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Abstract

This thesis discusses linear EV (errors-in-variables) regression models, that is, regression
models with measurement errors. Because in practice, data are often obtained with measurement
errors, EV model is more fit for application than the ordinary regression model. However, it is
more complicated in the statistical inference and analysis, so research about this theory is very
difficult. Due to the application of statistics, when the weight function uses real variables in EV
model, we extend the consistency of the weighted sum for the independent random variable
sequence and obtain a result of convergence about the weighted sum for the exchangeable random
variable sequence in EV model.
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1. Introduction

In the early 1930s, De Finetti put forward the concept of random variable exchangeability [1].
The so-called exchangeability of finite sequence {X, };_, refers to that if the joint distribution of
random variables X1, Xz, ..., Xn is unchanged in displacement, that means the joint distributions to
any displacement of 1,2,...,n on z, Xz@), Xx@),..., Xz(n) @and on X, Xo, ..., Xn are identical. The

infinite sequence {X;}#% of exchangeable random variable is exchangeable, in case that any finite
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subset thereof is exchangeable. Theories have proved that an infinite sequence of exchangeable
random variables is independent identically distributed under the tail c-algebraic condition, so no
wonder that it is asymptotic similar to the independent identically distributed sequence.

As the fundamental structure theorem for infinite exchangeable random variable sequences,
De Finetti’s theorem states that an infinite exchangeable random variable sequence is independent
and identically distributed with the condition of the tail c-algebra. So, some results about
independent identically distributed random variables are similar to exchangeable random variables.
As the fundamental structure theorem for infinite exchangeable random variable sequences, De
finetti’s theorem is not applicable to finite exchangeable random variable sequences, and it is
therefore necessary to find other technologies to solve the approximate behavior problems of finite
exchangeable random variable sequences. By using the reverse martingale approach, scholars have
given some results. In this paper, we do some researches about the similarity and differences
between identically distributed random variable and exchangeable random variable sequences and
mainly discuss the limit theory of exchangeable random variables.

We suppose X and Y are random variables and (Xi, Yi), i=1, 2,.., n are the samples from the

parent. Here the sample (X, Yi) is a function of the importance of x.

If the following conditions are satisfied:

(W, (x)>0,i=1,2,---,n,

i=1

(1) 2 Wy (x) =1

Whi(x) is called the weight function
The following questions are proposed in the literature [2]: Under what conditions, when n—oo,

we obtain

zn:\/vni (%), >E(Y[X=x) as
-1 1)

323



Discussion on this issue is rare at home and abroad.
When we establish the regression model, we assume that the independent variable is fixed,

and that the dependent variable is affected by random factors or measurement errors.
y=u+e 1="1(x0)

In the above equations, x and @ are vectors of dimension k, and vy, x, and ¢ are vectors of
dimension n, and E(¢)=0.

For a long time, the research on EV model has not considered the errors in model selection; in
other words, in the model, the dependent variable and the independent variable are really connected
by the function, but later it was found that in economic analysis, there exist errors. In many cases
in actual production, the independent variable is the measured value and thus will be affected by

random factors. So when the parameter is a random variable, the model can be expressed as follows:
X=£+6,y=p+s 1=1(50)

In the formula E(¢)=E(0)=0, &, and 0 are represented as parameters, we call this model the
errors-in-variables model.

There are some literatures about the errors-in-variables model [3-12], Generally we assume
that X = X + ¢ is right, when studying this model. Here X is a variable that cannot be directly
observed while X is a variable that can be observed. Under normal circumstances, the relationship
between X and X is complicated. For example, X = (X, €), where ¢ is the error of measurement
independent of (X, Y). y represents an arbitrary known function.

In the one-dimensional linear structural relation of the errors-in-variables model y=a+bx, Y=y+
£, X=x+u, if the parameters a,b are bounded continuous functions a(t), b(t) where the real variable
t € (0,1)(b(t) # 0), then the EV model of the one-dimensional linear structure with variable

coefficients is obtained as follows:

{y:a(t)+b(t)x

Y=y+¢&, X=X+U

Where x, y are a random variables, and (¢,u) are measurement errors.
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Suppose to € (0,1), and we want to estimate the parameters (a(to),b(to)) at to. If we are not able
to observe n times at to, we just have to observe n times in the vicinity of to. Supposing ti, t2,..., tn,
are n design points in [0,1], and satisfy 0<<ti< t><...<t, <1, we observe (y,x) at every point t;, and
then will get n groups of observations of (Yi, ti, Xi), i=1,2,...n. If we use these n groups of
observations to estimate the parameters (a(to),b(to)) at to, we should note that the observed values
of (Vi, ti, X;) at ti are not the same as those at to. The importance can be measured by the weight
function Whi(to) of the real variable ti, i=1, 2, ..., n. We first give the following definitions:

Suppose (Yi, ti, Xi), iI=1, 2, ..., n. are the samples taken from the parent of (Y, X), that ty, to, .,
t» are n design points in [0,1], and that to is a point within the interval (0,1). W,;(x) £
Whi(to, tq, -+ t,) is the function of the real variables ti, t2, ., t, (i=1, 2, ..., n), and we call it the

real variable weight function, if it satisfies the following conditions:

(W, (t)>0,i=1,2,--,n

(i)W, (1) =1

We assume the one-dimensional probability density function is K() and that the bandwidth

is hn€(0,1/2), and then we obtain:

Wihi(to) is called the kernel weight function.

2. Result

Here the weight function Whi(X) is a real variable kernel function. Whi(to) is studied in (1). We
obtain the conclusion on the exchangeable random variables of {Y;}-,, and obtain the consistency
between the weighted sums of Y-, W,;(t,)Y; and the weighted sum of the sequence of
exchangeable random variables in the EV model.

The theorem assumes it satisfies the following conditions:
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A: For any real variable kernel function {W,,;(t,)}/=,, there exists the integer A:

maxW.. (t,) < Alogn
L<isn nh

n

A> Random variables of Y, Y1, Yo, ..., Yn are the exchangeable random variable sequence.

Cov(Y1,Y2)=0, and EY exists, and there is a positive number D for which, Var(Y)<D, so
nh,
(1) 1f Jogr M = <) holds, then ZWn. (t,)Y, —2—>EY

Jnh,

@) 1f jog?n = (N = %) olds, then ZW’" (t,)Y; > EY  as.

Z_llwm (t,)Y, ——EY ang ZWn. (t,)Y; > EY  as. can be described as follows:

ZWm(t)Y EY,)—F—>0 and ZWm(tO)Y EY,)>0 as.

E(Y,—EY,)=0,Var(Y,~EY,)=Var(Y,)<D,i =12,

changed as follows:

N, : therefore, the theorem can be

Theorem 1 For the weight function {W,,;(t,)}i=, of any real variable under the following
conditions, there is a positive number A:

rlname (t) < Alogn
1 n

A> Random variables of Y, Y1, Y2, ..., Yn are exchangeable random variables sequence.

Cov(Y1,Y2)=0, and EY=0, and there is a positive number D, for which
EY? =Var(Y) <D, so

h
o |2gn — (N = ©) holds, thenZWn.(t) Y, —EY;)——0
nh,
(2) 1 ,J_ (Y, —EY,)>0 as.

Proof: (1) because E[;Wni (tO)Yij 0 , to prove . ZW (t) (Y — EY, )—>0 is right, we only

need to prove:
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imVar(Z (tO)Yi] =0

In fact, due to the result of A1, A>and Zl:Wni (to) = 1, we obtain

Var(zn:Wni (tO)YiJ Z (t)var (Y, D(max\/\/ni (to)) < DAlogn

1<i<n nhn

n—owo

nh,
Because of the result of j5oy — 0(N =) \ve know that limVvar (anl ()Y, J is right,

and then

iwni (to) (Yi -EY, )—P) 0

i=1

(1) is proved.

(2) To prove Zl:Wm (to)(Y; —EY;) >0 as.js right, for any given positive number & (suppose

€<D/2), we note
YO =YY < 2Vi} Y =Y Y] > 24

Then we obtain ¥; = Y(l) YL.(Z), and based on EYi=0, we obtain EYl.(l) = —EYL.(Z), so
Y= (%Y Y9 )+ (YO - EY®)

is right.

S, 1) = 3 W () (% - BV 3w 1) (% - EY)
i1 i-1 i=1 (2)

327



There are two steps to prove the result. First we need to prove the result as follows: when

N—oo

iwm t)(YW-EY¥) >0  as.
i=1

@)
We note Z . 2W._ (to)(Y() EY ) and b, _TE?](W (t,) . 50 {Z; )7, is the zero mean
b Alogn
exchangeable random variable sequence, and “n = ",

Because ‘Yi(l) - EYi(l)‘ < ‘Yi(l)‘ +‘EYi(l)‘ < &2i + £2i =2£%4i , s0 we obtain

max|Z,,| = maxW, ( 0)‘Yi(l)—E ()‘<max

1<i<n I<i<n 1<i<n

Y ‘<b max 2&2+/i = 2b  &%\/n<Db g«/_

1<i<n

Because

Var(z,)=Var [Wni (&) (% -EY" )} —W, 2 (t, )Var (Yi(l))é(maxw (t, ))ZVar (Y,)<b,?D

1<i<n

So 2.Var(Zy)=nb,"Dis right
log®n 0
Because \/ﬁhn % and _Iogn =0 are right when n—oo, for arbitrary £>0, when n is

Iog n_
sufficiently large, J_h ¢ and —Iogn <€ js right. From the result of Bennett exponential

inequality, we note B=2DA(A+1), then

6'2
| >er<2exps—
" } p{ 2nbn2D+2Dbnngﬁ}

2exp4— £ —i<££g<i)
B | 5 N 2B
logn
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n

2.2

i=1

no1 n
Because Zl:n_z < %js right, ; P( = gj < %js also right.

By Borel-Cantelli lemma, for arbitrary £>0, when n is sufficiently large, we obtain:

<& a.s.

ni

a.s. thatis

When n is sufficiently large, we obtain W_ (to)(Yi o _Egy (1)) 50
Zvv (t)( EY()) >0 as.

We prove the result as follows. When n is sufficiently large,

W, (t,)(Y?-EY?) >0 as.

Firstly, {‘Yi(z) - EYi(Z) }_71 is a zero mean exchangeable random variable sequence, so

E{N 1Y} <8 i) =[] (X < £ VT}dR, (x) <8 Vi 0R, (x) = 6V

and so

maxE‘Yi(z)‘ = maxE‘Yi( ‘ maxE|Y L {|Y |<52\/_} <max e’ = £2Jn
1<i<n 1<i<n

I<i<n 1<i<n

e v v/ < max [+ E[W ) < 2max [ < 2"V
Because
Var(‘Yi(Z)‘ - E‘Yi(z)‘) = E(MZ)‘— EfY,? ) =Var(Y,)<D
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we have anvaf(‘Yi(z)‘— E ‘Yi(z)‘) <nD
i=1

Because

N

([ 00> £ = [ > 7T R, ()= [ (xR, (3= <1 Var () <D

REEN

when n is sufficiently large, we obtain

SE Y@< 2vnDs? < %gﬁlog n
i=1

(we use the formula Zl:ii <2n above. When n is sufficiently large, 4D < &%/logn.)

s 1
2
Because ;E‘Yi()‘ﬁz\/ﬁDgz <§5\/H|09” is right and due to the result of bennett

exponential inequality, we obtain

P(Z Yi(z)‘ > ¢+/n log nszexp{— Iogn}San &< 1
(

= 10¢ 20 )

)
Becausezl:“ <% s right, we obtain

Zn: P[Zn:‘Yi(z)‘ > g+/n log n) <o

i-1 i=1

By Borel-Cantelli lemma, we obtain

>

Yi(z)‘ <edfnlogn  as
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n 1 n
Because;E‘Yi(z)‘ <2\nDs’ < 58\5'09” and ;‘Yi(Z)‘ <znlogn as.js right, when n is

sufficiently large, we have

; @ _el@\_3 l0g°n
;Wni (to)(Yi E‘Yi ‘)— 2gA N as
log®n
—)0(n—>oo)

Because of the result of Jnh , when n is sufficiently large,

(4) is proved.

When n is sufficiently large, because ;Wm (L)Y, >0 as. gpq (2), (3), and (4) are all right,

we obtain
iwm t)(Y,—EY;)>0 as
i=1

The theorem is proved.

Conclusion

In this paper, as the application of statistics, when the weight function uses real variables in
errors-in-variables model, we extend the consistency of the weighted sum for the sequence of
independent random variables, and obtain a result of convergence about the weighted sum for the
sequence of exchangeable random variables in errors-in-variables model. The exchangeable
random variables are independent and identically distributed so, it has some properties of
independent identically distribution and is more applicable to some statistics. The errors-in-
variables model is the real variable weight function. The kernel weight function of independent and
identically distributed variables is generalized to the errors-in-variables model in the real variable
weight function. This paper discusses the convergence of weighted sums of random variable.

331



References

1.

10.

11.

12.

B.D. Finetti, Funzione caratteristica di unfenomeno aleatorio, 1930, Atti Accad. Naz. Lincei
Rend. CI. Sci. Fis. Mat.Nat., no. 4, pp. 86-133.

R.F. Patterson, R.L. Taylor, Strong laws of large numbers for triangular arrays of exchangeable
random variables, 1985, Stochastic Analysis and Applications, no. 3, pp. 171-187

G.A.F. Seber, Linear Regression Analysis, 1987, New York, Wiley.

P.X. Zhao, L.G. Xue, Variable selection for semiparametric varying coefficient partially linear
errors-in-variables models, 2010, Journal of Multivariate Analysis, no. 8.

Y. Amemiya, Instrumental variable estimator for the nonlinear errors in variables model, 1985,
Journal of Econometrics, no. 28, pp. 273-289.

J.H. You, G.M. Chen. Estimation of a semiparametric varying-coefficient partially linear
errors-in-variables model, 2005, Journal of Multivariate Analysis, vol. 97, no. 2, pp. 324-341.

A. Gut, Precise asympototics for record times and the associated counting process, 2002, Stoch
Proc Appl, no. 101, pp. 233-239.

Q.H. Wang, Dimension reduction in partly linear error-in-response models with validation data,
2003, Journal of Multivariate Analysis, no. 85, pp. 234-252

O. Davidov, Estimating the slope in measurement error models a different perspective, 2005,
Statistics & Probability Letters, vol. 71, no. 3, pp. 215-223

P.K. Shukla, M.E. Orazcm, O.D. Crisaue, Validation of the measurement model concept for
error structure identification, 2004, Electrochemica Acta, no. 49, pp. 2881-2889.

H.Hong, E.Tamer, A simple estimator for nonlinear error in variable models, 2003, Journal of
Econometrics, vol. 117, pp. 1-19.

H.F. Chen, J.M. Yang, Strong consistent coefficient estimate for errors-in-variables models,
2005, Automatica, no. 41, pp. 1025-1033.

332



