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We study the existence and uniqueness of solution of nonlinear fractional integro-
differential equations of the Hammerstein type, using the iterative method under some
suitable conditions in the Banach space. At the end, an example is given to illustrate the

1. INTRODUCTION

Although the fractional calculus is not a new topic, but in
the recent years, it has significant growth due to its
applications in many areas of concepts of physics,
mathematics and engineering, the interested reader can refer to
the numerous recent works [7, 10-15] and references therein.

Investigations on the existence and uniqueness of solution
for fractional differential and integral equations have been
recently presented in several literatures [1-5, 8-9, 16-17].
Using fixed point theorems is a basic technique in studying
various equations [1, 6, 8, 16]. Anguraj et al. [3] studied the
existence and uniqueness theorem for the nonlinear fractional
mixed Volterra-Fredholm integro-differential equation with
nonlocal initial condition. Balachandran et al. [5] discussed the
existence of solutions of first order nonlinear impulsive
fractional integro-differential equations in the Banach spaces.
In [8], Gautam and Dabas established the existence and
uniqueness results of solutions for class of an abstract
fractional functional integro-differential equations with state
dependent delay subject to not instantaneous impulse using the
fixed point theorems. In [17], Wang proved the existence and
uniqueness of solutions for a class of the nonlinear fractional
differential equation with initial condition and investigated the
dependence of the solution on the order of the differential
equation and on the initial condition.

In this work, we will use an iterative method to investigation
the existence and uniqueness of solution of the following
nonlinear fractional Volterra integro-differential equations of
the Hammerstein type

(CDBv)(r):g(r)+j0‘k(r,n)G(CDVv(n))dn, te[04], (1)
subject to the initial conditions
vP©)=v,, j=01,..,m-1, ()
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where for m,neN, m-1<B<m, n-1<y<n, y<p and
the fractional derivatives are considered in the Caputo sense.
Also, G is an increasing linear transformation on the Banach
space x.

2. PRELIMINARIES

In this section, we recall some basic definitions and
necessary facts of the fractional calculus (for more details see
[4] and [10]). Throughout of this paper, we consider the
complete metric space (y,d) which

d(h,g) = max Ih(©)-9(1) |,

forall h,gey.

The Riemann-Liouville fractional integral and the Caputo
fractional derivative play main roles in fractional calculus, thus
the definition of them will be expressed.

Definition 1. The Riemann-Liouville fractional integral of
order >0 ofa function v(t), is defined as

(17v)(e) = r(ﬂ) (r—w) v (dp, >0, 3)

where I denotes the Gamma function.
Definition 2. The Caputo derivative of fractional order
B>0 for a function v(t) is defined by

(D V) () = [ (=)™ VP ()d,

1
(m-p)-°
where m=[B]+1 and [B] denotes integer part of the real
number . If B=meN, and the usual derivative v{™ (1) of

order M exists, then (“D™v)(t) coincides with v{™(z) .



Also, this definition implies that “DPv(™ (1) = °D**" v(1) and

©DPz =0 (z is a constant).
Proposition 1. Let

v(t) e C"[0,a], then
() (1" °D* v)(x) =v(1)- 37

(i) (°D°1P v)(x) = v(1),
(i) (1"17v)(x) = (1" v) (x).

B,y>0 and m=[B]+1 . If

le (0) ]

Lemma 1. ([1])
v <B. For re[O,a],

Let m—-1<B<m, n-1<y<n and

(i) if v(r) eC[0,a], then (°D*I* v)(x) = (1" v)(x),

(i) if veC™[0,a] and (°D’v)(r)eC[0,a] ,
(°D'v)(r)ec[o.a].

then

Proposition 2. Let B,y >0 and m—1<fB<m, then

(P n-a))) = g™
(70" (n-2)")(x) = r(rv(Y)B) (x-a)""", y>m,and

(°D(n-a)')(x)=0. j=0.1,..m-1.

The following lemma is a result of Lemma 1.3 in [9] which
characterizes the space C"[0,a].
Lemma 2. Let neN,. The space C"[0,a] consists of

those and only those functions h which are represented in the
form

h(z) =

o A l(P(n)dn+ZC o,

where ¢(n) eC[0,a] and c¢;(j=0,1,...,

constants. Moreover,

n—1) are appropriate

[€)]
o(n)=h® (), c, :% (j=0,1,...n-1).

3. EXPLANATION OF THE PROBLEM

In this section, we prove a theorem to show that the problem
(1) - (2) is equivalent to an integral equation of fractional order.
Theorem 1. Let g,k and G be continuous functions,

—-1<B<m, —1<y<n and y<f. Then a function
VeCm_l[O,a] with (CDB V)(t)eC[O,a] is a solution of

fractional integro-differential equation (1) if and only if
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v 1 = ofs
v =5 e T )
i it T (t-9)
satisfies the integral equation
4 1P7g(q)

o(t) = ZF(J_

1 jok(r, ) Gu(m)dn, ®)

where for n<m, GGC[O,a].

Proof. Let VeCm"l[O,a] be a solution of (1) which
(°D*v)(r)eC[o.a].
(°D'v)(r)eC[0,a]. Since g,k G and (°D'V)(r) are

Using Lemma 1, we conclude

continuous, we can apply the operator I to both sides of Eq.
(1). Thus using Proposition 1, we obtain

m- 1V')(0) J

=0

P (Iok(r,n) G(CDVv(n))dn).

V(1) = +1%g(r)

(6)

Putting (CDYV)(t):: o(1), so ceC[0,a], and we can

apply the operator 1" to both sides of this relation and using
Proposition 1, we get

nlv
v(t) = U+
j=0

o(s) ds.

5)

From Eq. (6) and Lemma 1, we have

TR IT(

m-1

V. .
Cyr —Cyr ]
D'v(x) = D(E ik

=0

j+ I"7g(x)

s ( [k G(° DYv(n))dn). ™)

Using Proposition 2, we get

m-1

3 ey

11+|ﬁ*"/g( )+|l3 ’I k(t,m) G(a(m))dn,
-1+1)

and for N=m the first term of the right hand of above relation
is equal to zero. Conversely, assume that ce C[O,a] is a

solution of Eq. (5), we show that Eq.(4) satisfies in Eq. (1).
Since GEC[O,a], we can apply the operator D' to both

sides of Eq. (4), then from Proposition 1 and 2, we obtain
(C DVV)('C) = o(1),

and hence (C DVV)(T) € C[O,a]. Applying 1" to both sides of

Eq. (5) and using Propositions 1 and 2, we get



le

V(1) :Z

Jr
j=0 J

L g(r) + 17 (jo’k(r,n) G(CD”’v(n))dn), ®)

where according to Proposition 2, we obtain

|Y[mz1 4

—7T
j=n F(J_Y+l)

By Propositions 1 and 2, the continuity of (CD”’ v)(r),
g, k, G and applying “D” to both sides of Eq. (8), we have

(°DV)®) =90+ [ k() 6(Dv(r))dn

and consequently (CDﬁV)(r)eC[O,a]. Now we show that
vP2(0)=v, (j=01,...,

fractional calculus, we obtain

(1) (1) [=1 (D) (=) =1 (1 v) (<)

m—1). First using the property of the

F(B j (t—s)" v(s)ds

IVIk
S TR-j+D)

B-i

for j=0,1,...,m-1, thus

(v)” (0)=0, j=01,..m-L. ©)

Later on, for m=1 according to Eq. (8), we have
V(1) = vy + 17g(1) + 1° (J:k(r,n) G(° DYv(n))dn).

Using the continuity of the operator I’ on C[0,a] and
Eq. (9), find  v(t) eC[0,a]
v(0) = v, (VO (1) = v(1)) .

Now for m>2 according to Eq. (8) and using Proposition
1, we have

using we and

2V,

v(1) :m Lty
]:0J |:

[P ( I;k(r, nG(° DVV(n))dn)].

I[iferl

a(v)

Thus from Lemma 1, we have v(t) € C"*[0,a], v (0) = V;

for j=0,1,...,m—-2, and

VI 2V, (0417 [l 6D v() )

In the same way of Eq. (9), we can show that
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([0 (Dve)en) | @=0, Pg0)=0

Therefore, V™™ (0) = v, , and the proof is complete.

4. EXISTENCE AND UNIQUENESS

In this section, we study the existence and uniqueness
theorem for solution of nonlinear fractional integro-differential
equation (1). By Theorem 1, it is sufficient to show that Eq. (5)

has a solutionc e C[O, a].

According to Definition 2 and by changing the order of
integration, we have

o(1) = h(x) + [ L(x,m) G(c(m)dn, (10)

where

m-1 V.
h(t) = R
;‘F(J—Hl)

1 T poy-1
_ du,
= [, (=1 gwdn

and

L(t,m) = [[-m)

"k, m)dp.
F(B 3 (1, m)dp

We define

L(Q)(x) = [ L(x,m) G(c(m)dn, (i

from Egs. (10) and (11), we have

Q=H+L(Q), Hey (12)

Now we define the operator T:y —y as follows

TQ=LQ)+H, QHey, (13)

from Egs. (12) and (13), we obtain
TQ=Q.

So, we can rewrite equation (10) as follows

6(1) = () + [ L(x,1) G(o(m)dn = To(z). (14)

Moreover, let ® denotes the class of those functions
&: [O, oo) —[0,1) which satisfies the condition

&mn,)—1, implies n, —>0.

(15)
To prove the existence and uniqueness of solution for Eq.
(1), we present the following theorem.
Theorem 2. Consider the nonlinear Volterra integral
equation (14) such that:



(1) g:[0,a] >R and k:[0,a]x[0,a] > R are continuous,
(i) G:y¢ —>y is an increasing linear transformation and

g =20

— 2 ecw, 10,
T

a 1
2
(iii) sup, o4 JO L (t,m)dn < .
Then, the integral equation (14) has a unique fixed point ¢ in

X -
Proof. Consider the iterative process

G, (1) = (1) + [ L(x.m) G(o, ()dn

=To,(r), n=0,1,.., (16)

where o, €y is an appropriate initial guess. So,
IT6,()-To, (D [[[L(x. 6(o, ()dn
L) 6o, (e
<[ Lz Glo,(m) -0, |dn

SWBWWMquﬂ%m%%AmNﬂ;

As the function G is increasing then
G (l Gn (T) _Gn—l(r) |) <G (d(cn g csn—l))7

S0, we obtain

d2(0n+1'cn) S[

<G? (d(cn,cn_l)).

sup J;Lz(r,n)danz (d(o,,0,.))a

1e[0,a]

Therefore

G(d(c,.,.4))

d l
d(Gn ’ anl) (Gn Gn—l)

d(6n+1' Gn) <G (d(cn ! anl)) =

=¢(d(o,,0,,))d(c,, ). 17

and the sequence {d(c,,,0,)} is decreasing and bounded.
Thus there exists u>0 such that lim,..d(c,,, c,) = If

u >0, then according to relation (17),

d(6n+1' Gn)

d(o.,0.,) <¢(d(s,,5,,)), N=12,..,

and we conclude that £ ¢ o, because Iimn_m&(d(csn , anl)) =1
whereas Iimn_m(d(Gn , GH)) =u>0. So u=0 and therefore

limns»d(o,,;,0,) =0. Now we show that {cn} is a Cauchy
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sequence. Contrariwise, suppose that

limsupd(o,,o,)>0.

m,n—c

(18)

By the triangle inequality and relation (17), we have

d(o,,0,) <d(c,,6,.1) +d(0,.1,Op.1) +d(C .1, O)
<d(s,,6,.)+§(d(s,,6,))d(s,,0,) +d(0,1,0,,)

hence

d(o,,0,)[1-&(d(s,.5,)) ] <d(5,,0,,) +(0y.1,0,)-

Thus, we have

d(o,.5,) <(1-£(d(s,,5,))) [d(0,,6,.) +d(0,.4,0,)]

Since limsup,, ... d(c,,c,)>0 and

limnsw d(o,,,,0,) =0, then

limsup(L—£(d(o,,6,,))) " =+,

m,n—o0

from the above relation, we conclude

limsup,, , ,.&(d(s,,0,,)) =1 and since & e w, we obtain

limsupd(c,,o,,)=0.

m,n—c

n

This contradicts with (18), shows {cs} is a Cauchy

sequence in y . Since (X,d) is a complete metric space, then

{Gn} is a convergent sequence in ¥ , that is

Joey, limo,=o.

n—o

Now by taking the limit of both sides of (16), we have

6(5) = limo,..(9) = limh(5) + [[L(5.1) G(s, (m)en|
=h(x) +I;L(r,n) G(!iil]ccn (m))dn

=h(0)+ [ L(z.1) G(o(n) dn=To(x)

Thus, there exists a solution o ey such that Te=0c. It is
clear that the fixed point of T is unique.
5. APPLICATION

In this section, we are going to demonstrate main result

contained in Theorem 2 by an example. Consider the following
nonlinear fractional integro-differential equation

(CD1'75V)(T):In(‘Cz)'f'%J:TT](CDO'ZsV)(n) dn, t€[0,1],



v =v, j=01 (19)
Observe that the above equation is a special case of Eq. (1)
with

B=175y=025m=2,n=1,a=1,
g(t) =In(z?), k(t,m) =™, 1,n<[0,1],

(Go)n) =5 o), el 1] o =Cpo.]

The functions g and Kk are continuous and G is increasing

linear transformation that satisfies in assumption (ii). To check
assumption (iii), let's put

L(t.n) = %Eun\/r —pdu

F(E)

3 5
:2—“{2—;@—11)2—%(7:—11)2 .

N

Since sUP_ oy I:Lz(r,n) dn <1, then applying Theorem 2,

we deduce that Eq. (19) has a unique solution in 7 .
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