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The current study is fully devoted to studying differential subordination and 

superordination theorems of analytic functions with some sandwich results involving 

linear operators 𝐼𝑠,𝑎,𝜇
𝜆 . This operator was obtained by the Hadamard product with the

family of integral operators and the Hurwitlz-Lerch Zeta function. The current results 

demonstrate the possibility and capability of extracting the Sandwich theorem, and the 

conclusion includes differential subordination and differential superordination. 
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1. INTRODUCTION

Through the integral operator, Cotirlă [1], obtained a 

sandwich theorem by different method. Recently, 

Shammugam et al. [2] and Goyal et al. [3] and Atshan [4], 

Atshan & HadiAbd [5], Ibrahim et al. [6], Atshan & Hussain 

[7], and Atshan & Jawad [8], studied sandwich theorems for 

another condition. Previous research established those 

differential subordinations and superordinations can be used 

to obtain adequate conditions to meet the sandwich 

implication of a large number of well-known sandwich 

theorems. 

Let me use and called H=H(∇) is the class of functions 

(analytic) in the disk ∇= {𝓏 ∈ ℂ ∶ |𝓏| < 1} . ∀ 𝑛 ∈
(+𝑖𝑛𝑡𝑒𝑔𝑒𝑟). In addition, 𝑎 ∈ ℂ. Now, we define H [a, n] is 

the subclass of H. H [a, n] include the shape: 

ℱ(𝑧) = 𝑎 + 𝑎𝑛𝓏𝑛 + 𝑎𝑛+1𝓏𝑛+1 + (𝑎 𝑏𝑒𝑙𝑜𝑛𝑔 𝑡𝑜 ℂ) (1) 

Too, suppose φ subclass of H include of the functions in the 

shape: 

ℱ(𝓏) = 𝓏 + ∑ 𝑎𝑛𝓏𝑛

∞

𝑛=2

(2) 

Let F, g belong to φ. The function f is called subordinate to 

g, or g is called superordinate to ℱ , if ∃ schwarz analytic 

function in ∇ is w, with zero=w(zero) and the absolute value 

of w(z) less than 1, (𝓏 ∈ ∇) s.t ℱ(𝓏) equal g(w(z)). we shall 

write ℱ ≺ 𝑔. 

If g is univalent in ∇, then ℱ ≺ 𝑔 iff F(zero)=g(zero), ℱ(∇) 

is subset of g(∇). 

Now: Suppose ℎ, 𝑝 ∈ 𝐻  and 𝜓(𝑟, 𝜆, 𝑡; 𝓏): ℂ3 × ∇⟶  ℂ. If

the variable p and the set of concepts 

𝜓(𝑝(𝓏) 𝑎𝑛𝑑 𝓏𝑝′(𝓏) 𝑝𝑙𝑢𝑠 𝓏2𝑝′′(𝓏); 𝓏) are function univalent

in the disk ∇ in addition if p in the shape the 2nd-order 

superordinations. 

ℎ(𝓏) ≺ 𝜓(𝑝(𝓏), 𝓏𝑝′(𝓏)𝑎𝑛𝑑 𝓏2𝑝′′(𝓏): 𝓏) (3) 

So, p gives title a solution of the superordination of (3). (If 

f is subordinate to g, then g is superordinate to f). Now An 

analytic 𝕢 is said to be a subordinant of (3), if 𝕢 ≺ 𝑝∀ the 

functions p satisfies (3). Now 𝑞̃ univalent subordinant have the 

property 𝕢 ≺ 𝕢̃, ∀ differential subordinants 𝕢 of (3) is known 

the best subordinant. The two researchers Miller & Mocanu [9] 

they own set on the analytic h; 𝕢 and ψ by the set of concepts: 

ℎ(𝓏) ≺ 𝜓 (𝑝(𝓏), 𝓏
𝑑𝑝

𝑑𝑧
, 𝓏2

𝑑2𝑝

𝑑𝑧2
(𝓏); 𝓏) ⟹ 𝕢(𝓏)

≺ 𝑝(𝓏) 

(4) 

Komatu [10] gave the family of integral operator: 

𝐽𝜇
𝜆: 𝛴 → 𝛴.

Define as follows: 

𝐽𝜇
𝜆ℱ(𝓏) = 𝓏 + ∑(𝜇 𝑛 + 𝜇 − 1⁄ )𝜆𝑎𝑛𝓏𝑛

∞

𝑛=1

,

(𝓏 𝑏𝑒𝑙𝑜𝑛𝑔 𝑡𝑜 ∇, 𝑛 > 1, 𝜆 ≥ 0) 

By function Hurwitlz-Lerch Zeta: 

𝜙(𝓏, 𝑠, 𝑎) = ∑
𝓏𝑘

(𝑘+𝑎)𝑠  ,∞
𝑛=0 𝑎 ∈ ℂ 𝓏0

−, 𝑠 ∈ ℂ 𝑤ℎ𝑒𝑛 0 < |𝓏|⁄

greater than 1 

Using convolution where Gs,a(z) by: 

𝐺𝑠,𝑎(𝓏) = (1 + 𝑎)𝑠[𝜙(𝓏, 𝑠, 𝑎) − 𝑎−𝑠], (𝓏 ∈ 𝛻)
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Then a linear operator Is,a,μ
λ ℱ(𝓏): Σ → Σ[11] is defined: 

 

𝐼𝑠,𝑎,𝜇
𝜆 ℱ(𝑧) = 𝐺𝑠,𝑎(𝑧) ∗ 𝐽𝜇

𝜆𝑓(𝓏) (5) 

 

= 𝓏 + ∑ (
1+𝑎

𝑘+𝑎
)

𝑠

(
𝜇

𝜇+𝑛−1
)

𝜆

𝑎𝑛𝓏𝑛.∞
𝑛=2   (6) 

 

From Eq. (6) get: 

 

𝓏 (𝐼𝑠,𝑎,𝜇
𝜆+1 ℱ(𝓏))

′

= 𝜇𝐼𝑠,𝑎,𝜇
𝜆 ℱ(𝓏) − (𝜇 − 1)𝐼𝑠,𝑎,𝜇

𝜆+1 ℱ(𝓏) (7) 

 

AL-Ameedee et al. [12] got conditions for the concepts 

certain analytic. 

 

𝕢 1(𝓏) ≺ 𝑧ℱ′(𝓏) ℱ(𝓏)⁄ ≺ 𝕢 2(𝓏) 

 

where, 𝕢1 and 𝕢2 are univalent in ∇ in addition 𝕢1(𝑧𝑒𝑟𝑜) =
𝕢2(𝑧𝑒𝑟𝑜) = 1. 

The fundamental objective our research is to find some 

properties of normalized analytic functions ℱ like sufficient 

condition. 

 

𝕢 1(𝓏) ≺ (
𝐼𝑠,𝑎,𝜇

𝜆 ℱ(𝓏)

𝓏
)

𝛾

≺ 𝕢 2(𝓏) 

 

And: 

 

𝕢1(𝓏) ≺ (
t𝐼𝑠,𝑎,𝜇

𝜆+1 ℱ(𝓏) + (1 − t)𝐼𝑠,𝑎,𝜇
𝜆 ℱ(𝓏)

𝓏
)

𝛾

≺ 𝕢 2(𝓏) 

 

We got univalent functions q1 and q2 in ∇  with, 1 =
𝕢2(0) = 𝕢1(0). 

In the next step, we need some basic information [13-20]. 

 

 

2. DEFINITIONS AND PRELIMINARIES 

 

Definition (1) [13]. The set functions ℱ Denote by Q, is 

analytic and one to one ∇ ∖ 𝐸(ℱ) , where ∇= ∇ ∪ {𝓏 ∈

𝜕∇} 𝑎𝑛𝑑 E(ℱ) = {𝜁 ∈ 𝜕∇: limit
𝑧→𝜁

ℱ(𝓏) = ∞} s.t 

ℱ′(𝜁) ≠ 0 for 𝜁 ∈ 𝜕∇\𝐸(ℱ).  

ℱ(𝓏) = 𝑎 , then: Q(zero)= 𝑄0  and Q(one)= 𝑄1 = {ℱ𝜖𝑄 ∶
ℱ(0) = 1} . 

Lemma (1)[13]. In ∇ suppose be univalent and suppose θ 

in addition ϕ analytic function in D consists of q(∇) and 0 ≠

𝜙(𝑤)  such that 𝑤 ∈ 𝑞(∇) . 𝓏𝕢′(𝓏)𝜙(𝕢(𝓏)) = 𝑄(𝓏)  and 

ℎ(𝓏) = 𝜃(𝕢 (𝓏)) + 𝑄(𝓏). let: 

i. ∇ contains the starlike univalent function Q(z). 

ii. 𝑅𝑒{ℎ′(𝓏)𝓏 𝑄(𝓏)⁄ }greater than 0, ∀ z belong to ∇. 

If the analytic function p in ∇, too p(zero) = 𝕢 (zero), p(∇) 

sub set D, 

 

𝜃(𝑝(𝓏))𝑝𝑙𝑢𝑠 𝓏𝑝′(𝓏)𝜙(𝑝(𝓏))

≺ 𝜃(𝕢 (𝓏))𝑝𝑙𝑢𝑠 𝓏𝕢 ′(𝓏)𝜙(𝕢 (𝓏)), 

 

So 𝕢 is the best dominant in addition 𝑝 ≺ 𝕢." 

Lemma (2)[14]. Suppose the convex univalent function in 

∇ is 𝕢 in addition let 𝛼 belong to ℂ , 𝛽 belong to ℂ ∖ {𝑧𝑒𝑟𝑜} 

and: 

 

𝑅𝑒{(𝓏𝕢′′(𝓏) 𝕢′(𝓏)⁄ ) + 1} 

greater than max{𝑧𝑒𝑟𝑜, −𝑅𝑒(
𝛼

𝛽
)}  

 

then: 

 

𝛼𝑝(𝓏) + 𝛽𝓏𝑝′(𝓏) ≺ 𝛼𝕢(𝓏) + 𝛽𝓏𝕢′(𝓏), 
 

So, the function is the best dominant in addition 𝑝 ≺ 𝕢. 

Lemma (3) [14]. Let the convex univalent function in ∇ is 

𝕢 in addition suppose β belong to ℂ. In addition, suppose that 

Re(β)>zero. If the function 𝑝 ∈ 𝐻 [𝕢 (𝑧𝑒𝑟𝑜), 1] intersection 

with Q and the univalent in ∇ is p(z) plus βzp'(z) when: 

 

𝕢 (𝓏) + 𝛽𝓏𝕢 ′(𝓏) ≺ 𝑝(𝓏) 𝑝𝑙𝑢𝑠 𝛽𝓏𝑝′(𝓏) 

 

i.e., the function 𝑞 is the best subordinant and 𝕢 ≺ 𝑝. 
Lemma (4) [8]. Suppose the convex univalent function in ∇ 

is 𝕢 in addition suppose ϕ and θ are analytic function in D 

contains q(∇). Then, suppose: 

(1) Real  {θ′(𝕢(𝓏)) ÷ ϕ(𝕢 (𝓏))} greator than zero, ∀ 

complex variable z belong to ∇. 

(2) the function Q(z) equal 𝓏𝕢′(𝓏) product ϕ(q(z)) is 

function univalent star like in ∇. 

If p belong to 𝑄 ∩ 𝐻[𝕢(𝑧𝑒𝑟𝑜),1], in addition p(∇) subset D, 

θ(p(z)) plus ℷ𝑝′(𝓏) 𝜙(𝑝(𝓏)) is univalent function in unit disk. 

 

𝜃(𝕢(𝓏))𝑝𝑙𝑢𝑠 𝓏𝕢′(𝓏)𝜙(𝑞(𝓏))

≺ 𝜃(𝑝(𝓏))𝑝𝑙𝑢𝑠 𝓏𝑝′(𝓏) 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝜙(𝑝(𝓏)) 

 

then, 𝕢 ≺ 𝑝 and the function q satisfy the best subordinate. 

Theorem (1). Let the convex univalent in ∇ is 𝕢 with 1 =
𝕢 (𝑧𝑒𝑟𝑜) , 0 ≠ 𝜀 ∈ ℂ, 𝛾 greater than to zero  and let 𝕢 

satisfies 

 

𝑅𝑒𝑎𝑙{ [𝓏𝕢 ′′(𝓏) 𝕢 ′(𝓏)⁄ ] + 1}

> max𝑖𝑚𝑚𝑢𝑚 {𝑍𝑒𝑟𝑜, −𝑅𝑒𝑎𝑙 (
𝛾

𝜀
)} 

(8) 

 

when, ℱ ∈ 𝜑 satisfies the subordination, 

 

(1 − 𝜀𝜇) (
𝐼𝑠,𝑎,𝜇

𝜆+1 ℱ(𝓏)

𝓏
)

𝛾

+ 𝜀𝜇 (
𝐼𝑠,𝑎,𝜇

𝜆+1 ℱ(𝓏)

𝓏
)

𝛾

(
𝐼𝑠,𝑎,𝜇

𝜆 ℱ(𝓏)

𝐼𝑠,𝑎,𝜇
𝜆+1 ℱ(𝑧)

)

≺ 𝕢 (𝓏)𝑝𝑙𝑢𝑠
𝜀

𝛾
𝓏𝕢′(𝓏) 

(9) 

 

then, 

 

(
𝐼𝑠,𝑎,𝜇

𝜆+1 ℱ(𝓏)

𝓏
)

𝛾

≺ 𝕢 (𝓏) (10) 

 

and the "best dominant of (9) is 𝕢. 

Proof. p defined as follows: 

 

𝑝(𝓏) = (
𝐼𝑠,𝑎,𝜇

𝜆+1 ℱ(𝓏)

𝓏
)

𝛾

 (11) 

 

By purely mathematical operations for condition (11) with 

respect to 𝓏. 
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𝑧𝑝′(𝓏)
𝑝(𝓏)⁄ = 𝛾 (−1 +

𝑧(𝐼𝑠,𝑎,𝜇
𝜆+1 ℱ(𝓏))

′

𝐼𝑠,𝑎,𝜇
𝜆+1 ℱ(𝓏)

)  (12) 

 

Then, obtain the following subordination in view of (7). 

 

𝑝′(𝓏)
𝑝(𝓏)⁄ = 𝛾 (𝜇 (−1 +

𝐼𝑠,𝑎,𝜇
𝜆 ℱ(𝓏)

𝐼𝑠,𝑎,𝜇
𝜆+1 ℱ(𝓏)

) + (−1 +
𝐼𝑠,𝑎,𝜇

𝜆 ℱ(𝓏)

𝐼𝑠,𝑎,𝜇
𝜆+1 ℱ(𝓏)

))  

 

Therefore, 

 

𝓏𝑝′(𝓏)

𝛾
= (

𝐼𝑠,𝑎,𝜇
𝜆+1 ℱ(𝓏)

𝓏
)

𝛾

(𝜇 (−1 +
𝐼𝑠,𝑎,𝜇

𝜆 ℱ(𝓏)

𝐼𝑠,𝑎,𝜇
𝜆+1 ℱ(𝓏)

) + (−1 +
𝐼𝑠,𝑎,𝜇

𝜆 ℱ(𝓏)

𝐼𝑠,𝑎,𝜇
𝜆+1 ℱ(𝓏)

))  

 

from the hypothesis the subordination (9) becomes: 

 

𝑝(𝓏)𝑝𝑙𝑢𝑠 
𝜀

𝛾
𝓏𝑝′(𝓏) ≺ 𝕢 (𝓏)𝑝𝑙𝑢𝑠

𝜀

𝛾
𝑧𝕢′(𝓏) 

 

we obtain (10) by application of (Lemma (2)) with 𝛽 =
𝜀

𝛾
 

and α=1, 

Corollary (1). Let 0 ≠ 𝜀 ∈ ℂ, γ>0 and: 

 

𝑅𝑒 {
2𝓏

−𝓏 + 1
+ 1} > max {𝑧𝑒𝑟𝑜, −𝑅𝑒𝑎𝑙 (

𝛾

𝜀
)}. 

 

If ℱ ∈ 𝜑 got the subordination: 

 

(1 − 𝜀𝜇) (
𝐼𝑠,𝑎,𝜇

𝜆+1 ℱ(𝓏)

𝓏
)

𝛾

+ 𝜀𝜇 (
𝐼𝑠,𝑎,𝜇

𝜆+1 ℱ(𝑧)

𝓏
)

𝛾

 (
𝐼𝑠,𝑎,𝜇

𝜆 ℱ(𝓏)

𝐼𝑠,𝑎,𝜇
𝜆+1 ℱ(𝓏)

)  ≺

( 
1−𝓏2+2

𝜀

𝛾
𝓏

(1−𝓏2)
)  

 

So, (
𝐼𝑠,𝑎,𝜇

𝜆+1 ℱ(𝓏)

𝓏
)

𝛾

subordinat to (z plus 1⁄z minus 1). 

In addition, 𝕢(z) equal (z+1⁄z-1) is the perfect dominant. 

Theorem (2). Suppose the convex univalent in ∇ is 𝕢 in 

addition 1=𝕢(zero), zero not equal 𝕢(z), (z belong to ∇) and 

suppose: 

 

𝑅𝑒 {1 −
𝛾

𝜀
+

𝓏𝑞′′(𝓏)

𝑞′(𝓏)
} > 0  (13) 

 

where, ε>0, 𝜀 ∈ ℂ∖{zero} and 𝑧 ∈ ∇. 

Let the starlike univalent in ∇ is (−𝜀𝓏𝕢 ′(𝓏)) . If ℱ ∈ 𝜑 

then: 

 

∅(𝛾, s, 𝜆, a, 𝜀; 𝓏) ≺ 𝛾𝕢 (𝓏) − 𝜀𝓏𝕢 ′(𝓏) (14) 

 

where, 

 

∅(𝛾, s, 𝜆, a, 𝜀; 𝓏) = 𝛾 (
t𝐼𝑠,𝑎,𝜇

𝜆+1 ℱ(𝓏)+(1−t)𝐼𝑠,𝑎,𝜇
𝜆 ℱ(𝓏)

𝓏
)

𝛾

−  

 𝛾𝜀 (
t𝐼𝑠,𝑎,𝜇

𝜆+1 ℱ(𝓏)+(1−t)𝐼𝑠,𝑎,𝜇
𝜆 ℱ(𝓏))

𝓏
)

𝛾

(−1 +

t𝐼𝑠,𝑎,𝜇
𝜆 ℱ(𝓏))+(1−t)𝐼𝑠,𝑎,𝜇

𝜆+1 ℱ(𝓏)

t𝐼𝑠,𝑎,𝜇
𝜆+1 ℱ(𝓏)+𝐼𝑠,𝑎,𝜇

𝜆 ℱ(𝓏))
)  

(15) 

 

then, 

 

(
t𝐼𝑠,𝑎,𝜇

𝜆+1 ℱ(𝓏) + (1 − t)𝐼𝑠,𝑎,𝜇
𝜆 ℱ(𝓏)

𝓏
)

𝛾

≺ 𝕢 (𝓏) (16) 

and the best dominant of (14) is 𝕢(𝓏). 

Proof: Now we will start defined p: 

 

𝑝(𝓏) = (
t𝐼𝑠,𝑎,𝜇

𝜆+1 ℱ(𝓏)+(1−t)𝐼𝑠,𝑎,𝜇
𝜆 ℱ(𝓏)

𝓏
)

𝛾

  (17) 

 

Setting: ∅(𝑤) = −𝜀 in addition θ(w)=γw, w not equal to 

zero. Then, θ(w) and  ∅(𝑤)  is analytic in  ℂ with  ℂ /{zero} 

respectively.  

So, ∅(𝑤) not equal to zero, w belong to ℂ/{0}, then; 

 

𝓏𝕢′(𝓏). ∅𝕢(𝓏) = −𝜀𝓏𝕢′(𝓏) = Q(𝓏) 

 

and 

 

θ𝕢(𝓏) plus Q(z) equal 𝛾𝕢(𝓏) − 𝜀𝓏𝕢′(𝓏) = h(𝓏) 

 

Q(z) is a starlike univalent in ∇, 

 

Real {
𝓏h′(𝓏)

Q(𝓏)
} = Real {1 −

𝛾

𝜀
+

𝓏𝕢 ′′(𝓏)

𝕢 ′(𝓏)
} > 0. 

 

and, obtain: 

 

∅(𝛾, s, 𝜆, a, 𝜇, 𝜀; 𝓏) = 𝛾p(𝓏) − 𝜀zp′(𝓏)  (18) 

 

So, ∅(𝛾, s, 𝜆, a, 𝜇, 𝜀; 𝓏) is given by (15). 

By (14) with (18), we own: 

 

𝛾p(𝓏)−𝜀𝓏 p
′(𝓏) ≺ 𝛾𝕢 (𝓏) − 𝜀𝓏 𝕢

′(𝓏)  (19) 
 

Therefore, got p(𝓏) ≺ 𝕢(𝓏) by (Lemma (1)), and by using 

(17). 

Corollary (2):  

Let, Real {1 −
𝛾

𝜀
+

𝓏2B

(1+B𝓏)
} > 0,  and −1 ≤ B < A ≤ 1 . 

where ε belong to ℂ/{zero} in addition z be long to ∇, if ℱ ∈ 𝜑 

such that: 
 

∅(𝛾, s, 𝜆, a, 𝜇, 𝜀; 𝓏) ≺ (𝛾(
1 + A𝓏

1 + B𝓏
) −  𝜀𝓏

A − B

(1 + B𝓏)2
) 

 

and ∅(𝛾, s, 𝜆, a, 𝜇, 𝜀; 𝓏) is given by condition (8), 

 

(
t𝐼𝑠,𝑎,𝜇

𝜆+1 ℱ(𝓏) + (1 − t)𝐼𝑠,𝑎,𝜇
𝜆 ℱ(𝓏)

𝓏
)

𝛾

≺
A𝓏 + 1

B𝓏 + 1
 

 

and the perfect dominant is 𝕢 (𝓏)=
1+A𝓏

1+B𝓏
 

Theorem (3): suppose the convex univalent in ∇ is 𝕢 in 

addition γ greator than zero, 𝕢(0)=1 and Re {ε}>0. 

Suppose that ℱ ∈ 𝜑 satisfies: (
𝐼𝑠,𝑎,𝜇

𝜆+1 ℱ(𝓏))

𝓏
)

𝛾 

∈Q intersect H 

[𝕢 (0),1], so, 

 

(1 − 𝜀𝜇) (
𝐼𝑠,𝑎,𝜇

𝜆+1 ℱ(𝓏)

𝓏
)

𝛾

+ 𝜀𝜇 (
𝐼𝑠,𝑎,𝜇

𝜆+1 ℱ(𝓏)

𝓏
)

𝛾

 (
𝐼𝑠,𝑎,𝜇

𝜆 ℱ(𝓏)

𝐼𝑠,𝑎,𝜇
𝜆+1 ℱ(𝓏)

)  

 

is univalent function in ∇. 

 

if 𝕢 (𝓏) +
𝜀

𝛾
𝑧𝕢 ′(𝓏) ≺ (1 − 𝜀𝜇) (

𝐼𝑠,𝑎,𝜇
𝜆+1 ℱ(𝓏)

𝓏
)

𝛾

+

𝜀𝜇 (
𝐼𝑠,𝑎,𝜇

𝜆+1 ℱ(𝑧)

𝓏
)

𝛾

 (
𝐼𝑠,𝑎,𝜇

𝜆 ℱ(𝓏)

𝐼𝑠,𝑎,𝜇
𝜆+1 ℱ(𝓏)

)  

(20) 
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then, 

 

𝕢 (𝓏) ≺ ( 
𝐼𝑠,𝑎,𝜇

𝜆+1 ℱ(𝓏))

𝓏
)

𝛾

 (21) 

 

the best subordinant of (20) is 𝕢. 

Proof: p defined as follows: 

 

p(𝓏) = ( 
𝐼𝑠,𝑎,𝜇

𝜆+1 ℱ(𝓏)

𝓏
)

𝛾 

 (22) 

 

Now we get (22) by differentiating: 

 

 𝓏𝑝′(𝓏)
𝑝(𝓏)⁄ =  δ (

𝓏(𝐼𝑠,𝑎,𝜇
𝜆+1 ℱ(𝓏))′

𝐼𝑠,𝑎,𝜇
𝜆+1 ℱ(𝓏)

− 1) (23) 

 

Using (7) in (23), we obtain: 

 

(1 − 𝜀𝜇) (
𝐼𝑠,𝑎,𝜇

𝜆+1 ℱ(𝓏)

𝓏
)

𝛾

+ 𝜀𝜇 (
𝐼𝑠,𝑎,𝜇

𝜆+1 ℱ(𝓏)

𝓏
)

𝛾

(
𝐼𝑠,𝑎,𝜇

𝜆 ℱ(𝓏)

𝐼𝑠,𝑎,𝜇
𝜆+1 ℱ(𝓏)

)  

=𝕢(𝓏) +
𝜀

𝛾
𝓏𝕢′(𝓏) 

 

we get the result by using (Lemma (3)). 

Corollary (3): If ℱ ∈ φ satisfies: (
𝐼𝑠,𝑎,𝜇

𝜆+1 ℱ(𝓏))

𝓏
)

𝛾 

∈ Q ∩

H[𝕢(0), 1] and let γ>0 and Re{ε}>0. 

and, 

 

(1 − 𝜀𝜇) (
𝐼𝑠,𝑎,𝜇

𝜆+1 ℱ(𝓏)

𝓏
)

𝛾

+ 𝜀𝜇 (
𝐼𝑠,𝑎,𝜇

𝜆+1 ℱ(𝓏)

𝓏
)

𝛾

(
𝐼𝑠,𝑎,𝜇

𝜆 ℱ(𝓏)

𝐼𝑠,𝑎,𝜇
𝜆+1 ℱ(𝓏)

) 

 

be univalent in ∇. If 

 
1−𝓏2+2

𝜀

𝛾
𝓏

(1−𝓏2)
≺ (1 − 𝜀𝜇) (

𝐼𝑠,𝑎,𝜇
𝜆+1 ℱ(𝓏)

𝓏
)

𝛾

+ 𝜀𝜇 (
𝐼𝑠,𝑎,𝜇

𝜆+1 ℱ(𝓏)

𝓏
)

𝛾

(
𝐼𝑠,𝑎,𝜇

𝜆 ℱ(𝓏)

𝐼𝑠,𝑎,𝜇
𝜆+1 ℱ(𝓏)

)  

 

then, 

 

(
1 + 𝓏

1 − 𝓏
) ≺ ( 

𝐼𝑠,𝑎,𝜇
𝜆+1 ℱ(𝓏))

𝓏
)

𝛾

 

 

and the best subordinant is 𝕢(z) equal 
1+𝓏

1−𝓏
. 

Theorem (4): Let the convex univalent in ∇ is 𝕢 in addition 

1=𝕢(zero), and let q satisfies: 

 

Re {
−𝛾q′(𝓏)

𝜀
} > 0 (24) 

 

where, 𝓏∈ ∇ and 𝜀 ∈ ℂ/{0}. 
"Let-γzq'(z)" is a starlike univalent function "in ∇ and let 

ℱ ∈ φ satisfies: " (
t𝐼𝑠,𝑎,𝜇

𝜆+1 ℱ(𝓏)+(1−t)𝐼𝑠,𝑎,𝜇
𝜆 ℱ(𝓏)

𝓏
) ∈ Q ∩

H [𝕢 (zero), 1], "and ∅(γ, s, λ, a, μ, ε; z) is a univalent function 

in ∇,where ∅(γ, s, λ, a, μ, ε; z) is given by (15). If: 

 

𝛾𝕢 (𝓏) − 𝜀𝓏𝕢 ′(𝓏) ≺ ∅(𝛾, n, 𝜆, m, 𝜀; 𝓏) (25) 

 

Then, 

 

𝕢 (𝓏) ≺ (
t𝐼𝑠,𝑎,𝜇

𝜆+1 ℱ(𝓏) + (1 − t)𝐼𝑠,𝑎,𝜇
𝜆 ℱ(𝓏)

𝓏
)

𝛾 

 (26) 

 

and the best subordinant of (25) that is 𝕢. 

Proof: Defined p in the shape, 

 

p(𝓏) = (
t𝐼𝑠,𝑎,𝜇

𝜆+1 ℱ(𝓏) + (1 − t)𝐼𝑠,𝑎,𝜇
𝜆 ℱ(𝓏)

𝓏
)

𝛾

 (27) 

 

by ∅(w)=-ε and θ(w)=γw, 0≠w. 

So, θ(w) and ∅(𝑤) are analytic in ℂ in addition ℂ\{zero} 

respectively and ∅(𝑤)does not equal zero, w∈ ℂ\{zero}. Then: 

 

𝓏𝕢′(𝓏)∅𝕢(𝓏) = −𝜀𝓏𝕢′(𝓏) = Q(𝓏) 

 

We got starlike univalent" in ∇ is Q(z). 

 

Real {
θ′(𝕢(𝓏))

∅(𝕢(𝓏))
} = Re {

−𝛾𝕢′(𝓏)

𝜀
} > 0 

 

Now, obtain: 

 

𝛾p(𝓏) − 𝜀𝓏p′(𝓏) = ∅(𝛾, s, 𝜆, a, 𝜇, 𝜀; 𝓏) (28) 

 

where, ∅(𝛾, s, 𝜆, a, 𝜇, 𝜀; 𝓏) is get by (15). 

By (25) and (28); 

 

𝛾𝕢(𝓏) − 𝜀𝓏𝕢′(𝓏) ≺ 𝛾p(𝓏) − 𝜀p′(𝓏) (29) 

 

where, 𝕢(𝓏) ≺ p(𝓏) by (Lemma (3)). By using (27), will get 

to the desired result. 

The concept of Sandwich represented by (Theorems (5) and 

(6)). 

 

 

3. SUBORDINATION AND SUPERORDINATION 

 

Theorem (5): Let the convex univalent in ∇ is 𝕢1(zero)=1, 

Real {ε}>0 and let the univalent in ∇ is 𝕢2(zero)=1 and realize 

(8), let ℱ ∈ 𝜑 such that. 

 

(
𝐼𝑠,𝑎,𝜇

𝜆+1 ℱ(𝓏)

𝓏
)

𝛾 

∈ Q ∩ H [1,1], 

 

and, 

 

(1 − 𝜀𝜇) (
𝐼𝑠,𝑎,𝜇

𝜆+1 ℱ(𝓏)

𝓏
)

𝛾

+ 𝜀𝜇 (
𝐼𝑠,𝑎,𝜇

𝜆+1 ℱ(𝓏)

𝓏
)

𝛾

(
𝐼𝑠,𝑎,𝜇

𝜆 ℱ(𝓏)

𝐼𝑠,𝑎,𝜇
𝜆+1  ℱ(𝓏)

), 

 

is univalent function in ∇. 

If, 

 

𝕢 1(𝓏) +
𝜀

𝛾
z𝕢´ 1(𝓏) subordinant to (1 − 𝜀𝜇) (

𝐼𝑠,𝑎,𝜇
𝜆+1 ℱ(𝓏)

𝓏
)

𝛾

+

𝜀𝜇 (
𝐼𝑠,𝑎,𝜇

𝜆+1 ℱ(𝓏)

𝓏
)

𝛾

(
𝐼𝑠,𝑎,𝜇

𝜆 ℱ(𝓏)

𝐼𝑠,𝑎,𝜇
𝜆+1  ℱ(𝓏)

) ≺ 𝕢2(𝓏) +
𝜀

𝛾
z𝕢´2(𝓏) 

𝕢1(𝓏) ≺ (
𝐼𝑠,𝑎,𝜇

𝜆+1 ℱ(𝓏)

𝓏
)

𝛾

≺ 𝕢2(𝓏) 

 

We got concepts best subordinant in addition best dominant 

𝕢1 and 𝕢2 are respectively. 
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Theorem (6): Suppose the univalent convex in ∇ is 𝕢1 , 

𝕢1(zero) = 1 and satisfies (24), let the univalent function in 

∇ is 𝕢2, 𝕢2(zero)=1, realize (13), let ℱ ∈ 𝜑 satisfies: 

 

(
t𝐼𝑠,𝑎,𝜇

𝜆+1 ℱ(𝓏) + (1 − t)𝐼𝑠,𝑎,𝜇
𝜆 ℱ(𝓏)

𝓏
)

𝛾

∈ Q ∩ H [1,1], 

 

and ∅(γ, s, λ, a, μ, ε; z) is univalent in ∇, where ∅(γ, s, λ, a, μ, 

ε; z) we got by (15). 

If 𝛾𝕢1 (𝓏) − 𝜀𝓏𝕢´1(𝓏)∅(𝛾, s, 𝜆, a, 𝜇, 𝜀; 𝓏) ≺ 𝛾𝕢2 (𝓏) −

𝜀𝓏𝕢´2(𝓏), 

Then, 

 

𝕢1(𝓏) ≺ (
t𝐼𝑠,𝑎,𝜇

𝜆+1 ℱ(𝓏) + (1 − t)𝐼𝑠,𝑎,𝜇
𝜆 ℱ(𝓏)

𝓏
) ≺ 𝕢2(𝓏) 

 

We got the concepts of best subordinant and best 

dominant 𝕢1and 𝕢2, respectively. 

 

 

4. CONCLUSIONS 

 

The conclusion of this research gained subordination and 

superordination results by using the linear operator 𝐼𝑠,𝑎,𝜇
𝜆+1  for 

example for these results: 

 

1 − 𝕢1(𝓏) ≺ (
𝐼𝑠,𝑎,𝜇

𝜆+1 ℱ(𝓏)

𝓏
)

𝛾

≺ 𝕢2(𝓏) 

2 − 𝕢1(𝓏) ≺ (
t𝐼𝑠,𝑎,𝜇

𝜆+1 ℱ(𝓏) + (1 − t)𝐼𝑠,𝑎,𝜇
𝜆 ℱ(𝓏)

𝓏
) ≺ 𝕢2(𝓏) 
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