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ABSTRACT
This article addresses a specific type of boundary conditions in plane elastic boundary value problems, 
BVP. An elastic plane composed of two dissimilar isotropic materials is considered. It is assumed that 
the displacement vector orientations are known on both sides of the contour that separates the entire 
plane into interior and exterior domains. The stress vector is assumed to be continuous across the  
contour.

The aim of this study is the investigation of solvability of this BVP and the development of appropri-
ate numerical methods for solving the corresponding singular integral equation. The latter is necessary 
as the integral equation is homogeneous.

It is shown that depending on the behaviour of the displacement vector orientations the solution 
of the problem may include a certain number of arbitrary linear parameters. A numerical approach is 
proposed based on the solution of the homogeneous Riemann BVP to form a non-homogeneous right 
hand side of the integral equation.
Keywords: boundary value problems, complex potentials, plane elasticity, singular integral equations.

1 INTRODUCTION
Gakhov [1] investigated solvability of a special singular integral equation, SIE, which domi-
nant part includes an unknown function g and its conjugate g and the singular integral and its 
conjugate. In general this SIE can be presented in the following form

 ag bg c g d g g g f+ + + + + =S S K L  (1)

Here Sg is the singular operator
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Kg and Lg are any regular operators and a,b,c,d,f are known continuous functions of the 
complex contour variable. It has been shown that the solvability of SIE (1) is determined by 
the index calculated through the increment of the argument of the complex valued function G 
after the complete traverse of G in the counter-clockwise direction
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If 2K >0 (the coefficient 2 is introduced for convenience), then the solution of the homoge-
neous equation SIE (f = 0) depends on 2K complex constants or 4K real constants, otherwise 
the SIE does not have solutions, see Gakhov [1].

Galybin [2] has investigated solvability of four boundary value problems, BVPs, formu-
lated in terms of the displacement and traction orientations on the contour that separates 
homogeneous elastic plane into interior and exterior domains. Such BVPs have been reduced 



370 A.N. Galybin, Int. J. Comp. Meth. and Exp. Meas., Vol. 5, No. 3 (2017)

to the form of SIE in (1), which allowed for the application of the Gakhov’s approach. Inves-
tigation of the solvability of such SIEs, follows the idea proposed by Gakhov in the third 
Russian edition of his book (Boundary Value Problems, 1977), but not included in earlier 
editions translated into English (see [3] for details).

It should be mentioned that such types of BVPs are not only of academic interest. They 
find applications in geodynamics where the data on displacements are known only for the 
period of observations (e.g. from GPS observations or geological studies) and therefore their 
full magnitudes remain unknown, while the data on directions are more reliable. Therefore 
the motivation of the present study is to accommodate this specific information for the sake 
of stress analysis in tectonic regions. It should be noted that the case considered further is 
not covered in [3] as we consider dissimilar materials that form the entire plane. This is also 
important for geodynamics as the adjacent tectonic plates can have different elastic proper-
ties.

2 SINGULAR INTEGRAL EQUATION OF THE PROBLEM

2.1 Problem formulation in terms of complex potentials

The general solution of plane elastic boundary value problems is given by the Kolosov-Musk-
helishvili formulas [3] in terms of two holomorphic functions (complex potentials) j(z) and 
y(z) of complex variable z = x1+ix2. Let G be a closed contour separating the entire complex 
plane into interior W+ and exterior W- domains composed of dissimilar materials that, in gen-
eral, have different elastic properties, G± (shear moduli) and n± (Poisson’s ratios).

The boundary values of displacements, w = (w1,w2), and tractions, t = (t1,t2), can be pre-
sented as complex valued functions (of complex variable z∈G) W and T respectively via the 
boundary values of complex potentials
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Hereafter the symbols “±” denote the boundary values obtained by approaching G from 
domains W± respectively; piecewise elastic constants k± are defined as k± = 3-4n± to for plane 
strain and k± = (3- n±)(1+ n±)-1 for plane stress; the argument, z, of complex valued functions 
is not shown for compactness. The bi-holomorphic function H is the following combination 
of complex potentials

 Η Η Η Ω Γ( , ) ( ) ( ), lim ( , ), ,z z z z z z z z
z

= ′ + = ∈ ∈±
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±ϕ ψ
z
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Let the orientations of the displacements be known on the boundary while tractions are con-
tinuous across the contour. Then one arrives at the following boundary value problem for 
the holomorphic functions: Find two holomorphic functions j(z) and y(z) by the following 
boundary conditions on G

 T T+ −

− = 0 (6)

 argW ± ±

= β  (7)

provided that two real valued functions b± = b±(z) are given on the contour and they satisfy 
the Hölder condition.



 A.N. Galybin, Int. J. Comp. Meth. and Exp. Meas., Vol. 5, No. 3 (2017) 371

It should be noted that (6) is equivalent to the condition of the continuity of the stress vec-
tor σ = σn+iσt across G due to the following relationship

 ∂
∂

± ± ± ∂
∂

± ± ± ±= ′ + ′ + ′′ + ′( ) = + ∈z
z
z z s s Vt in tϕ ϕ ϕ ψ , Γ  (8)

Boundary conditions (7) can also be expressed as follows:

 Im e Wi− ±
±

( ) =
β 0 (9)

As soon as the potentials are found, the stress fields (i.e., stress functions and stress compo-
nents) in both exterior and interior domains can be determined by the Kolosov-Muskhelishvili 
formulas.

The sum of equations in (4) gives the following boundary values of the holomorphic func-
tion j

 ( )k± ± ± ± ±+ = +1 2ϕ G W T  (10)

Let us denote for the jump of a quantity across the contour as <f> = f+-f-. Then taking into 
account (6) one can present the jump of the holomorphic function j in the form

 ϕ = + ≡+ +
2
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where T = T+ = T-.
As follows from (4)-(6) the jump of the holomorphic function y is

 ψ ϕ ϕ= − − ′ ≡z h  (12)

In view of the Cauchy integral formula one can present the holomorphic functions j and y 
via the Cauchy integrals
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Here, for simplicity, it is assumed that the potentials vanish at infinity (although the general 
case does not present significant difficulties).

The derivative of j is expressed via the Cauchy integrals with the density g’(h). Then, as 
follows from (5), the bi-holomorphic function H is
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The boundary values of j and its conjugate are found as follows:

 2 2ϕ ϕ± ±= ± + = ± +g g g gS S,  (15)

The function h(h) is expressed via the function g(h) as h g g= − − ′η  due to continuity of 
tractions, and the boundary values of H take the form

 2 1Η± = − +∓g g gS R  (16)

where the regular operator R1 is
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In the latter formula one can notice that the argument is bounded and continuous on an arbi-
trary smooth contour. It also satisfies the Hölder condition, and its value at the singular point 
coincides with the angle of the tangent inclination to the real axis, thus
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In order to use directly the properties of SIE (1) it is necessary to recast the term Sg  from (16) 
because it is not included into the dominant part of SIE (1). This can be done by applying the 
following property of the singular operator

 S S Rg g g= − + 2  (19)

where the regular operator R2 is
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Its kernel is not singular, which is evident from (18).
Taking (19) into account one can rewrite (16) in the form

 2 21 2 1 2Η Η
± ±

= + + − = + + −∓ ∓g g g g g g g gS R R S R R,  (21)

2.2 Complex SIE and its solvability

Now let us assemble a system of real SIE by substituting (15) and (21) into the first eqn (4) 
followed by its substitution into (9) with results in
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Here the operators reg (.,.) are regular because R1 and R2 are regular. They satisfy the regular 
part in SIE (1) and it is evident that their real parts vanish.

The system of two real eqn (22) can be reduced to the form (1) by making their linear 
combination. In order to do that let us multiply these equations by two different complex 
functions exp(iw±) respectively and then sum them up. This operation results in SIE (1) with 
the following coefficients.
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Substitution of (23) into (3) gives the following expression for the function G
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Note that this function does not depend on the angles w±, which means that those angles can 
be selected arbitrary except equal to pk.

Since k>1 the fraction in (24) does not affect the index as its real part is always positive, 
therefore, the index is as follows:

 2 21
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=Index G ii( ) ln(exp( ) .

π

δ

π
δ  (25)

The latter formula indicates that the index depends on the difference of the displacement 
orientations only, i.e. on the angle d, whose increment (after the complete traverse of G in the 
positive direction) should be positive to provide a solution of the considered BVP. If 2K≤0, 
no bounded (non-trivial) solutions exist. For 2K>0 the solution of (22) includes an arbitrary 
polynomial of 2K-1 degree, which means that the solution is controlled by up to 4K real 
parameters. It should be noted that the degree of the polynomial (and the number of constants 
respectively) could be reduced if certain restrictions are introduced. This is shown in detail 
in the next section.

3 NUMERICAL APPROACH
Following Gakhov [1] we introduce the following operator

 Θ(.) (.) (.) (.) (.)= − − −a b c dI I S S  (26)

where I is the identical operator, i.e. If = f.
Let us apply this operator to the SIE of general type in (1). This allows one to exclude 

the complex conjugated variable in the dominant part of the resulting SIE that eventually 
assumes the form
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Here U and V are certain regular operators originated from the application of the operator Q 
and permutations of the singular and regular operators.

Let us seek the general solution of homogeneous SIE (27) as the sum of two unknown 
functions

 g g g= +0 1 (28)

Here g0 is the general solution of the homogeneous dominant equation

 Ag iB g0 0 0+ =S  (29)

and g1 is any particular solution of the non-homogeneous SIE

 Ag iB g g g f1 1 1 1 0+ + + =S U V  (30)

where the right hand side is expressed through the solution of (29) in the form

 f g g0 0 0
= − −U V  (31)

The advantage of the presentation in (28) is evident from the fact that the direct attempt to 
solve (27) by any numerical method would produce a trivial solution only because of the 
homogeneous right hand side. On the other hand a particular numerical solution can be found 
for non-homogeneous SIE (30) as soon as g0 becomes known. Therefore, the first step in the 
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proposed numerical approach is to determine the full set of linearly independent solutions of 
SIE (29). Consider this operation in detail.

Firstly, let us reduce SIE (29) to the following Riemann problem by using the first formula 
in (15)

 ( ) ( )A iB A iB+ − − =+ −ϕ ϕ 0 (32)

Further, by dividing (32) by |A+iB| one finds

 exp( ) exp( )+ − − =+ −i il lϕ ϕ 0 (33)

where the angle l is the argument of A+iB

 λ = +arg( )A iB  (34)

Let K be the index of the function A-iB determined as the increment of the angle -l gained 
after the complete traverse of the contour G counterclockwise, i.e. as follows:
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Then one can reduce (33) to the following form
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Bearing in mind that Index(zK) = K we conclude that
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This allows one to define a holomorphic function m by the jump of its boundary values across 
the contour, i.e. via m+-m- = Klnz-il. By the Plemelj-Sokhotskij formulas one can find the 
boundary values of this function in the form

 2µ± = ± −( ) + −( )Κ Κln lnz l z li iS  (38)

Therefore

 exp( ) exp ln2µ± ± ±= −( ) z z llΚ Κe ii S  (39)

Then (36) becomes

 exp( )( ) exp( )( )2 2µ ϕ µ ϕ+ − + − −=z zΚ Κ  (40)

Here, the exponential terms have a zero index while the term in parenthesis in the left hand 
side has a pole of order K-1 (as the value j+(0) does not affect stresses we can assume 
j+(0) = 0) and the term in parenthesis in the left hand side increase as zK-1 at infinity (as we 
assumed that j-(∞)→0). In accordance with the generalised Liouville’s theorem [1] one can 
consider a holomorphic function R in the entire plane that has the poles of order K-1 at the 
origin and at infinity, which solves the homogeneous Riemann problem. On the contour it 
has the form

 exp( )( ) exp( )( )2 2µ ϕ µ ϕ+ − + − −= =z zΚ Κ R  (41)

where the expression for the holomorphic function R is as follows:
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Therefore

 ϕ ϕ+ + − − −= − = −exp( ) ( ), exp( ) ( )2 2m z z m z zΚ ΚR R  (43)

and consequently
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By substituting the boundary values of the functions exp(2m±) from (39) into the right hand 
side of (44) one can derive the final expression for the homogeneous solution in the form

 g i i R0 2= − − −( )
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The second step consists of finding particular numerical solutions of non-homogeneous SIE 
(30) where the right hand side is a linear combination of homogeneous solutions with arbi-
trary complex coefficients. In other words SIE (30) should be solved for 2K-1 different right 
hang sides, which can be written in the form

 Ag iB F jj j j j
j1 1 1 1 0 2 2− + + = = −S U V , … Κ  (46)

Here the functions Fj are expressed through the homogeneous solution, by taking into account 
(42) and (31), as follows:
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It is evident that for calculation of the right hand side, it is necessary to perform two numerical 
integrations of two recurrent integrals. That is also an advantage over the method proposed 
earlier [4] where more computational efforts were needed. It should be noted that if U and V 
are complex conjugated operators (as in the case considered here, see (22)) than Fj are real 
valued functions.

The general solution for g1 is a linear combination of the particular solutions gj
1 with the 

coefficients cj in (42). It has the form

 g c g
j K

j

j
1 1

0

2 2

1
( ) ( )ζ ζ=

− +

=

−

∑

Κ

 (48)

Combining the solutions for g0 and g1 one obtains the following final form for the general 
solution of SIE (27)
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This solution is valid for any coefficients a, b, c and d that generate the functions A and B. 
Let us present the expressions for the latter functions for the problem considered here by 
choosing w±= -b±, which yields
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Then the expressions for the coefficients of the Riemann problem assume the form
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It is seen that Index (A±iB)= ∓K and therefore

 Index A iB
A iB
−

+
( ) = 2Κ  (52)

The latter formula agrees with the index calculated in (24)-(25).

4 CONCLUSIVE REMARKS
The BVP formulated in terms of the displacement vector orientations given on a contour 
separating dissimilar domains has been investigated for the case when the stress vector is 
continuous across the contour. It has been shown that for the positive index 2K the solution 
includes a polynomial of up to 2K-1 degree with arbitrary complex coefficients. For the case 
of non-positive index no bounded solutions exist. This result is in line with that obtained for 
the similar materials in [2], which indicates that the elastic properties of the composed plane 
are not responsible for the number of linearly independent solutions.

One may expect obtaining closed form solutions for simple contours like circumferences 
or straight lines. This is due to the fact that the regular operators do not affect the prob-
lem, e.g. R1 = R2 = 0 for half-planes. However, this simplification is not enough for finding 
the analytic form of the solution because the operators U and V do not vanish in general 
(although they can assume simple forms for specific functions b). It should be noted that if 
one assumes that the modulus of the displacement vectors are the same from different sides 
of the contour (for instance in the case of half-planes with the same elastic moduli) then the 
BVP can be decoupled, which indicates that in this case the boundary values of the displace-
ment orientations cannot be chosen independently.

The numerical approach developed in this study has advantages over the previous approach 
suggested in [4] for the BVP formulated in terms of the boundary values of the principal 
directions given on both sides of the contour (assuming continuity of tractions). Such BVP 
was reduced to a SIE of the form (1). However the approach [4] utilized the Carleman–Vekua 
regularisation to transform the SIE into an integral equation of the Fredholm type, which 
requires more numerical integrations as compare to the approach reported here.
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