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The reliability of these cables was satisfactory, but their implementation had major 
drawbacks unwinding and pulling difficulties (due to the rigidity and the mass of cable), 
the long and delicate junction. At present, the replacement of insulated cables with paper 
impregnated with synthetic insulated cables has been evoked for reasons of the excellent 
qualities of synthetic insulators. Electrical stresses are essential parameters in the 
breakage of insulating materials such that the thickness of the insulator, or the minimum 
distance required between a conductor and ground that will depend on this maximum 
stress value. The importance of the study of the electric field in high voltage is essential 
because it constitutes: the most important constraint. The calculation of the electric field 
is governed by the Poisson's equation or Laplace. The resolution of these equations 
requires the knowledge of certain conditions on the boundaries of the studied domain. 
There are two main families of solving methods, one is analytical, gives exact values, and 
the other is approximate and is based on numerical methods. 
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1. INTRODUCTION

The distribution of the electric field, in most insulation
systems, is determined by simulation using numerical analysis 
techniques. The approximation techniques used in numerical 
analysis are numerous and all provide a suitable calculation 
algorithm. The finite difference method is the simplest. It was 
the first to be used for the study of high voltage electric fields. 
It is a method of numerical resolution of partial differential 
equations, based on the approximation of the differential 
operator by a finite difference operator. In the finite difference 
method the partial differential equations are replaced by a set 
of finite difference equations expressed at the nodes of a 
distributed point network in the modeled domain. We obtain 
at the end a set of linear equations which, once solved, gives 
an approximate distribution of the sought variable. This is a 
simple method, which is very suitable for symmetrical or two-
dimensional geometry systems. Indeed, the axial symmetry of 
the electric cable makes it possible to reduce the dimensions 
of the area of calculation of the electric field to the plane 
corresponding to the cross section of the cable. The choice of 
the polar coordinates r and θ in this case is necessary and 
because of this, the electric field at any point of the insulation 
will have the value and the direction of the resultant of two 
components, one radial and the other tangential. [1-5]. 

2. DESCRIPTION OF ANALYZED

The numerical calculation of the electric field is done by
solving the Poisson equation using the finite difference 
method. Generally, the density of free charges in dielectric 

materials is negligible. In this case, the problem becomes again 
a resolution of the Laplace equation. In a first approach, we 
will give the analytical expression of the distribution of the 
electric field in a perfect cable with homogeneous and 
isotropic insulation. The analytical model will be used as a 
reference to confirm the validity of the numerical method. [6-
9]. 

Figure 1. Presentation of a high voltage electrical cable 

The potential equation obtained by applying the Gauss 
theorem is: 

( ) ( )
i

c

ci r
R

r
R

VrV ln.
ln

)( = (1) 

where: R: cable radius 
        rc: driver's radius 
        ri: given position 
With the following boundary conditions: 
- Potential of the soul:
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- Potential of the outer metallic sheath: 
The expression of the field is obtained by derivation of V (ri) 

with respect to rI, 𝐸𝐸
→

= −𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑉𝑉
→

, 
From where  
 

ci

c
i r

R
r
VrE ln.)( =  (2) 

 
2.1 Mesh of a section of a cable 

 
Figure 2 shows the mesh of a cross-section of a cable. We 

denote by hr the radial pitch and dθ the angular pitch. We 
choose a sector defined by an angle α, such as: 

 
2 [ ]; [ ];

1 1
c

r
R rrad d rad h

n N M
π αα θ −

= = =
− −   

(3) 

 
where R is the outer radius of the cable, rc is the radius of the 
conductive core, N and M are the number of radial and circular 
grid lines, n is the number defining the sector of the study area 

 

 
 

Figure 2. Division of the cable section into sectors 
 

2.2 Case of a cable with homogeneous insulation 
 
It is a question of finding the distribution of the potential in 

the insulation of the cable and of making a verification of the 
validity of the program by comparing its results with those of 
the analytical computation. 

 

 
 

Figure 3. Nodes from the discretization of the domain 
 
The Laplace equation given in polar coordinates at the point 

O is written: 
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To replace the partial derivatives in this equation at the point 

considered, by the potential in this point, and the neighboring 

points, we proceed by Taylor series development of the 
function V(r, θ) at points 1, 2, 3 and 4 , which gives the 
following system of equations: 

 

𝑉𝑉1 = 𝑉𝑉0 + ℎ𝑡𝑡
𝜕𝜕𝑉𝑉
𝜕𝜕𝜕𝜕
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2

2
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𝜕𝜕𝜕𝜕2

 (5) 

 

𝑉𝑉2 = 𝑉𝑉0 + ℎ𝑟𝑟
𝜕𝜕𝑉𝑉
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2
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𝑉𝑉3 = 𝑉𝑉0 − ℎ𝑡𝑡
𝜕𝜕𝑉𝑉
𝜕𝜕𝜕𝜕

+
ℎ𝑡𝑡
2

2
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𝜕𝜕𝜕𝜕2

 (7) 

 

𝑉𝑉4 = 𝑉𝑉0 − ℎ𝑟𝑟
𝜕𝜕𝑉𝑉
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2

2
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By combining equations (5) and (6); (7) and (8), we obtain: 
 

𝜕𝜕2𝑉𝑉
𝜕𝜕𝜕𝜕2

=
𝑉𝑉1 + 𝑉𝑉3 − 2𝑉𝑉0

ℎ𝑡𝑡2
 (9) 
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=
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=
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2ℎ𝑟𝑟
 (12) 

 
And by replacing the partial derivatives (9), (10), (11) and 

(12) in the Laplace equation, we will have: 
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Then one can write the general potential equation in each 

node in the following form: 
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Written in the index form (i, j) we will have: 
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2.3 Case of an insulated cable containing a cavity 

 
In this part, we give the expressions of potential to the 

different nodes, including erosion. [10-14]. 
 

 
 

Figure 4. Area of influence 
 

- The permittivity insulation εi 
- The cavity of permittivity εc 
- The boundaries separating the two environments. 
-rid: radial position of the center of the cavity relative to the 

center of the cable. 

- ∆r=(r2-r1): radial length of the domain 
- α: angular spacing defining the zone of influence. 
The range of influence of the cavity therefore extends over 

a zone of radius approximately 10 times the radius of the 
cavity. 

 
 

3. APPROXIMATION OF POTENTIAL AT 
DIFFERENT NODES 

 
- For the nodes located in the insulator or inside the defect, 

the potential is given by the expression (15). 
- For the nodes located at the border between the two 

mediums, one applies the conditions of continuity of the 
electric field considering what is known by the condition of 
Cauchy. 

 The shape of the cavity resulting from the discretization has 
a practically square geometry. The interface nodes between the 
cavity and the insulator will in this case be rectilinear and 
rectangular types,be: 

 

    
 

Figure 5. Mesh of the cavity 
 

The continuity conditions at the interface between the 
insulator and the cavity are expressed by the following two 
equalities: 

 
( ) ( )
( ) ( )θεθε

εε
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∂=

∂
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Depending on whether the electric field vector crosses the 

node in the radial or transverse direction. 
 

3.1 Nodes of straight borders 
 
a) -Node located at the top 

 

𝑉𝑉1 = 𝑉𝑉0 + ℎ𝑡𝑡
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1
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Adding Eqns. (17), (18) and (19), we find: 
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From where we draw the expression (𝜕𝜕𝜕𝜕

𝜕𝜕𝑟𝑟
)𝐼𝐼: 
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Adding Equations (II.17) and (II.20), we find the expression 

of (𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟

)𝐼𝐼𝐼𝐼 is: 
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According to Eqns. (18) and (19), one can write the 
continuity equation as follows: 
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V
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∂
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From which one derives the expression of V0: 
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(24) 

 
Thus, the general expression of the potential of the 

rectilinear nodes situated at the top will be given in the 
following index form: 
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b) -Node located at the bottom 

 

 
 
The expression of the potential is the same as the expression 

of the potential of the rectilinear nodes situated at the top only, 
one must switch between the permittivity ε1 and ε2, that is: 
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c) -Node located on the right 
 

 
 

2 2

1 0 2 2 2

2
2
t

t
t
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1
2
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2
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4 0 2 2

1
2
r

r
r

hV VV V h
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∂ ∂
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Adding the Eqns. (27), (28) and (29), we find: 
 

1 2 4
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r
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By replacing in the Laplace equation, we obtain: 
 

( )422

2
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2

2
111 VVrhr

V
r

V
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V
r
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∂
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∂
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and we end up with the following equation: 
 

1 22 2 2

4 02 2 2 2 2

2 1 1
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2
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From which we draw the expression of (𝜕𝜕𝜕𝜕

𝜕𝜕𝑟𝑟
)𝐼𝐼 is: 
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Following the same steps and adding the Eqns. (28) and (29) 

and (30), we find the expression of (𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟

)𝐼𝐼𝐼𝐼 such as: 
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Now writing the continuity equation:     
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The expression of the potential of straight knots to the right 

is found in index form, as follows: 
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d) -Node located on the left 

 

 
 
The same calculation steps will be used and the expression 

of the potential of the rectilinear nodes located on the left is 
the same as the expression of the potential of the rectilinear 
nodes on the right, only it is necessary to switch between the 
permittivity ε1 and ε2: 
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3.2 Rectangular nodes 
 
a) - Node located at the top right 

For regions III and IV, we have: 𝜀𝜀2(𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
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)𝐼𝐼𝜕𝜕  
According to the system of Eqns. (5) and (6); (7) and (8), 

we have: 
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From which we draw the expression: 
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For regions II and III: 
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According to the system of equations (5) and (6); (7) and 

(8), we have: 
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Which gives: 
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According to the system of Eqns. (5) and (6); (7) and (8), 

we have on the other hand: 
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By replacing in the Laplace equation and after all 

simplification, we obtain: 
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b) - Node located at the top left 
 

 
 
For regions III and IV, we have: 𝜀𝜀1(𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
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𝜀𝜀1+𝜀𝜀2
𝑉𝑉3 − 𝑉𝑉0]  

For regions I and IV, we have:  𝜀𝜀1(𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟

)𝐼𝐼 = 𝜀𝜀2(𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟

)𝐼𝐼𝜕𝜕 
From where: 𝜕𝜕

2𝜕𝜕
𝜕𝜕𝑟𝑟2

= 2
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𝑉𝑉2 + 𝜀𝜀2
𝜀𝜀1+𝜀𝜀2

𝑉𝑉4 − 𝑉𝑉0]  
By replacing in the Laplace equation and after 

simplification, we obtain: 
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c) - Node located on the bottom right 

 

 
 
For regions I and II, we have: 𝜀𝜀1(𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
)𝐼𝐼 = 𝜀𝜀2(𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
)𝐼𝐼𝐼𝐼 

Which give : 𝜕𝜕
2𝜕𝜕

𝜕𝜕𝜕𝜕2
= 2

ℎ𝑡𝑡
2 [ 𝜀𝜀1

𝜀𝜀1+𝜀𝜀2
𝑉𝑉1 + 𝜀𝜀1

𝜀𝜀1+𝜀𝜀2
𝑉𝑉3 − 𝑉𝑉0] 

For II and III, we have:  𝜀𝜀1(𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟

)𝐼𝐼𝐼𝐼𝐼𝐼 = 𝜀𝜀2(𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟

)𝐼𝐼𝐼𝐼  

From which we can draw:  𝜕𝜕
2𝜕𝜕
𝜕𝜕𝑟𝑟2

= 2
ℎ𝑡𝑡
2 [ 𝜀𝜀2

𝜀𝜀1+𝜀𝜀2
𝑉𝑉2 + 𝜀𝜀1

𝜀𝜀1+𝜀𝜀2
𝑉𝑉4 −

𝑉𝑉0] 
By replacing in the Laplace equation and after 

simplification, we obtain: 
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d) -Node located at the bottom left 
With the same procedure, for I and II, we have: 𝜀𝜀1(𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
)𝐼𝐼𝐼𝐼 =

𝜀𝜀2(𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

)𝐼𝐼 

From which we draw: 𝜕𝜕
2𝜕𝜕

𝜕𝜕𝜕𝜕2
= 2

ℎ𝑡𝑡
2 [ 𝜀𝜀2

𝜀𝜀1+𝜀𝜀2
𝑉𝑉1 + 𝜀𝜀1

𝜀𝜀1+𝜀𝜀2
𝑉𝑉3 − 𝑉𝑉0]  

For I and IV 𝜀𝜀1(𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟

)𝐼𝐼𝜕𝜕 = 𝜀𝜀2(𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟

)𝐼𝐼  

From where we draw: 𝜕𝜕
2𝜕𝜕
𝜕𝜕𝑟𝑟2

= 2
ℎ𝑡𝑡
2 [ 𝜀𝜀2

𝜀𝜀1+𝜀𝜀2
𝑉𝑉2 + 𝜀𝜀1

𝜀𝜀1+𝜀𝜀2
𝑉𝑉4 − 𝑉𝑉0]  

By replacing in the Laplace equation and after 
simplification, we obtain: 
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4. CALCULATION OF THE ELECTRIC FIELD IN 
EACH NODE 

 
Since it is a quasi-static electric field, its expression can be 

easily deduced from the scalar potential V according to the 
following formula: 
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According to the preceding equations, we obtain: 
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1 VVhr

V
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and we draw the expression of the radial field, namely: 
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We proceed in the same way for the tangential field, namely: 
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And finally, the electric field for each node is calculated by 

the expression: 

( ) 22, θEEjiE r +=
 

(48) 

 
For the calculation of the local values of the electrostatic (or 

electromechanical) pressure at any point in the field of study, 
we have applied the following expression: 
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Figure 6. Organizational chart 
 

The characteristic quantities of the high-voltage cable used 
for the simulation data are given below. These data comply 

with the IEC International Electrotechnical Conference 
standard.  

After writing the finite difference equations in each node of 
the mesh and knowing the values of the potential V on the 
domain contour, we will have to solve a system of n linear 
equations with n unknowns which can be written in matrix 
form: 

 
[ ][ ] [ ]VC.K =  (49) 

 
where [K] is the matrix of the coefficients (coefficients which 
depend on the chosen coordinates as well as the step of 
discretization), [C] is the matrix of the initial conditions, [V] 
is the potential vector to be determined. The relaxation method 
is used for solving the system of linear equations that has been 
established by the finite difference method.  To accelerate the 
convergence of the calculation program, we introduce an 
acceleration factor ω which is the Young factor. 
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To test the validity of the calculation program, the result of 

the numerical calculation was compared for the case of a 
homogeneous isolation with that obtained by the analytical 
calculation. After the test of the procedure of calculation of the 
electric field was carried out in the case of a defect. For this, 
we took a cavity having the same electrical properties as the 
insulator and we compared the result with that of the 
homogeneous case. The results of both tests were satisfactory. 
[15-16] 
 

 

 
 

Figure 7. Variation of the electric field                      Figure 8. Variation of the pressure 
 

Position (rid) = 16 (mm)-Size of the cavity (rc)=30 (μm) 
The size of erosion (re) = 6 (μm) 
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Figure 9. Variation of the electric field                                 Figure 10. Variation of the pressure. 
 

Position (rid) = 18 (mm) - Size of the cavity (rc) = 30 (μm) 
 The size of erosion (re) = 6 (μm) 

 

 
 

Figure 11. Variation of the electric field                             Figure 12. Variation of the pressure 
 

Position (rid) = 10 (mm) - Size of the cavity (rc) = 30 (μm) 
The size of erosion (re) = 6 (μm) 

 

 
 

Figure 13. Variation of the electric field                     Figure 14. Variation of the pressure 
 

Position (rid) = 10 (mm) - Size of the cavity (rc) = 20 (μm) 
The size of erosion (re) = 4 (μm) 

105



 
 

Figure 15. Variation of the electric field                   Figure 16. Variation of the pressure 
 

Position (rid) = 10 (mm), Size of the cavity (rc) = 30  (μm) 
 

 
 

Figure 17. Variation of the electric field                 Figure 18. Variation of the pressure 
 

Position (rid) = 10 (mm) - Size of the cavity (rc) = 40 (μm) 
The size of erosion (re) = 8 (μm) 

 

 
 

Figure 19. Variation of the electric field                  Figure 20. Variation of the pressure 
              depending on the size of the cavity.                                depending on the size of the cavity.  

 
Positions (rid) = 10 – 16 – 14 – 18 (mm) - Size of the cavity (rc) = 30 (μm) 

The size of erosion (re) = 6 (μm) 
 

106



 
 

Figure 21. Variation of the electric field                              Figure 22. Variation of the pressure 
             depending on the size of the erosion                            depending on the size of the erosion 

 
Size of (rc) = 20 – 30 – 40 - 50 (μm) -Position ( rid ) = 10 (μm) 

 

 
 

Figure 23. Variation of the electric field                Figure 24.Variation of the pressure 
     depending on the size of the erosion                     depending on the size of the erosion 

 
Position (rid) = 10 (mm) - Size of the cavity (rc) = 30 (μm) 

The size of erosion (re) = 6 (μm) 
 

 
 

Figure 25. Variation of the electric field                        Figure 26. Variation of the pressure 
       depending on the size of the erosion                           depending on the size of the erosion 

 
Position (rid) = 10 (mm) - Size of the cavity (rc) = 30 (μm) 

The size of erosion (re)  = 12 (μm) 
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Figure 27. Variation of the electric field                          Figure 28. Variation of the pressure 
 

Position (rid) = 10 (mm) - Size of the cavity (rc) = 30 (μm) 
The size of erosion (re) = 18 (μm) 

 

 
 

Figure 29. Variation of the electric field                          Figure 30. Variation of the pressure 
   depending on the size of the erosion                             depending on the size of the erosion 

 
Position (rid) = 10 (mm) - Size of the cavity (rc) = 30 (μm) 

The size of erosion (re) = 0-6-12-18 (μm) 
 

5. THE INTERPRETATION OF THE RESULT 
 
Figure (1), (3) and (5): we set the cavity size rc = 30 (µ m) 

and the erosion size re = 6 (µm) Figure 5 rid = 10 (mm). For 
Figures (7), (9) and (11) it is found that the electric field is 
maximum inside the cavity is decreases slightly sue the walls.  
For Figures (8), (10) and (12) the electrostatic pressure is 
important on the walls of the cavity, however inside the walls 
of the erosion the field and the electrostatic pressure take 
values lower than values of these stresses in a homogeneous 
insulation when the size of the erosion is (1/5) of the size of 
the cavity. For Figures (13), (14), (15), (16), (17), (18), (19) 
and (20) for a given position of (10mm) it is found that the size 
of the cavity has no influence on the values   of the field and 
the electrostatic pressure within the selected cavity diameter 
limit (20, 30 and 40 (µm)). For Figures (25) and (26) the 
electric field and the electrostatic pressure decrease each time 
one moves away from the cable core. For Figures (21) and (22) 
it is shown that the size of the cavity has no influence on the 
values of the field and the electrostatic pressure within the 
chosen diameter of the cavities (20 and 30 (µm). For Figures 
(25) and (27) we conclude a high concentration of electric 

fields inside the erosion as soon as it takes a size (2/5) of the 
size of the cavity. For Figures (26) and (28) the electrostatic 
pressure reaches a very large value and concentrated on the 
walls of erosion in the direction of the electric field. For 
Figures (29) and (30) it is found that the field and the 
electrostatic pressure are constant up to the size of 6 (µm) more 
than this value there is a significant increase to the size of the 
erosion reaches 12 (µm), (2/5) of the cavity, then it takes a 
constant value up to the size of 18 (µm). For Figures (21) and 
(22) it is shown that the size of the cavity has no influence on 
the values of the field and the electrostatic pressure within the 
chosen diameter of the cavities (20 and 30 (µm).  For Figures 
(25) and (27) we conclude a high concentration of electric 
fields inside the erosion as soon as it takes a size (2/5) of the 
size of the cavity. For Figures (26) and (28) the electrostatic 
pressure reaches a very large value and concentrated on the 
walls of erosion in the direction of the electric field. For 
Figures (29) and (30) it is found that the field and the 
electrostatic pressure are constant up to the size of 6 (µm) more 
than this value there is a significant increase to the size of the 
erosion reaches 12 (µm), (2/5) of the cavity, then it takes a 
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constant value up to the size of 18 (µm). The relative 
permittivity of the gas εd = 1, the relative permittivity of the 
insulator εi. 

 
 

6. CONCLUSION 
 
We will summarize our work to study the phenomena that 

appear most important (partial discharges, erosions, electric 
tree). After a description on the High voltage cable, and after 
the representation of the fundamental notions of electrostatics, 
we began to expose the two methods for calculating the 
potential and the electric field by numerical methods, among 
these methods our choice focused on the finite difference 
method that is best adopted in the study of our case. Despite 
its drawbacks of approximations such as the restriction of the 
field of study due to the high number of mesh nodes and the 
number of iterations that affect the accuracy of the results, this 
method nevertheless remains an effective tool for the 
calculation of the potential and the electric field. After having 
determined the different equations of the electric field in the 
insulator, in the defect and on the borders of the defect, we 
elaborated a program in turbo-pascal which allowed us to 
calculate the variation of the electric field in a cable. At first, 
we calculated the theoretical values   of the field in the perfect 
case we calculated the potential by the numerical method, and 
we checked the validity of our program by comparing the 
results get to those calculate theoretically. For the case of the 
defects, we have noted the influence of this defect on the field 
and the electrostatic pressure and the deformation provoked 
with respect to the homogeneous case, the results of 
calculations obtained: 

- The electric field and the electrostatic pressure decrease 
each time one moves away from the cable core, the cavity size 
has no influence on the values of the two constraints for a 
given position, and within the diameter of the cavity, the 
electric field is maximum inside the cavity is decreasing 
slightly on the walls, the electrostatic pressure is important on 
the walls of the cavity, On the walls of erosion the field and 
the electrostatic pressure take values lower than the values of 
these stresses in the homogeneous insulation. For a given 
position, note that the cavity size has no influence on the 
values of the fields and the electrostatic pressure within the 
limits of the diameters of the cavity chosen. 

- There is a high concentration of electric fields inside the 
erosion as soon as it takes a given size of the cavity size. The 
repeated action of partial discharges inside the cavity erodes 
the walls thereof in the direction of the electric field. We chose 
cavity sizes that can be the partial discharge seat under 
electrical cable service constraints, indeed work on this subject 
showed that partial discharges occur for cavities sizes of 
twenty micro meters whatever the position taken in the 
insulating envelope. So we took cavities greater than twenty 
micrometers. 
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