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The current study is fully devoted to studying differential subordination and
superordination theorems of analytic functions with some sandwich results involving
linear operators Is’}a,ﬂ. This operator was obtained by the Hadamard product with the
family of integral operators and the Hurwitlz-Lerch Zeta function. The current results
demonstrate the possibility and capability of extracting the Sandwich theorem, and the
conclusion includes differential subordination and differential superordination.

1. INTRODUCTION

Through the integral operator, Cotirla [1], obtained a
sandwich theorem by different method. Recently,
Shammugam et al. [2] and Goyal et al. [3] and Atshan [4],
Atshan & HadiAbd [5], Ibrahim et al. [6], Atshan & Hussain
[7], and Atshan & Jawad [8], studied sandwich theorems for
another condition. Previous research established those
differential subordinations and superordinations can be used
to obtain adequate conditions to meet the sandwich
implication of a large number of well-known sandwich
theorems.

Let me use and called H=H(P) is the class of functions
(analytic) in the disk V={z€C:|z|<1} . Vne
(+integer). In addition, a € C. Now, we define H [a, n] is
the subclass of H. H [a, n] include the shape:

F(z) = a+ a,z™ + a,413™* + (a belong to C) (1)

Too, suppose ¢ subclass of H include of the functions in the
shape:

F(z) =z+ Z a,z" )

Let F, g belong to ¢. The function f is called subordinate to
g, or g is called superordinate to F, if 3 schwarz analytic
function in is w, with zero=w(zero) and the absolute value
of w(z) less than 1, (z € V) s.t F(z) equal g(w(z)). we shall
write F < g.

If gisunivalentin , then F < g iff F(zero)=g(zero), F(V)
is subset of g(P).

Now: Suppose h,p € H and Y(r, A, t;3):C3 x V— C. If
the variable p and the set of  concepts
Y(p(z) and zp’ () plus z%p"'(3); ) are function univalent
in the disk I in addition if p in the shape the 2nd-order
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superordinations.

h(z) < Y(p(z),zp'(z)and z*p" (z): z) (3)

So, p gives title a solution of the superordination of (3). (If
f is subordinate to g, then g is superordinate to f). Now An
analytic q is said to be a subordinant of (3), if q < pV the
functions p satisfies (3). Now § univalent subordinant have the
property q < @, Vv differential subordinants q of (3) is known
the best subordinant. The two researchers Miller & Mocanu [9]
they own set on the analytic h; q and y by the set of concepts:

dp ,d’p
h(z) <9 <p(Z),zE z @(z);z> = q(2) @)

<p()
Komatu [10] gave the family of integral operator:
JhE -1
Define as follows:
JAF () =z + Z(u/n +u—Da,z",
nzl(z belong toV,n > 1,1 > 0)

By function Hurwitlz-Lerch Zeta:

k
¢(z,5,a) = Z%O:O(ki—a)s ,a €C/z,7,s € Cwhen 0 < |z]|
greater than 1

Using convolution where Gs () by:

Gsae = (L +a)[Pp(z,5,0) —a™ ], (z €V)


https://crossmark.crossref.org/dialog/?doi=10.18280/mmep.090416&domain=pdf

Then a linear operator 12, ,F (z): £ - £[11] is defined:

Is}:a,uT(Z) = Gs,a(z) *]ﬁf(z) (5)
s A
_ w (lta [ n
=3+ Xz (k+a) (u+n—1) nZ . ©)
From Eq. (6) get:
2 (B F (@) = wlie,F (@) — (- DIZLF ) ()

AL-Ameedee et al. [12] got conditions for the concepts
certain analytic.

q1(2) < zF'(3)/F(3) < q,(3)

where, q, and q, are univalent in I in addition q, (zero) =
q,(zero) = 1.

The fundamental objective our research is to find some
properties of normalized analytic functions F like sufficient

condition.
q,(z) < (%ﬂ)y < q.(2)
And:
0 (5) < (uj,;;:r(z) + (; -~ t)zga_#f(z))y < 9.

We got univalent functions gi and ¢z in V with, 1 =

q2(0) = q4(0).
In the next step, we need some basic information [13-20].

2. DEFINITIONS AND PRELIMINARIES

Definition (1) [13]. The set functions F Denote by Q, is
analytic and one to one V\ E(F), where V=VU{z €

0V} and E(F) = {Z € aV: lizTgitT(z) = oo} s.t

F'({) # 0 for { € AV\E(F).

F(z) = a, then: Q(zero)=Q, and Q(one)=Q, = {FeQ :
F(0) =1}.

Lemma (1)[13]. In Fsuppose be univalent and suppose
in addition ¢ analytic function in D consists of q(F) and 0 #
d(w) such that w e q(V) . zq'(2)¢(q(z)) = Q(z) and
h(z) = 0(q (3)) + Q(2). let:

i. Zcontains the starlike univalent function Q(z).

ii. Re{h'(z)3/Q(z)}greater than 0, V z belong to V.

If the analytic function p in V, too p(zero) = q (zero), p(P)
sub set D,

0(p(2))plus zp' (2)p(p(2))
< 6(q (2))plus zq'(2)¢(q (2)),

So q is the best dominant in addition p < q."

Lemma (2)[14]. Suppose the convex univalent function in
is q in addition let a belong to C, B8 belong to C \ {zero}
and:
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Re{(zq"(3)/q'(2)) + 1}
greater than max{zero, —Re(%)}

then:

ap(z) + fzp'(2) < aq(z) + fzq'(2),

So, the function is the best dominant in addition p < q.

Lemma (3) [14]. Let the convex univalent function in Fis
q in addition suppose g belong to C. In addition, suppose that
Re(B)>zero. If the function p € H [q (zero), 1] intersection
with Q and the univalent in V is p(z) plus Bzp'(z) when:

q (2) + pzq'(3) < p(z) plus Bzp'(z)

i.e., the function q is the best subordinant and q < p.

Lemma (4) [8]. Suppose the convex univalent function in 7
is q in addition suppose ¢ and @ are analytic function in D
contains q( /). Then, suppose:

(1) Real {0'(q(z)) + ¢(q (2))} greator than zero, V
complex variable z belong to V.

(2) the function Q(z) equal zq'(z) product #(q(z)) is
function univalent star like in V.

If p belong to Q N H[q(zero),1], in addition p(P) subset D,
0(p(2)) plus 3p’ (z) ¢(p(z)) is univalent function in unit disk.

6(a(z))plus zq' (2)$(q(z))
< 0(p(2))plus zp' (z) product ¢(p(z))

then, q < p and the function q satisfy the best subordinate.

Theorem (1). Let the convex univalent in Fis q with 1 =
q (zero) , 0 # €€ C,ygreaterthantozero and let q
satisfies

Real{[zq"(2)/q'()] + 1}

> maximmum {Zero, —Real (9}

(8)

when, F € ¢ satisfies the subordination,

A+1 14
(1 - ep) <Is,a,u:F(Z))
z

BHF@\ (B @\ (9)
ep I244F(2)

&
<q (ZJplus)—,zq’ ()

then,
JA+1 T(Z) 14
<L> <q(3) (10)
z
and the "best dominant of (9) is q.
Proof. p defined as follows:
JA+1 T(Z) 14
p(z) = (—S’a’” . ) (12)

By purely mathematical operations for condition (11) with
respect to z.



2@ (- 114 @)
pw>—y<1+ e (12)

Then, obtain the following subordination in view of (7).

p'(Z)/ — (_ Is):a,,uT(Z))
p) =Y (“ I+ 2FG)

Therefore,

Is):a,,u}‘(z)) (_
IQZ,hT(Z) + 1+

') _

13_3_};(@)7 ( zsﬂ_a_#r(z))
Y ( 3 pimi+ 131 7(z)

from the hypothesis the subordination (9) becomes:

Is):a,,uT(Z)) (_
IQZ,hT(Z) + 1+

& &
p(z)plus ;ZP’(Z) <q (Z)plus;zan’(Z)

we obtain (10) by application of (Lemma (2)) with 8 = §

and a=1,
Corollary (1). Let 0 # € € C, y>0 and:

R{ 23
“Iz+1

If F € ¢ got the subordination:

(1— ) (zg&;_};f(z))y +en (zg&;_};(z))y (zg,a,ur(z)) -

z IS%Z}LT(Z)
1—z2+2§z
(1-22)
A+ eV . .
So, ( Saﬂf@) ) subordinat to (z plus 1/z minus 1).

In addition, g(z) equal (z+1/z-1) is the perfect dominant.

Theorem (2). Suppose the convex univalent in Vis ¢ in
addition 1=gy(zero), zero not equal g(z), (z belong to ) and
suppose:

+ 1} > max {zero, —Real ()E/)}

Re{1 -1+ 5 (13)

e 4d®

where, >0, ¢ € C\{zero} and z € V.
Let the starlike univalent in Vis (—ezq ' (z)). If F € @
then:

8(,s,4a,¢&3) <yq (z) — ezq ' (3) (14)
where,
o(v,s,4,a,82) =Y (Uﬁiﬂz)ﬂi_t)@“'“? (Z))y _
ve (tl%mmz_t)lsl'“'“m)))y (-1+ (15)
tléa,uf(zm(1—013;,};?@))
e F (@) +1L g, F (2)
then,
tUALF(2) + (1 — 012, ,F(2)\
( sanF () (Z )] P ()) <q @) (16)
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and the best dominant of (14) is q(z).
Proof: Now we will start defined p:

(17)

p(z) = (u_é;,;r-(z)+(1_t)zsﬂ_a_”f(z))"

z

Setting: @(w) = —¢ in addition 8(w)=yw, w not equal to
zero. Then, O(w) and @(w) is analytic in C with C/{zero}
respectively.

So, @(w) not equal to zero, w belong to C/{0}, then;

23q'(2).9q(z) = —ezq'(2) = Q=)
and
0q(z) plus O(2) equal yq(z) — €2q'(2) = h(z)
0O(z) is a starlike univalent in F,

zh'(z) Yy 23q"(z)

Real { 2G) } = Real{l—g+ 1'(2) }>0.
and, obtain:
®(]/i S, /L U, E Z) = YP(Z) - gzp,(z) (18)
So, @(y,s, 4, a,u, €; 3) is given by (15).
By (14) with (18), we own:
yp(2)—ezp'(2) < vq(2) —ez3q'(3) (19)

Therefore, got p(z) < q(z) by (Lemma (1)), and by using

(17).
Corollary (2):
Let, Real {1-Y+-221>0, and -1 <B<A<1.
e (1+B3z)

where ¢ belong to C/{zero} in addition z be longto I, if F € ¢
such that:

1+ Az

O@,s Aa,ue3) < (Y(—) -

A—-B )
1+ Bz

21+ Bz)?

and B(y,s, 1, a, i, €; 3) is given by condition (8),

T @) + (=01, F@)\ Az +1
3 Bz +1
and the perfect dominant is q (z)— 1:';

Theorem (3): suppose the convex univalent in Fis ¢ in
addition y greator than zero, ¢(0)=1 and Re {&}>0.

. 2@\
Suppose that F € ¢ satisfies: (T) €Q intersect H

[g(0),1], so,

12417 )\ 124 7(2)\Y (120 uF ()
(1= o) (D) 4 g (HELD) (LanZO)

s_a_uT(z)

is univalent function in V.

A+1 Y
ifq (2) + 29 () < (1 - &) (ﬂ) N

20
(IQ,J;,LT(Z))Y (Iég_‘uf-(z)) (20)
H z Iégilf-(z)




then,
17L+1g: z 14
q () < (L())) (21)
3z
the best subordinant of (20) is q.
Proof: p defined as follows:
IA+1:F z 14
p(z) = (M) (22)
3z
Now we get (22) by differentiating:
Zp’(Z)/ =5 Z(ISZ;;LT(Z)), -1 (23)
r(2) I2:1F (3)
Using (7) in (23), we obtain:
12437 @) 2337 @)\! (auF @)
(1= ew) ( - ) * g“( . ) (Ié,z,hf(w)
=q(2) +29'(2)
we get the result by using (Lemma (3)).
N e
Corollary (3): If F € ¢ satisfies: -, ) E Qn
H[q(0), 1] and let >0 and Re{e}>0.
and,
o) 12 F(2)\ 1 o[0T @ Y (10 F(2)
—eu) | ———— £
W\ % M\ 3 12517 (2)

be univalent in V. If

A+1 ¢ Y A1 g Y 2 F
) (%) +eu (Is.a.uz (z)) (15,a,u (z))

117 ()

(9-(25=)

and the best subordinant is g(z) equal 1—3

Theorem (4): Let the convex univalent in Fis q in addition
1=q(zero), and let g satisfies:

-vq'(2)
&

Re { 1> 0 (24)

where, z€ Vand € € C/{0}.
"Let-yzq'(z)" is a starlike univalent function "in I and let
tIs}:?i’},,fF(z)+(1—t)15}fa”u}'(z)) €Qn
¥
H [q (zero), 1], "and @(y, s, A, a, , €; z) is a univalent function
in V,where @(y, s, A, a, W, €; z) is given by (15). If:

Fe ¢  satisfies: " (

Yq (3) —3q'(2) < O(y,n, A, m, € 3) (25)

Then,

ML F 1- 012, F@)Y
o ) < ( T @) + (1= Ol (z>> 26
z
and the best subordinant of (25) that is q.
Proof: Defined p in the shape,
ML F 1- 012, F@)Y
p(z) — < s,a,u (Z) + (Z ) s,a,u (z)> (27)

by @(w)=-¢ and 8(w)=yw, 0#w.
So, O(w) and @(w) are analytic in C in addition C\{zero}
respectively and @(w)does not equal zero, we C\{zero}. Then:

2q'(3)0q(z) = —ezq'(2) = Q(z)

We got starlike univalent" in Fis O(z).

Real {el(ﬁﬂ(z))} — Re {@} >0

9((2)
Now, obtain:
yp(2) — €2p'(2) = O(y,s, 4,8, 1, & 2) (28)
where, @(y,s, 4, a, 14, €; 3) is get by (15).
By (25) and (28);
yq(z) — e3q'(3) <yp(z) —&p'(z) (29)

where, q(z) < p(z) by (Lemma (3)). By using (27), will get
to the desired result.
The concept of Sandwich represented by (Theorems (5) and

(6)).
3. SUBORDINATION AND SUPERORDINATION
Theorem (5): Let the convex univalent in is q (zero)=1,

Real {¢}>0 and let the univalent in Iis q,(zero)=1 and realize
(8), let F € ¢ such that.

12447 (2)
¥

Y
) €QNHI[11],

and,

A+1 14 A+1 Y 2
(1 &) (Is,a,ufF (z)) T e (Is,a,HT(Z)> (Is,a,,f(z) )

z z 1244 F(3)
is univalent function in V.
If,

1§1_:;_}f(z))”
e +

qq.(z) + szq]’ ,(z) subordinant to (1 — eu) (
EH (1&;,}17:(5))]/ (154,:1,;1.?(5)

z A1

Wm)) < 0(2) + 229, (2)

I2F @)\
v

qq1(z) < < < q(2)

We got concepts best subordinant in addition best dominant
q, and q, are respectively.
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Theorem (6): Suppose the univalent convex in Fis qq,
@, (zero) = 1 and satisfies (24), let the univalent function in
Vis q,, q,(zero)=1, realize (13), let F € ¢ satisfies:

€EQNHI[1,1],

(tlﬁj{jﬂ:(z) +(1
Z

— t)l&,ﬁ(z))y

and @(y, s, A, a, u, €; z) is univalent in I, where @(y, s, A, a, y,
€; z) we got by (15).
If yq, (3) —e2q'1(2)0(,s,4a,u62) <yq, (3)—

€39, (2),
Then,
tALF(2) + (1 — )12, ,F(2)
qu(z) < ( - - i ) < q,(2)

We got the concepts of best subordinant and best
dominant q,and q,, respectively.

4. CONCLUSIONS

The conclusion of this research gained subordination and
superordination results by using the linear operator 15’1;}‘ for
example for these results:

21 F(z)\"
75"1'2 ( )) < qy(2)

UL F(z) + (1 - 01, . F ()
z

1-q,(2) <(

2—«111(Z)<< )<qz(Z)
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