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ABSTRACT
Flow systems most often present thermal, mechanical and chemical losses due to irreversibility during the 
fl owing fl uid transport. These losses strongly impact both their energy performances and the fl owing fl uid 
quality. In this paper, two effective, drinking water and irrigation, tree-shaped networks (from the fl uid quality 
and energy performance points of view) are constructed by using the constructal approach coupled with the 
exergy destruction minimization method. It is shown that in the construction of tree-shaped network for water 
distribution, the method of exergy destruction minimization is equivalent to minimizing mechanical irrevers-
ibility (this is equivalent to pumping power) under a water quality constraint. For both phenomena occurring in 
the network (energy consumption and the fl uid quality degradation), this study offers new interesting routes for 
optimizing the system either by the exergy destruction minimization (in that case, both irreversible processes 
are taken into account in the design procedure) or by minimizing one of the two irreversible processes, the 
other being taken into account as the design constraint. The originality of the method relies on the introduction 
of the environmental protection through the control of the fl owing fl uid quality. This paper shows that, for the 
performance improvement of a water distribution network, it is important to focus on the design of the network 
rather than enhancing only the transport properties. Note fi nally that the focus on the quality in fl ow systems 
is a crucial approach in environmental engineering such as drinking water distribution systems or chemical 
fl uids transfer systems. The approach presented in this paper should be seen as an introduction to reactive fl ow 
systems designing by constructal approach.
Keywords: constructal theory, design, drinking water, exergy, irrigation, water distribution network.

1  INTRODUCTION
The need of new scientifi cally based approaches with a special care of the environment by 
quantitative or qualitative optimization is very critical today in different fi elds of engineering. 
In hydraulics, water distribution systems involve tree-shaped networks as well as several other 
areas of engineering such as electronic components cooling [1], heat and mass transfer in a 
solid–gas reactive porous media [2] or most generally fl ow structures [3, 4]. The effective 
implementation of these fl ow architectures relies on their irreversibility minimization. For the 
specifi c case of pressure water distribution systems, two important phenomena are in competi-
tion: head losses leading to energy consumption and chemical losses causing water quality 
degradation, according to Kerneïs et al. [5], showing that there is a trade-off to be found by 
design procedures. This is the concern of this paper which is an extended version of our recent 
works [6] in which thermodynamics of irreversible process is used [7] to describe the fl ow. This 
enabled to quantify the total exergy destruction of the system. Furthermore, a readjustment of 
this thermodynamical approach is made to account very well that the impacts of water distribu-
tion network design on water quality degradation (which is directly linked to human health). 
Constructal design is then performed, on one hand, by optimizing the total exergy destruction, 
and on the other, by minimizing one of the two irreversible processes while the second is con-
sidered as the design constraint. Results are later analyzed from irrigation and drinking water 
constraints points of view.
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2  THERMODYNAMIC ANALYSIS OF A PRESSURIZED FLOW
This section aims to describe and set thermodynamics balances of the fl ow under pressure in a pipe.

2.1  Description of the system

From many applied hydraulics literature [8–10], it is known that head losses in a pipe (Fig. 1) 
(caused by mechanical resistances) can be expressed by:
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where a is a dimensionless constant depending on the pipe material, Q is the volumetric fl ow rate 
(m3/s), L is the pipe length (m) and D its diameter (m).

It is also known that the kinetic of chemical reaction in drinking water pipe can be considered 
as a fi rst order kinetic close to the ones met in the cases of water treatments reagents like chlorine 
residual which is generally modeled by a fi rst order kinetic [11].

More precisely, the variation of the concentration of the main reagent obeys to the following law:
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where C0 is the initial concentration at the input point of the pipe; k is the reagent decay (/s). Thus, 
the variation of the concentration between the input and output points can be defi ned by:
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where t is the residence time that can be linked to the volumetric fl ow rate and the diameter by:
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If we substitute t by its expression eqn (3), it results in the equation of the variation of the reagent 
concentration:
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Figures 2–4 show the evolution of mechanical and chemical phenomena in the pipe for the 
following parameters: PVC pipe; Hazen William head losses formula parameters for PVC pipe 
given by Carlier [8] and Lahiouel et al. [9]: a = 0.00099597, n = 1.852, m = 4.87. In Fig. 2, it is 
shown that head losses (ΔH) and the concentration decay (ΔC) have antagonist evolution over the 
volumetric fl ow rate. In fact, head losses increase with the fl ow rate while the concentration decay 
decreases with it. For Q = 0.05 m3/s and L = 300 m, the both curves are also antagonist as shown in 
Fig. 3 with a diminution of ΔH while the concentration decay is increasing. But keeping D and Q 
as constants and the length L variable, we notice as shown in Fig. 4, that ΔH and the concentration 
decay evolve quasi-linearly with the pipe length.

In sum, for a given diameter and fl ow rate, ΔH and ΔC increase with the pipe length (Fig. 4). Yet 
Figs 2 and 3 reveal an antagonist evolution of ΔH and ΔC with D or Q. Therefore, one can conclude 
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Figure 1: A given pipe of a water distribution network.

Figure 2: Evolution of head losses and the concentration decay over the fl ow rate.

Figure 3: Evolution of head losses and the concentration decay over the diameter.
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that the pipe length does not affect in different way irreversibilities in the pipe while the diameter 
and the fl ow rate are the most sensible parameters.

The antagonist curves in Figs 2 and 3 show obviously that there is a trade-off to be determined 
between the chemical and the mechanical phenomena. But these two phenomena are not comparable 
in sense that mechanical irreversibilities describe quantity and chemical ones deals with quality. 
Setting thermodynamic balances, as exposed in exergy destruction or entropy generation papers 
of Prigogine [7] and Azoumah et al. [2], can enable to take into account the contribution of all the 
phenomena occurring in the system.

2.2  Thermodynamic balances of the fl ow

2.2.1  Assumptions and transient balances: mass, enthalpy and exergy
Consider at a very simple scale the model of reaction occurring in the fl ow to be described as follow:

 A B C D+ → +  (6)

C and A are reagents while B and D are the products of the reaction.
We have:
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where in� : molar fl ow rate (mol/s), yi: molar fraction of the i constituent (−), hi: total molar enthalpy 
of the solution (J/mole), exi: molar exergy of the solution (J/mole), exd: exergy destruction in the 
system (J/mole), 0q� : heat losses with surrounding at T0 temperature (W), k: constituent cl decay 
constant (/s), 1: input and 2: output.

Figure 4: Evolution of head losses and the concentration decay over the pipe length.
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By assuming a steady state and very weak concentrations of reactants and products (yi << 1), eqn 
(7) we have:

 

 

( )
( )

1 2

0 1 1 2

1 1 2d

n n
q n h h

ex n ex ex

≈
= ⋅ −

= ⋅ −

� �
� �

� �  

(8)

2.2.2  Thermodynamic analysis of the fl owing fl uid
Molar enthalpy of the solution: The total molar enthalpy of the fl uid is expressed by eqn (9):
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where h(T,p,y) is the molar enthalpy of the solution (J/mole), M is the molar mass of the solution 
defi ned by:
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V is the fl ow velocity in the pipe (m/s), g is the gravitational acceleration (m/s2) and z is the altitude 
(m). As concentrations of reactants and products are supposed to be small (diluted solution), the 
molar enthalpy is then:
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where hH2O(T,p), hC(T,p), hA(T,p), hB(T,p) and hD(T,p) are molar partial enthalpies of constituents. 
With the consideration that yi << 1, the eqn (11) can be approximated by:
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Besides, considering that it is an ideal and incompressible solution (vH2O = cste), we fi nally have:
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where CH2O and vH2O are respectively the molar thermal capacity and the molar volume of the water. 
0 represents the reference state.

Molar entropy: Molar entropy of an ideal solution can be expressed by:
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where sH2O(T,p), sA(T,p), sB(T,p) and sC(T,p) are specifi c molar enthalpies.
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By considering that yi << 1, the eqn (14) becomes:
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And fi nally, as the solution is supposed to be incompressible, the relation (15) can be replaced by:
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Molar exergy: The molar exergy of the solution can be deduced directly from eqns (9), (13) and 
(16) as following:
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Formula of the total destruction of the exergy: Finally, the exergy destruction is obtained from 
previous equations as follows:
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The variation of the water temperature is negligible from the input point to the output point (T1 = T2). 
The velocity is also supposed to be constant, V1 = V2, therefore the total exergy destruction is:
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The fi rst term of this formula is equal to head losses which are evaluated by eqn (1) according to 
Carlier [8].

Total exergy destruction fi nally writes:
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That can be written in contracted form by:
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where (Y2/Y1) is the variation of terms with log, eqn (20), from input 1 to output 2.
Equation (21) quantifi es, on a same thermodynamic basis, how chemical and mechanical 

irreversibilities impact the total exergy destruction. The two phenomena can be then assessed, 
and analyzed.

2.2.3  Total exergy destruction analysis
In this section, a large interval of molar fraction is considered to analyze the evolution of the exergy 
destruction. Consider a pipe of a known length L (L = 200 m) and a known volumetric fl ow rate Q 
(Q = 0.01 m3/s) and assuming its diameter as the unknown variable. The WDN operational con-
straints on velocities (Section 3.2) explained by Carlier [8], to avoid unacceptable deposits in pipes 
(due to low velocities) or pipes breaks/damages (due to higher velocities) applies for a given pipe (of 
fl ow velocity V) is : Vmin < V < Vmax. With respect to this, taking Q = 0.01 m3/s (for this illustration) 
is equivalent to selecting maximal and minimal diameter of the pipe. In Fig. 5, the total exergy 
destruction is calculated for different values of the selected diameter interval.

Two different situations are presented. On one hand, when the molar fraction is high (Y1 = 6.5 × 
10−4, Y1 = 1.5 × 10−3, and Y1 = 3.0 × 10−3), the diameter that leads to the total exergy destruction 
minimization exists (in this selected diameter interval). On the other hand, for low values of molar 
fraction under 10−4 (e.g. Y1 = 2.5 × 10−5), the diameter that minimizes the exergy destruction does 
not exist in the selected diameter interval (Fig. 5a), but exists for higher diameters (without respect 
to velocities constraints; Fig. 5b).

This second situation is generally met in drinking water distribution area because of the 
WHO (World Health Organization) regulation specifi cations [12] that are applied to ensure 
water quality.

Indeed, for drinking water, initially treated and put in distribution network, a good concentration 
of chemicals like chlorine residuals means a good quality of water. It is important to know that 
the quality agents like chlorine residuals, destroy pathogenic microorganisms which cause typhoid, 
hepatitis, cholera or bacillary dysentery, according to Crittenden [13], but their concentrations 
decrease with the residence time until they become completely imperceptible at the end of the pipe 
according to Powell et al. [14] and Rodriguez et al. [15]. For instance, in USA, the Environmental 
Protection Agency (USEPA) imposes chlorine residuals concentration closed to 0.2 mg/l at least in 
water distribution pipes after water treatment points, as shown by EPA [16].
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Though the above result seems to be original, interesting and more adapted for some chemical 
engineering fi elds (sanitation, depollution), presented by Torrijos et al. [17] and Montangero et al. 
[18], it cannot be applied to the fi eld of drinking water networks optimization since molar fractions 
of constituents in this fi eld, are very low ranging around 10−6 due to the WHO regulation on chlorine 
residuals [12]. Therefore, it seems more relevant to readjust and reformulate this above approach to 
incorporate the criterion of water quality protection, so health care. A new design method based on 
weighting the different identifi ed irreversibilities has been developed. This new approach has been 
used to fi nd the permitted velocities interval where the pipe diameter can minimize simultaneously 
the total amount of irreversibilities of the system.

3  REFORMULATION OF THE OBJECTIVE FUNCTION BY WEIGHTING 
IRREVERSIBILITIES

In order to help in economy saving in infrastructure projects with a special care to the environment, 
in this section, an improvement of the optimizing approach developed in the previous sections have 
been performed. The new function built is directly linked to the system dimensions in order to meas-
ure effects of the network design on its effectiveness. This new function has been called ‘reduced 
exergy destruction of the system’.

3.1  Formulation of the objective function

As shown in eqn (1), for a unit length, mechanical irreversibilities are proportional to Qn/Dm accord-
ing to Carlier [8] and Lehiouel et al. [9] where n and m are friction losses parameters while the water 
residence time in the pipe, on which depend chemical irreversibilities, is proportional to D2/Q.

In this way, the overall irreversibilities created during the fl ow in the pipe can be assessed by a 
combination of these two terms as following:
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Figure 5: Total exergy destruction for different molar fraction over the pipe diameters selected in the 
domain of normal velocities (a), exergy destruction admitting minimal point for higher 
diameters (b).
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where a and b are constant weights. Now, a new fl exible function free from the duct material, 
describing simultaneously mechanical and chemical phenomena in the pipe is built. By dividing the 
relation (22) by a (in order to have only one coeffi cient) we have:
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where gp is b/a.

3.2  Limits of gp and study of the objective function

Making ∂(exd)/∂D = 0 permits to determine the optimal diameter Dopt for a unique pipe fl ow.
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This diameter performs the simultaneous minimization of both qualitative and mechanical 
irreversibilities. Taking into account practice constraints during the implementation, namely 
maximal and minimal velocities allowed in water distribution [8], a confi ned interval of the weight 
gp can be provided. Indeed for a uniform fl ow, it is known that:
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Meaning that, taking into account limit velocities (Vmin, Vmax) we have:
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And by replacing Dopt by its expression eqn (25), limits of the weight gp can be fi xed as:
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In Fig. 6, plots of the exergy destruction for various values of gp are shown.
It is revealed for higher values of gp that an optimal diameter exists for minimization of the 

overall irreversibilities created in the pipe and the corresponding velocities are in the confi ned 
interval previously defi ned in eqns (26) and (27). But for lower values of gp, there is no diameter 
that minimizes simultaneously the amount of irreversibilities created in the pipe for effective values 
of the velocities. It is then shown that the priority given to energy saving or water quality protection 
cannot be indefi nitely increased, otherwise velocities limits are overtaken.

A sensitiveness study made on the weight gp for different fl ow rates is illustrated in Fig. 7 showing 
that, for any fl ow rate, an optimal diameter performing simultaneously the minimization of the 
overall irreversibilities in the pipe exists. It means that it is possible to use this approach for any 
quantity (by the same way) for any size of network.

In this section, associating environmental questions with thermodynamics, we have performed 
a qualitative and quantitative design tool for drinking water distribution network. Mechanical and 
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chemical irreversibilities have been assessed and weighted as a function of the network managers’ 
priority and these irreversibilities have been simultaneously minimized over the pipe diameter. 
Limits of gp have been determined for different fl ow rate. For example, for Q = 0.15 m3/s, it has 
been shown by the method that the weight coeffi cient must be confi ned between 0.6 and 15 in order 
to have acceptable velocities in the pipes. The originality introduced in this section is the fl exibility 
measures during the procedure of the water distribution network design. These two constraints are 
shown to be weighable and their weighing limits have been accurately determined for a given fl ow 
rate eqn (27).

4  CONSTRUCTIONS OF THE NETWORKS BY CONSTRUCTAL APPROACH
First, the method of exergy destruction minimization (based on the new ‘reduced exergy destruction’ 
function eqn (23)), coupled with the constructal approach, is used to optimize and to construct two 

Figure 6: Total exergy destruction for gp ranging from 0.05 to 15.

Figure 7: Sensitiveness study of exd: gp = 4 and different fl ow rates.
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water distribution networks. Second, this constructal design has been resumed, by minimizing one 
of the two irreversible processes while the second is seen as optimization constraint. The construc-
tion is performed from a basic elemental network to the overall network obtained after a certain level 
of construction. Results of the two methods are commented.

4.1  Constructal sequence, method 1: the total exergy destruction minimization method

Consider a k-level of pairing network for both two-branching (N2N) and four-branching (N4N) 
confi gurations to cover a given square area. For example k = 2, k = 3 and k = 4 results in Fig. 8. For 
each network confi guration, the reduced exergy destruction function is written as follows:
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we fi nd the optimal diameters scaling laws in the 
network eqns (29)–(31).

 

1
2

-1

n
k m

p
k

D
N

D

+
+⎛ ⎞

=⎜ ⎟⎝ ⎠
 (29)

 

1
2

0

nkk m
p

D
N

D

+
+⎛ ⎞

=⎜ ⎟⎝ ⎠
 (30)

 

2 1
2

0 02

m n
m

p

mD Q
g

+ +
+

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
 (31)

where D0 is the diameter of terminal branches and Di is the diameter of the ith branching level. For 
this fi rst case, from lower-order constructs to higher ones, the diameters in the upstream of the N4N 
network increase rapidly than the N2N ones according to eqn (30) since the terminal diameters 
(which do not depend on Np) have the same expression eqn (31). It means that for higher-order 
constructs, N4N networks perform very well the exergy destruction minimization than the higher-
order N2N networks. Section 5 based on only mechanical irreversibilities minimization under a 
water quality constraint, performed by Lagrangian multipliers method, confi rms these results more 
explicitly with some offered illustration fi gures.

4.2  Constructal sequence, method 2: mechanical irreversibilities minimization under a water 
quality constraint

Another way of optimizing water distribution network is to reduce the exergy destruction to its 
mechanical contribution which is the most important part (as seen in Section 2.2.3 and in Fig. 5) and 
consider the chemical contribution as the design constraint. By this way, the problem is reduced to 
mechanical irreversibility minimization under water quality constraint. Consider the same k-level of 
pairing network (presented in Section 4.1) for both N2N and N4N confi gurations (Fig. 8) to cover 



 P. Bieupoude et al., Int. J. of Design & Nature and Ecodynamics. Vol. 7, No. 1 (2012) 85

the same given square area. The head losses and residence time in each system (confi guration) are 
given by:

 

2

0 0
. . ; /

4

nk k
i

i i i im
i ii

Q
H a L t L D Q

D
p

= =
Δ = =∑ ∑  (32)

By the method of Lagrange multipliers, the linear combination of these two relations leads to:
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When we solve equations ∂Lg/∂Di = 0 and eliminate l, we then obtain:
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These relations represent the optimal diameters distribution through the network. The minimal 
water head needed of the network upstream is obtained by re-evaluating eqn (32).
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where J0 is Q0
n/D0

m, H0 is the required water head at the downstream of the terminal branch, and 
(a, n, m) are the Hazen William friction losses parameters for a given pipe material eqn (1).

5  RESULTS AND DISCUSSION

5.1  Comparison based on constructs order

Through both constructal method 1 and method 2, a law of optimal diameters distribution for each 
construct has been determined to minimize irreversibilities which are linked to pumping power of 
the network. For all the constructs, the performances depend strongly on both the number of pairings 
Np at nodes and the number of pairing levels k. Velocities analysis showed for both confi gurations 
that, from the fi rst construct to higher-order constructs, the velocities intervals increase as shown in 
Fig. 9. Especially, velocities intervals |Vmin–Vmax| vary faster for N4N lower-order constructs than 
for N2N ones meaning that velocities distribution is more regular for N2N than for N4N. For lower-
order constructs of N4N, the maximal velocities are higher than the maximal velocities of N2N. But 
they become inferior to N2N’s for higher-order constructs. By contrast, minimal velocities have an 
opposite evolution.

This velocities distribution explains the average velocities evolution shown in Fig. 10. The average 
velocities of the N2N are inferior to N4N’s for lower-order constructs.

These average velocities distribution permit to understand the evolution of the pumping power 
and the average unit pressure drops through the networks as shown in Fig. 11.
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Figure 8: Confi guration of constructs level 2, 3 and 4, for Np = 2 (A) and Np = 4 (B).

5.2  Comparison based on the number of service points (terminal points of the network)

Another way of comparing these networks is to look at their characteristics in relation with the 
number of points to be irrigated. From this point of view, the second construct of the N2N networks 
(N2N)2 can be compared with the fi rst construct of the N4N networks (N4N)1 and (N2N)4 to (N4N)2 
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Figure 9: Maximum and minimum velocities in N2N and N4N networks.

Figure 10: Average velocities through N2N and N4N networks.

Figure 11: Pumping power and average unit head losses over constructs scales.
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and so forth. Figure 12 shows that for a same number of points to be irrigated, N2N networks need 
a pumping power close to twice the pumping power required for N4N networks.

Figure 13 confi rms this fact by showing that the average unit head losses in N2N networks 
represent the double of N4N’s ones. Say another way, from the operating cost point of view, N4N 
networks are better than N2N networks.

The two methods (1 and 2) presented here are fundamentally the same since they are both based 
on two objective functions which parameters make them equivalent. Indeed, in the method 1, the 
gp weight plays the same role as the constraint of residence time t described in method 2. They 
represent the water quality control tools. Nevertheless, even if these two methods have proven to be 
equivalent, method 1 seems to be very adapted for cases where fl exibility is required.

6  DOMAINS OF APPLICATION
Figure 14 shows that the average unit head losses are inferior for N4N to N2N when higher-order 
constructs are considered.

Besides, average velocities in N4N are inferior to N2Ns’ ones and the number of irrigated points 
is the highest; meaning that N4N can irrigate well a surface where points are very concentrated. 

Figure 12: Pumping evolution related to the number of irrigated points.

Figure 13: Average unit head losses related to the number of irrigated points.
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These criteria of low velocities and a large number of points to be irrigated are precisely met in 
the domains of irrigation in agriculture, according to literature on irrigation technique [19–21]. For 
these reasons, the N4N networks considered in higher-order constructs seems to be suitable for 
irrigation. But for drinking water systems, the water quality evolution is well known according to 
Delahaye et al. [22] and Clarck et al. [23] to be degradable with the residence time. That is why it is 
revelant from an environmental protection point of view (good control of water quality) to consider 
the N2N networks as the most adapted to drinking water distribution systems for their good fl ow 
velocities distribution through the networks.

7  CONCLUSION
This study showed that in the construction of tree-shaped network for water distribution, the method 
of exergy destruction minimization is equivalent to minimizing mechanical irreversibility (that are 
equal to pumping power) under a water quality constraint. For both phenomena appearing in the 
network (energy consumption and the fl uid quality degradation), this paper offers a new interesting 
route of optimizing the system either by the exergy destruction minimization or one phenomenon 
minimization under a constraint that takes into account the second phenomenon.

Economic aspects, water demands fl uctuation and topography variation were not considered and 
minor losses were neglected here but for further investigations they could be included to be close to 
a realistic water distribution network.

This study also showed that for the improvement of performances in a distribution network it is 
important to focus on the design the network rather than enhancing only its transport properties. All 
the optimized geometries have the same total mass (since the water residence time t which formula 
is, according to Tondeur et al. [24], proportional to total volume of ducts is fi xed) meaning they are 
roughly identical from the investment cost point of view. Consequently, the best one should be the 
one which suits the use made of it as discussed above in discussion section and which performs 
pumping power minimization.

Once again, the constructal approach has proven to be a powerful design method that can be 
used, based on various methodologies, to perform fl ow systems design under any given constraint. 
The approach presented in this paper should be seen as an introduction to reactive fl ow architectures 
design by constructal approach and a contribution to the design problems under environmental 
constraints.

Figure 14: Average unit head losses for different constructal scales.
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NOMENCLATURE
C chemical concentration, kg/l
D diameter, m

dex�  exergy destruction, W
ex exergy of the system, W
g gravitational acceleration, m/s2

H water head, m
hi total molar enthalpy, J/mole
J unit head losses, mCE
k chlorine residual decay, /s
L pipe length, m
m mass, kg
Me water molar mass, kg/mole
Q volumetric fl ow rate, m3/s

0q�  heat losses exchanged with surrounding, W
R ideal gas constant, J/kg/K
S entropy, J/K
t water residence time, s
T0 ambient temperature, K
U internal energy, J
vs specifi c volume, m3/kg

Greek symbols

ΔC concentration variation, kg/l
ΔH head losses, m
r water density, kg/m3

l friction factor

Subscripts

Ch chemical
CHW Hazen William head losses coeffi cient for a given material
Mec mechanical
Max maximal
Min minimal
Re Reynolds number
yi molar fraction of the constituent i
1 input
2 output
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