taken to model the nanofluids flow. Five different types 

of mathematical model for nanofluids (dispersion modeling, 

particle migration modeling, one-component, two-component, 

and nonhomogeneous dynamic model) are popular in 

nanofluid literature. Uddin et al. [5] have studied the 

nonhomogeneous dynamic model for nanofluids. Heat transfer 

related few real-life problems are solved using this model and 

better heat transfer coefficient is displayed. The heat transfer 

coefficient is also agreed with the experimental outcomes [6-

8].   

The analysis of natural convection heat transfer for 

nanofluids filled enclosures is promising and attractive 

research. Heat transferring from one medium to another 

medium and cooling objects are an important phenomenon and 

pressing need in the geophysical, mechanical and electronic 

industries. To get revolutionary results in the industrial 

applications, the designs of the energy transmission objects are 

an imperative matter. For testing the designs of the items using 

the experimental equipment and materials are very cost 

effective. For finding the optimal design, the analysis of 

several designs for practically usable devices or objects using 

different numerical techniques are very popular. Considering 

the natural convection, the heat transfer analysis in an annulus 

between homocentric half-circles is the central concentration 

in various investigations due to the engineering and 

technological applications. For the electronic promotional 

material, temperature reduction for the channel of nuclear 

reactors, the safety of foods while processing and the receiver 

of the solar thermal collector, annulus shape cavities are used. 

Noteworthy works regarding numerical computation upon the 

free convection heat transfer analysis within the annulus 

between two concentric rings are available in the literature. 

Abu-Nada et al. [9] have conducted a fantastic study on the 

annulus. They have analyzed the enhancement of heat transfer 

considering concentric annuli utilizing nanofluids. Using 

different types and amounts of nanoparticles, surprisingly 

adverse effects of heat transfer characteristics are noticed. On 

the other hand, a positive result and a very good impact on the 

heat transfer augmentation utilizing concentric annulus 
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between an outer square cylinder and an inner elliptic cylinder 

for different types and volume fractions of nanoparticles are 

reported in Sheikholeslami et al. [10]. Their result showed that 

the minimum heat transfer augmentation happens for a lower 

value of thermal Rayleigh number. Yang et al. [11] have 

theoretically studied the forced convective heat transfer using 

nanofluids in a homocentric tube. They have looked at the 

possible results on the heat transfer irregularities. They have 

reported the effects of the thermal boundary conditions and 

optimal nanoparticle volume fraction for two types of 

nanofluids in terms of Nusselt number. Their result showed 

that the Nusselt number is enhanced rapidly for alumina-water 

nanofluids for average nanoparticle volume fraction whereas, 

it is increased slowly for titania-water nanofluid. Also, in 

presence of the oriented magnetic field, the time-dependent 

free convection heat transfer in the annulus of having different 

shapes of the inner wall is analyzed in Uddin et al. [8]. They 

have used the nonhomogeneous dynamic model. Some 

important results are reported in this study. Their results 

showed that the nanoparticles are stable and uniform in the 

conventional fluid if the length of the nanoparticle becomes 1-

20 nm. Tremendous attempts have been made to investigate 

the heat transfer in nanofluids filled annulus considering real-

life applications. Some standard benchmark studies regarding 

nanofluids filled concentric annulus are also available in the 

literature. As for example, Malvandi et al. [12], Soleimani et 

al. [13], Seyyedi et al. [14], Sheikholeslami et al. [15], 

Arefmanesh et al. [16], and Bezi et al. [17]. 

In the current research, the main intention is to analyze the 

heat transfer in a concentric semi-circular annulus utilizing 

copper-water nanofluid using the nonhomogeneous dynamic 

model. The half-circular annulus cavity has chosen because 

optimal thicknesses of the vacuum in the heat transfer 

applications is an important issue. The several thicknesses of 

the annulus need to be investigated. In the arena of civil, 

nuclear, mechanical and architectural engineering, several 

types of annulus shaped geometry are well thought-out. The 

semi-circular-annulus shaped solar-thermal-collector are used 

comprehensively in the solar energy sector. In the security and 

safety and to design the electronic and electrical devices, it has 

comprehensive prospects. Few works are available in the 

literature on the free convection heat transfer in a half-circular 

annulus varying thickness of the annulus. The geometrical 

design presented in this paper can have a critical impact on 

nuclear, solar and architectural industries.  

 

 
 

Figure 1. The physical design of the problem 

2. PHYSICAL AND MATHEMATICAL MODELING 

 

The physical model of the problem is displayed in Fig. 1, 

where x and y are Cartesian coordinates. The copper-water 

nanofluid filled semi-circular annulus is placed in the 

coordinates where the inner radius of the cavity is r1, and outer 

radius is r2. The thickness of the semi-circular annulus is 

calculated as, r = r2-r1. The no-slip conditions are applied to 

the boundary walls. Also, the inner semi-circular wall of the 

cavity is a hotter wall and modeled as T = Th while the outer 

wall of the annulus is a comparatively colder, postured as T=TC  

such that T > TC. Two horizontal walls of the cavity are 

insulated and assumed that energy cannot discharge through 

these. The equilibrium nanofluid concentration is everywhere 

within the enclosure. There is no concentration at the walls. In 

the present work, avoiding the singularities of the solution, 

constant concentration C = Ch is applied to the walls. Also, it 

is presumed that nanofluid concentration is set aside at stumpy 

concentration CC but for t > 0, it is assumed as Ch in the whole 

domain such that Ch > CC. A uniform magnetic field B =
𝐵𝑥�̂�𝑥 + 𝐵𝑦�̂�𝑦 is considered within the enclosure where the unit 

vectors �̂�𝑥 and �̂�𝑦 are along with the coordinate axes and 𝐵0 =

√𝐵𝑥
2 + 𝐵𝑦

2  is a constant magnitude. The magnetic field’s 

direction creates an angle γ with the positive x-axis. The 

variations of the thickness of the semi-circular annulus in 

presence of the magnetic field will be analyzed in the present 

problem.  

The nonhomogeneous dynamic model is applied to describe 

the flow mechanisms of copper water-nanofluid inside the 

annulus. In the present problem, the radiation and chemical 

reaction are not included for minimizing the computational 

complexities whereas the Brownian, thermophoretic diffusion, 

and temperature and concentration differences due to natural 

gravitational effects are included in the model. It is assumed 

that the molecules of conventional fluid and the nanoparticles 

of the mixture are an equilibrium. The molecules and 

nanoparticles are the species of the nanofluid because 

nanoparticles are very tiny simply can be fluidized. The two-

dimensional nonhomogeneous dynamic conservation 

equations are as follows: 
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The equations (1-5) respectively are the nanofluid 

continuity equation, momentum equation in x-direction, 

momentum equation in y-direction, the nanofluid energy 

equation, and the nanofluid concentration equation. Here, u 

and v, p, g, T, TC, C and CC respectively are the velocities, 

pressure, gravity, temperature, reference temperature, 

concentration and the reference concentration of nanofluid. 

Also, μnf, ρnf αnf = κnf(ρcp)nf
-1, (ρcp)nf, κnf, (ρβ)nf and (ρβ*)nf are 

the dynamic viscosity, density,  thermal diffusivity, thermal 

conductivity, heat capacity, volumetric thermal expansion and 

volumetric mass expansion of nanofluid. The applied 

magnetic field is included with the x-momentum and y-

momentum equations. The last term of equations (2) and (3) is 

the expression of the magnetic field where the nanofluid 

velocity (v) and the functional magnetic field (B) generates a 

Lorentz force, JE×B. Here, JE = σnf(E+v×B), E is the electric 

field and σnf is the electrical conductivity. The uniform applied 

magnetic field is defined as, B=(B0corγ,B0sinγ,0) where the 

orientation angle between the direction of the magnetic field 

and the horizontal axis is γ. A constant magnitude is B0 where 

𝐵0 = √𝐵𝑥
2 + 𝐵𝑦

2 . Let us consider the nanofluid velocities 

v=(u,v,0) and an electric field E=0. The surface is not able to 

conduct electricity or sound. Therefore, Lorentz force for x-

direction is 𝜎𝑛𝑓𝐵0
2(𝑣 sin(𝛾) cos(𝛾) − 𝑢sin2(𝛾))  and y-

direction is 𝜎𝑛𝑓𝐵0
2(𝑢 sin(𝛾) cos(𝛾) − 𝑢cos2(𝛾)) . Electrical 

conductivity (σnf) equation for a nanofluid (Sheikholeslami et 

al. [18]) is defined from Maxwell [19] is as follows:  
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The popular and effective correlations of viscosity, heat 

capacitance, volumetric thermal expansion, and volumetric 

mass expansion of nanofluid respectively are used in the 

present simulation. They are also recommended by standard 

articles such as Sheikholeslami et al. [18], Khanafer et al. [20], 

Tiwari and Das [21], and Uddin and Hoque [22].    
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Following and unfaltering the experimental data of Xuan et 

al.’s [23] thermal conductivity model, we anticipated the 

following equation for thermal conductivity of nanofluids:  
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where, DT is the thermophoretic diffusion coefficient, 𝐷𝑇
𝜄  is 

the numerical value of √𝐷𝑇 , kB is known as the Boltzmann 

constant, dp is the length of a solid particle. Here, the particle 

shape factor (n) is used by following the relation n=3/ψ. Here, 

ψ is defined for the sphericity which is a ratio of the spherical 

surface area and the real solid particle’s surface area with equal 

volume. Timofeeva et al. [24] have calculated the values of ψ 

are as follows: 0.81, 0.62, 0.52 and 0.36 for brick, cylinder, 

platelet, and blade-shaped nanoparticle respectively. The 

thermophoretic diffusion coefficient and Brownian diffusion 

coefficient for a nanofluid are respectively as follows:  
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where λ is the dimensionless correction factor as a number and 

βbf is the thermal expansion of the base fluid. 

In the physical modeling, the boundary walls are postured 

with correct mathematical declarations. For the present stated 

model, the primary and advanced boundary conditions are 

given as:  

When t=0, all-inclusive dominion:  

 

0u v= = , CT T= , CC C= , 
0p =

                                 (15a) 

 

When t > 0,  

On the interior half-curved wall:  

 

0u v= = , hT T= , hC C=                                   (15b) 

 

Upon the exterior half-curved boundary: 

 

0u v= = , CT T= , hC C=                                   (15c) 

 

Upon the two straight boundaries: 

 

0u v= = , 
0

T

n


=

 , hC C=                                              (15d) 

 

Converting dimensional governing equations to a non-

dimensional set of coupled equations is a usual practice in 

fluid dynamics research. This is also important because 

transportation tools can be described easily using this process. 

Benefits of making non-dimensional are: the supervisory flow 

parameters of the problem can easily be identified, no 

dimensional barrier occurs and the results fit in any form and 

magnitude of the geometry. Therefore, for the above-stated 

advantages, the equations (1)-(5) can be transformed into non-

dimensional equations, by the succeeding dimensionless 

relations:  
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where, ξ represents non-dimensional time, t is the dimensional 

time, αbf is base fluid’s diffusivity, L is the length of the 

geometry, ΔT=Th-TC is the temperature difference, ΔC=Ch-CC 

is the concentration difference within the nanofluid, TC is 

applied nominal temperature and CC is the nominal reference 

concentration for nanofluid. Using (16), (∆𝑇/𝑇𝐶) ≪ 1  and 

(∆𝐶/𝐶𝐶) ≪ 1  the equations (1)-(5) can be written 

dimensionless form respectively as:   
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Here, equations (17)-(21) are respectively called 

dimensionless nanofluid continuity equation, momentum 

equation in X-component, momentum equation in Y- 

component, energy equation, and molar concentration 

equation. The parameters appeared in the above equations are: 
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. Using the dimensional 

relations (16), the dimensional boundary conditions (15) are 

transformed into the following forms:  

When ξ = 0, in the whole enclosure:  

0, 0, 0, 0U V P= = =  = = ,                                    (22a) 

 

When ξ > 0, 

Upon the interior half-circular boundary:  

 
0, 1, 1U V = = =  =

                                            (22b) 

 

Upon the exterior half-circular boundary: 

 

0, 1U V = = =  =                                                 (22c) 

 

Upon the straight horizontal wall of enclosure:  

 

0, 0, 1U V
n


= = =  =


                                   (22d) 

 

 

3. COMPUTATIONAL PROCEDURES 

 

To solve the governing equations (17)-(21) along with the 

boundary conditions (22) of the geometry, a suitable numerical 

method called the Galerkin weighted residual finite element 

method is employed. Zienkiewicz et al. [25] and Codina [26] 

described this numerical method along with the advantages 

and disadvantages over the other methods. Also, the 

advantages and solution procedures using this method have 

been well stated by Uddin et al. [5-8]. The step by step 

procedures of the prescribed numerical method over the 

present governing equations can be obtained in Uddin and 

Rahman [27]. In the method, the governing partial differential 

equations are transformed into the weighted residual integral 

forms. The Gauss divergence theorem is applied to modify the 

weighted integral equations into a system of algebraic 

equations. Exact integration formula, Euler backward formula, 

and Newton-Raphson iteration technique are applied to solve 

the system.  The convergent criteria of the solutions are set to 

|Km+1-Km|10-6, where K are U, V, θ, Φ and m is the number of 

iteration.  

To describe heat transfer distribution, the local Nusselt 

number is well-defined on the inner half-circular wall as: 
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Also, the mean Nusselt number is calculated on the heated 

wall of the cavity as follows:  
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In the finite element simulation, the geometry is sub-divided 

into finite elements are called grids. In the computational 

procedures, grids are studied extensively to ensure that the 

solutions of the present problem are independent of the 

elements of the enclosure. Here, we have calculated the 

average Nusselt number for several numbers of grids for a 

special case: RaT = 105, RaC = 103, ϕ = 0.05, dp = 10nm, n = 3 

at ξ = 1. We have found that the results are independent for 

24132 elements for r = 0.4, 24092 elements for r = 0.3 and 

23558 elements for r = 0.2. The above-mentioned elements are 
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taken to display all results. The precision of the existing 

numerical code of the present problem is also verified. For a 

specific condition, the results of our code are compared with 

that of the standard results of Khanafer et al. [20], Oztop and 

Abu-Nada [29], Barakos and Mitsoulis [30] and Fusegi et al. 

[31]. In comparison, some terms of the energy equation and 

the whole concentration equation of the present study are 

neglected to match the conditions with that of the benchmark 

studies. The average Nusselt number at the heated boundary is 

calculated for local thermal Rayleigh number, RaT = 103-107 

which is displayed in Fig. 6(a). The result shows an 

outstanding settlement which lifts the sureness in the 

numerical results of the present work. We have also validated 

our present numerical result by comparing with the 

experimental work of Wen and Ding [28]. In this case, 

alumina-water nanofluid is considered. The heat transfer 

enhancements for different nanoparticle volume fraction are 

compared from the base fluid. The comparative results are 

displayed in Fig. 6(b). As can be seen that the result of the 

present study reflects the results of the experimental study of 

Wen and Ding [28]. Hence the similar results between the 

experimental findings and the outcomes of the present code 

have inspired us to take further results using the existing code 

of the current problem.   

 

 

4. RESULTS AND DISCUSSIONS 

 

The standard flow parameters of the problem are calculated 

using the properties of copper-water nanofluid. The 

thermophysical properties of copper nanoparticle are as 

follows: (cp)p = 385 Jkg-1K-1, ρp = 8933 kg·m-3, κp = 401 W·m-

1K-1, βp = 1.67×10-5 K-1 and σp = 59.6×106 Sm-1. Also, for a 

standard temperature, the characteristics of water are as 

follows: (cp)bf = 4179 Jkg-1K-1, ρbf = 997.1 kg·m-3, κbf = 0.613 

W·m-1K-1, βp = 21×10-5 K-1, σp = 5.5×10-6 and μbf = 0.001003 Pr 

= 6.8377. Let us consider some typical standard values: TC = 

300K, ΔC = 0.01, ΔT = 10K, n = 3, CC = 1, dp = 10nm and ϕ = 

0.05 which are available in many kinds of literature. With 

these values, the physical parameters came across into the 

equations (17)-(21) for copper-water nanofluid can be 

calculated as follows: Le = 4.3713×105, Sc = 29890, DB = 

3.3654×10-11, DT = 3.9806×10-12, NTBTC = 0.39429 and NTBT = 

0.0039427. The results have been taken for the different values 

of the thermal Rayleigh number (RaT) and the solutal Rayleigh 

number (RaC), nanoparticle volume fraction and the thickness 

of the annulus of the geometry. It is important to note that Le, 

Sc, DB, DT, NTBTC and NTBT is directly dependent on the 

thermophysical properties of base fluid as well as 

nanoparticles, so the values of these parameters are unlike for 

different types of nanofluids. These parameters will be 

changed according to the requirements of the problems. The 

dynamic thermophoretic diffusion coefficient (DT) and the 

Brownian diffusion coefficient (DB) depend on the size of 

nanoparticle and viscosity of the base fluids. Here, heat 

transfer within a copper-water nanofluid filled semi-circular 

shaped annulus with a uniform thermal wall condition is 

discussed. For an extensive choice of controlling parameters, 

the problem is numerically examined. The velocities of the  

flow, thermal flow field, and concentration levels, as well as 

the average and the local Nusselt number for thermal Rayleigh 

number and nanoparticle volume fraction, have been discussed. 

The effect of the thickness of the semi-circular annulus is 

demonstrated. The proportion of the buoyancy-driven 

parameters RaT and RaC are set aside static to 102. All results 

are deliberated elaborately. 

Figure 3 represents the streamlines, isotherms, and 

isoconcentrations. As can be seen that the flow field, thermal 

field, and concentration field are very strong inside the annulus 

of having higher width. This is due to the greater temperature 

differences in the cavity for the larger space where the 

nanoparticles and molecules of water can migrate and freely 

collide with each other. The maximum velocities of nanofluid 

increases as the thickness of annulus increases. Also, as the 

width of the annulus is rises, the distortion of the isotherms 

increases. Such evidently bespeaks that the higher heat transfer 

can be obtained in a spacious geometry. For the lower values 

of the thickness of the annulus, it is seen that the conduction 

manner of heat transfer dominates inside the enclosure 

because of the congestion of solids. On the other hand, the 

convection modality of heat transfer spreads entirely in the 

annulus for the higher values of the thickness. Furthermore, 

the levels of the isoconcentrations are increased as the 

thickness of annulus is enlarged, this means that stability and 

uniformity of the particles as well as water molecules are 

increased for the larger space of the enclosure. 

 

 
(a) 

 
(b) 

 

Figure 2. Assessment of our code for a particular situation in 

terms of (a) the average Nusselt number with the numerical 

works of Khanafer et al. [20], Oztop and Abu-Nada [29], 

Barakos and Mitsoulis [30] and Fusegi et al. [31] for Le-1 = 0, 

NTBT = 0 and RaC = 0 and (b) the heat transfer enrichment 

with the experimental works of Wen and Ding [28] for 

alumina-water nanofluid at the entry-length region 
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0.2r =  0.3r =  0.4r =  

   

   

   

 

Figure 3. Streamlines (top row), isotherms (middle row) and isoconcentrations (last row) for different thickness of the semi-

circular annulus for the selected values of ϕ=0.05, dp=10nm, n=3, RaT=107, Ha=20, γ=90° and ξ=1 

 

r=0.4 r=0.3 r=0.2 

 

 

 

 

 

 

 

Figure 4. The distribution of local Nusselt number for different thickness of the annulus for different nanoparticle volume 

fraction (upper row) and Rayleigh number (bottom row) when dp = 10nm, n = 3, Ha = 20 and γ = 90° 

 

The NuL distributions for different values of the thickness of 

the annulus for different nanoparticle volume fraction (left 

column) and thermal Rayleigh number (right column) have 

been demonstrated in Fig. 4. At a first glance, As can be seen 

that the dissemination of local Nusselt number is an enhancing 

function of ϕ throughout the cases. Also, this is true for the 

thermal Rayleigh number for the annulus of having higher 

width (r≥0.4). The distribution of heat transfer for nanofluids 

is necklace shaped whereas it is almost a straight line for the 

base fluid. The negligible heat transfer is noticed for the base 

fluid whereas it is significantly higher for nanofluid. The 

maximum value of the local Nusselt number is observed for 

the annulus of having higher width. From the right column of 

Fig. 4, it is found that the dissemination of local Nusselt 

number is overlapping for the increasing values of thermal 

Rayleigh number for r0.3. The minimum value of the local 

Nusselt number is higher for r=0.4 than that of other cases. 

These maybe due to the adjustment between the shapes of the 

cavity and the characteristics of nanofluid where the slip 

mechanisms play the significant roles to alter the particle 

motions.  

Figure 5 depicts the isotherm (first three rows) and 

isoconcentrations (last three rows) for several values of 

Hartmann number in the semi-circular annulus of having three 

different widths (0.2, 0.3, 0.4). It shows that without the 

applied hydro-magnetic field, the distorted, strong and 

symmetric isotherms do exist in the half-annulus whereas 

isotherms slightly compress to the boundaries with the 
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presence of the magnetic field throughout the cases. The levels 

of the isotherms in cavities are slightly higher without the 

magnetic field than that of the absence of it. As the magnetic 

field intensities increases, the distortions and the strengths of 

isotherms in the middle and upper boundaries of the cavities 

slightly reduce. These are due to the presence of magnetic 

dipole attracts and forces the temperature lines to be close to it 

within the cavities. Interestingly, the effects of the magnetic 

field on the patterns of isotherms in the cavities of having 

lower widths are significant. The bi-directional isotherms in 

the cavity exist in this case which indicates that the lower heat 

transfer happens. These occur due to closed loops of the 

electric current for the magnetic field in a small space. Also, 

the adjustment between the intensity of the magnetic field and 

the space of the geometry is important in an application to 

command the heat transfer. As the width of the cavity and the 

intensity of the magnetic field decrease, the anomalies pattern 

of the loops in the cavity increases.  

The effects of the Hartmann number and thickness of the 

semi-circular annulus on the isoconcentrations are significant. 

Two symmetric and firm loops of the isoconcentration exist in 

the cavity without a hydro-magnetic field. Also, the levels of 

the isoconcentration close to one which represents the active 

and uniform isoconcentration. For the applied magnetic field, 

the strengths of the loops of isoconcentration in the cavity 

moderately decrease. The lines of the loops increase and 

elongate horizontally. The cell intensity in the middle of the 

loops decreases in this case. As the Hartmann number 

increases, the pattern of the loops of isoconcentrations changes. 

The distributions of the cells in the middle of the cavity loosely 

connected. For the lower thickness of the cavity, only two 

symmetric patterns of the isoconcentration disappear. Many 

small loosely connected loops in the middle of the cavity come 

out in this case. As the intensity of the magnetic field increases, 

the number of the loosely connected loops in the middle of the 

cavity increases. This situation directly depends on the 

thickness of the cavity. For annulus of having a moderate 

thickness, this situation also arises if the Hartmann number is 

high. These happen due to the small space of the cavity where 

the magnetic dipole appeals to the compact particles. The 

symmetric pattern of the two loops of isoconcentrations which 

spreads in the entire cavity still exists even with the higher 

values of Ha if the thickness of the annulus is high. These are 

due to the spacious cavity where the particles can move 

randomly, collide and migrate from place to place. 
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Figure 5. Isotherms (first three rows) and isoconcentrations (last three rows) for selected values of Ha  for 

different thickness of the semi-circular annulus for fixed ϕ = 0.05, dp = 10nm, n = 3, RaT = 107, γ = 90° and ξ = 1 
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Figure 6 represents the isotherm (first three rows) and 

isoconcentrations (last three rows) for several values of 

magnetic field inclination angle in the semi-circular annulus 

of having three different widths (0.2, 0.3, 0.4). We see from 

the first three rows of Fig. 6 that the pattern of the isotherms 

significantly changes for the changes of the magnetic 

inclination angle and the width of the semi-circular annulus. 

The magnetic field inclination angle controls the direction of 

nanofluid flows. The nanofluid thermal flow directs along the 

direction of the magnetic field in the half-annulus of having 

moderate and higher widths. The strength, as well as 

distortions of the isotherms, increase as the width of the 

annulus along with orientation angle increase. The level of the 

isotherm increases, in this case, indicates that heat transfer 

increases.  It is interesting to note that the patterns and 

temperature lines of isotherms do not change at all for the 

change of the magnetic field inclination angle. The isotherms 

are weak, thermal layer forms on the lower wall and the levels 

of the isotherm do not alter signally in this case. These direct 

that lower heat transfer encounters in the enclosure and the 

impact of the width of the half-annulus on the heat transfer is 

significantly important. 

From the last four rows of Fig. 6, we observe that the effect 

of r and the γ on the isoconcentrations are substantial. As the 

width of the annulus increases the strengths as well as levels 

of isoconcentrations increases. The cells spread in the entire 

annulus of having higher widths. The density of the 

isoconcentration is easily noticeable. For the annulus of lower 

width, the lines of concentration compact inside and clusters 

on the boundaries. The levels are also poor in this case. These 

are due to the motion of the particles of the fluid where the 

significant migrations and random motions of solid particles 

ensue in the spacious space. Also, as the γ increases, the 

changes of isoconcentration do not occur in the annulus of 

bearing lower width. The levels of isoconcentration do not 

changes. The cells of the isoconcentration compress to the 

boundaries. The gaps are narrow between the two 

concentration loops in the middle of the annulus in this case. 

However, a significant change happens in the annulus of 

having a higher width as γ increases. The uniform distribution 

of cells of concentration occurs. The gaps between the two 

loops in the middle of the annulus increase. The concentration 

loops direct along the direction of the magnetic field. These 

are due to the spacious space of the annulus where the intensity 

of the Ha can trace and control the particle motion. These 

designate that the suitable condition of isoconcentration occurs 

in the wide space for the γ=90°. 
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Figure 6. Isotherms (first three row) and isoconcentrations (last three row) for selected values of   for 

different thickness of the semi-circular annulus for fixed ϕ = 0.05, dp = 10nm, n = 3, RaT = 107, γ = 90° and ξ = 

1 
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The Nuave versus (a) different RaT and (b) ϕ (c) Ha and (d) γ 

have been illustrated in Fig 7. The three different widths (r) of 

the cavity are tested for the pertinent parameters. As can be 

seen from Fig. 7(a) and 7(b) that as the thickness of the annulus 

along with the thermal Rayleigh number, and nanoparticle 

volume fraction are increased, the Nuave is increased 

significantly. The increasing trend in the Nuave is significant 

for the higher width of the enclosure whereas the regular 

enhancing trend is seen for the lower breadth of the cavity.  

The average Nusselt number is more prominent when RaT>105, 

ϕ>0.01 and r>0.3. This is due to the fact that the random 

motions, collisions, and migrations of nanoparticles can be 

substantial if the geometry is spacious. The high-temperature 

differences in the fluid can be obtained for the larger width of 

the annulus. The higher buoyancy force can create higher 

temperature changes within the cavity where more 

nanoparticles can be occupied and freely moved. The effects 

of the magnetic field parameter on the thickness of the annulus 

are displayed in Fig. 7(c). The substantive heat transfer is 

noticed for the annulus of having higher width compared to 

that of the lowered width in this case. As the Hartmann 

decreases, the mean Nusselt number decreases. The decreasing 

tendency in heat transfer significantly increases in the annulus 

of having a higher thickness for the increase in Hartmann 

number. The noticeable decreasing trend in average Nusselt 

number is observed for annulus of r≥0.3 whereas, within the 

annulus of having r0.2, heat transfer becomes plateaued for 

Ha=0-45 and its gradual decreases for Ha>45. These happen 

due to the hydro-magnetic field can capture the particle in the 

fluid if the particle motion is high in the cavity. Fig. 7(d) shows 

the heat transfer rate for several magnetic orientation angles. 

We have seen that the average Nusselt number is higher for 

the cavity of having higher width than that of the lower width. 

For the cavity of higher width (r≥0.3), the moderate increase 

in heat transfer rate is detected for the increase in the magnetic 

field orientation angle whereas no changes in heat transfer 

occurred for (r0.2). Also, the increasing trend in heat transfer 

increases for the increasing value of the magnetic field 

inclination angle for the semi-circular annulus of having 

higher thicknesses. These happen due to the larger space in the 

annulus where the orientation area of the magnetic field is 

large. 
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Figure 7. The Nuave versus (a) different RaT, and (b) nanoparticle volume fraction for various thickness of the semi-

circular annulus for the selected values of dp = 10nm, n = 3, ϕ = 0.05, Ha = 20, γ = 90° at ξ = 1 

 

 

5. CONCLUSIONS 

 

The objective of this work was to investigate convective 

heat transfer and the effects of the thickness of the semi-

circular annulus shaped geometry using nanofluid. The major 

results demonstrated that the Nusselt number is the increasing 

function of nanoparticle volume fraction, the thermal Rayleigh 

number, the magnetic field inclination angle and the thickness 

of the half-annulus. The heat transfer rate decreases as the 

magnetic field parameter increases.  The heat transfer at the 

heated wall of the semi-circular annulus for copper-water 

nanofluid is significantly higher than that for water. A 

necklace shaped of heat transfer distribution has been noticed 

for nanofluid whereas, for a base fluid, the distribution of heat 

transfer is a straight line which shows a lower performance in 

the application. The heat transfer rate is more prominent when 

RaT>105, ϕ>0.01 and r>0.3 and. The semi-circular annulus of 

having higher width exhibits a higher heat transfer rate. The 

magnetic field cannot control the flow direction for the cavity 

with lower width but higher width. The effects of the magnetic 

field and its orientation angle on the heat transfer are 

insignificant within the annulus of having lower width 

whereas the effects of the parameters are remarkable in the 

annulus of having higher width.    
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NOMENCLATURE 

 

Ha   the magnetic field parameter / Hartmann number 

Bk   Boltzmann constant ( )J/K   

L  length of the bottom wall ( )m   

Le
  

Lewis number 

Nu  Nusselt number 

aveNu
  

average Nusselt number 

TBTCN   dynamic diffusion parameter 

TBTN   dynamic thermo-diffusion parameter 

p
  dimensional pressure (Pa)  

Pr   Prandtl number 

r   width of the annulus 

1r   radius of inner semi-circle 

2r   radius of outer semi-circle 

TRa  local thermal Rayleigh number  

CRa  local solutal Rayleigh number  

Sc   Schmidt number 

t  dimensional time ( )s   

T   temperature ( )K   

  

  

  

Greek symbols  

  thermal diffusivity ( )2m /s  


 the coefficient of volume expansion ( )-1K   

*
 

the coefficient of mass expansion ( )-1K  

   Magnetic field inclination angle 

   the electric conductivity ( )-1Sm   

  nondimensional time 


 density ( )3kg/m   


 dynamic viscosity ( )Pas   

  the kinematic viscosity 

  dimensionless temperature 


  nanoparticles volume fraction  

  dimensionless concentration 


 

thermal conductivity ( )W/mK  

   the sphericity of the nanoparticles 

C    concentration drop ( )3mol/m   

T   temperature drop ( )K  

 

Subscripts  
ave   average  

bf   base fluid 

nf   nanofluid  

p   solid nanoparticle 
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