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1.  INTRODUCTION 

Continuous bends are common in natural rivers and have 

been intensively studied in the past decades. The study of 

river flow in bends plays an important role in many areas of 

hydraulic engineering and the research results have been 

widely applied in river management, port construction, water 

diversion, sediment prevention and waterway improvement, 

etc. The Yellow River is a world-famous high sediment river 

with continuous bends. When the discharge is large, the flow 

direction in the Yellow River is toward to straight line. 

However, when the discharge is small, the water will flow 

along the bends of the river. The Daliushu Reach of the 

Yellow River is located at the exit of the Heishan Gorge near 

the junction of Ningxia Hui Autonomous Region and Gansu 

Province. The studied reach is an alluvial plain river that is 

mainly affected by upstream water and sediment. In the 

Daliushu Reach, less water carries large amount sediment, 

with different sources. Moreover, most of water and sediment 

in the studied reach come from flood season. In the past two 

decades, due to some reasons such as significant decrease of 

upstream runoff, the discharge and sediment capacity have 

been reduced. Therefore, the water and sediment loosed 

balance, and the river bed has been deposited severely. The 

river bed becomes wide, shallow, wandering and disordered. 

As a result, the flood discharge capacity was reduced greatly.  

Wilson (2003), Validation of a three-dimensional (3D) finite 

volume code solving the Navier–Stokes equations with the 

standard k-epsilon turbulence model is conducted using a 

high quality and high spatial resolution data set. Zhang et al. 

(2007) analyzed the 3D RNG k   turbulence hydrodynamic 

model in non-orthogonal curvilinear coordinates and 

simulated two examples of the meandering channel and Fall 

River. Zhong et al. (2009) studied the 2D numerical model 

of flow and sediment for wandering rivers and simulated the 

collapse of river bank. Abhari (2010) studied the flow pattern 

in a 90° bend experimentally and numerically. Jennifer 

(2010) studied 2-D depth-averaged hydrodynamic model to 

simulate the evolution of meandering channels from the 

complex interaction between downstream and secondary 

flows, bed load and suspended sediment transport, and bank 

erosion. Zhou et el.(2010) and Yi et al.(2010) established 2D 

mathematical model including the effect of secondary flow of 

river bend and bank collapse and verified the measured data 

of laboratory flume experiments. JIA et al.(2010,2011) 

provided a method to calculate equivalent making channel 

discharge for alluvial river with obvious bank collapse and 

bed deformation and conducted 3D numerically simulation 

for the flow and sediment of Shishou Reach in Jingjiang 

river. Hu et al. (2011) studied the influence of transition 

section in continuous bend. Song et al. (2011) studied 

unstructured finite volume model to simulated dam-break 

flow with complex boundry. Lv et al. (2013) analyzed the 

measured data in Daliushu Reach of the Yellow River. Zhao 

et al. (2013) analyzed 3D the realizable k   turbulence 

model and solved the governing equations by the finite 

volume method, and to simulate the flow field around fishing 

plane nets. Petr et al. (2014) applied the finite volume and 

finite element method to simulated incompressible turbulent 

flow over the backward facing step with various inclinations. 

Huang et al. (2014) established 3D numerical model to 
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simulate the flow around the water intake in the natural river, 

based on the RANS equations and k  turbulent model. 

With the development of computer technology, 3D 

turbulence models of flow and sediment are valued and 

applied in the field of hydraulic engineering. However, 

research results about 3D numerical simulation of flow in 

Daliushu Reach in the Yellow River are still very few. In this 

paper, a revised 3D k  turbulence model based on 

unstructural grid was used to simulate the flow of Daliushu 

Reach in the Yellow River. The data of the reach measured 

from October 2010 to November 2011 was used to verify the 

mathematical model. The flow in the studied reach is 

numerically simulated, which is beneficial to understand the 

flow characteristics. Furthermore, the research results are 

helpful to the construction and management of the Daliushu 

Water Control Project that will be built in the near future. 

2. 3D MATHEMATICAL MODEL OF TURBULENCE 

FLOW 

2.1 The governing equations 

Since the flow in the studied reach is obvious turbulent, so 

a turbulence model named as revised k   model [12] is 

adopted to numerically simulate the flow in Daliushu Reach. 

The three-dimensional governing equations in the Cartesian 

coordinate system are as followings. 

Continuity equation, 

0i

i

u

x





                                                                        (1) 

where  1, 2,3ix i  are the coordinates in the Cartesian 

coordinate system,  1,2,3iu i   are the velocity components. 

Momentum equation, 
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in which , 1,2,3i j   indicate the Cartesian coordinates 

( , , )x y z , t  is the time,   is the coefficient of kinematic 

viscosity of water, p  is time averaged hydrodynamic 

pressure,    is the density of water, ig are components of 

the gravitational acceleration in three coordinate directions, 

t  is the sports eddy viscosity coefficient, 
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where k  is the turbulent energy,   is turbulent energy 

dissipation rate, 
kG is a production term caused by the 

average velocity gradient of the  turbulent kinetic energy, 

S is time averaged strain rate tensor, 
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k  and  , respectively, represent the turbulent kinetic 

energy and the dissipation rate Prandtl number, in this place,  

1.0k  , 1.2  ,
1 1.7C  ,

2 1.9C  , 0.0845C  . 

2.2 The turbulence model of flow in body-fitted 

coordinates 

The banks of natural rivers are usually irregular and the 

river beds are very complex. Therefore, it is necessary to 

transform equations (1)-(5) to body-fitted coordinates [12]. 

The generalized form is as followings, 
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Where  

x yU u v   ,  x yV u v   , 

x y zW u v w     , 

2 2

x yA    , 
2 2

x yB    , 

2 2 2

x y zC      , 

in which , ,x y z    are the respectively derivatives of  the   

in , ,x y z direction, , ,x y z   are the respectively derivatives 

of  the   in , ,x y z direction , , ,x y z   are the 

respectively derivatives of  the   in , ,x y z direction ,   is 

the common variable, may represent 1 2 31, , , , ,u u u k  ,
 is 

the coefficient of diffusion, S is the source item, their  

meanings are shown in Table 1. 

                                                                       

Table 1.  Some variables and coefficients in the body-fitted 

coordinates 

 
     S  
Continuity equation 1 0 0 

x  momentum equation 
1u  

tv   
0 1u uS S  

y   momentum equation 
2u  

tv   
0 1v vS S  

z   momentum equation 3u  
tv   

0 1w wS S  

k  equation k  /t kv   
0 1k kS S  

  equation   /tv    
0 1S S   
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in which: 
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3. GRID GENERATION AND BOUDARY 

CONDITIONS 

3.1 Computational area and mesh generation 

The Daliushu Reach in the Yellow River in this study is 

about 20km, and the averaged width is 143.11m. The 

discharge is 903m3/s. The water level at the inlet is 

1256.32m, and it is 1242.40m at the outlet. The studied 

reach is shown in Fig.1. Nineteen cross-sections are arranged 

for field measuring.  
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Figure 1. The layout of Daliushu river section 

Unstructured mesh is used for the study area, and various 

mesh densities are adopted according to actual requirement 

considering the computation precision and time consumption. 

There are 430344 grid nodes in the computation area and the 

time step is 2s. Because the studied reach is very long, the 

mesh of full region is quite complicated. Therefore, some 

part of the studied area is enlarged, as shown in Fig. 2. 

 
(a) Transverse cross section in d10 

 
(b) Plane 

 

Figure 2. Local meshes in Daliushu Reach from d13 to d15 

3.2 Boundary conditions 

Boundary conditions include conditions at inlet, outlet, 

solid wall and free surface, respectively.  

At inlet boundary, discharge is given as 903Q    m3/s, 

k and  are calculated by [16], 

 

 2 2

1 20.00375k u u  ,  3/20.09 / 0.05k h      (15) 

where 1u  and 2u  are the respectively velocity in x , y  

direction, and given by measured. h  is water depth at inlet. 

At outlet boundary, water level is presented as 

1242.40z  m, and other variables are dealt with full 

developed boundary conditions, 
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in which   is the common variable, may represent 

1 2 3, , , , ,u u u p k 
. 

At solid wall boundary, no slip condition is adopted and 

dealt with wall function method [17]. 

At free surface boundary, water level of calculated nodes 

are given by the interpolation of measured water level, and 

the rigid lid assumption is used. 

30, 0u
z
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in which  is represent 1 2, , , ,u u p k  . 
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3.3 Numerical methods 

 

The 3D coordinate transformation is used to transform the 

irregular physical area to regular computation area, and the 

governing equations are also transformed to new equations 

in the body-fitted coordinates. Finite volume method is 

applied to discrete the governing equation in the 

computation area. The central difference scheme is used to 

discrete the diffusion and source terms.The QUICK scheme 

is used to discrete the convection term. The SIMPLE 

algorithm is used to deal with the coupled problem of 

pressure and velocity. 

4. MODEL VERIFICATION 

The field measured data in November 2011 were used to 

verify the flow model and to set the initial conditions for the 

studied reach. Advanced instruments such as River CAT, 

Echo Sounder, 3D laser scanner were carried to measure 

river bed elevation, velocity, river width and water level on 

the 19 typical cross sections in Daliushu Reach of the Yellow 

River. Some basic data of these cross-sections are shown in 

Table 2, in which the left bank of the first river bend (from 

d02 to d05) is convex bank, while the right bank is concave 

bank. Water level is higher near the concave bank (right 

bank) than that near the convex bank (left bank). The 

transverse gradient of water surface in the second bend (from 

d06 to d08) is similar to the first bend, and the water level is 

higher near the concave bank (left bank) than that near the 

convex bank (right bank). The cross surface of the water 

exists surface ultrahigh, it forms the transverse gradient. 

 
  Table 2. Field measured data on typical cross-sections 

 

Section 
number 

Water 
level of 

left 
bank 
(m) 

Water 
level  

of right 
bank 
(m) 

Averaged  
 water 
depth  
(m) 

Width 
of 

river 
(m) 

Averaged  
velocity 

(m/s) 

d01 1258.36 1258.39 5.02 101.7 1.64 

d02 1255.90 1255.95 2.98 161.1 1.72 

d03 1253.81 1254.04 3.80 138 1.8 

d04 1253.50 1253.53 3.81 175.8 1.22 

d05 1252.53 1252.95 2.47 195.8 1.49 

d06 1251.14 1251.00 4.25 101.5 1.82 

d07 1250.80 1250.70 3.25 157.2 1.93 

d08 1250.18 1250.15 3.0 228.3 1.23 

d09 1249.32 1249.47 2.64 184 1.98 

d10 1248.13 1248.11 3.81 117.9 1.83 

d11 1247.88 1247.80 5.37 171.8 1.1 

d12 1246.60 1246.56 5.32 123.3 1.82 

d13 1246.29 1246.24 5.39 109.7 2.06 

d14 1246.02 1246.11 4.73 111.8 1.87 

d15 1244.95 1244.88 3.32 134.7 1.75 

d16 1244.02 1243.52 4.26 132.7 1.9 

d17 1243.49 1243.61 4.29 137.3 1.74 

d18 1242.99 1242.99 5.11 100.4 2.14 

d19 1242.40 1242.32 4.65 136 1.76 

 

4.1 Analysis of water level 

 

The comparison between the measured and simulated 

water level at the river center line is shown by Figure 3, 

where the horizontal axis is the distance from the inlet, and 

the vertical axis is the water level of free surface.  From 

Figure 3, it can be found that the measured and simulated 

water levels are in good agreement and they both decrease 

from upstream to downstream.  
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Figure 3. Comparison of water level between simulated and 

measured results 

 

The contour line of water level from d06 to d08 is shown 

by Figure 4. It can be found the water level at concave bank 

(1251.2m) is higher than that at convex bank (1250.8m), 

which is consistent with the general rule in a bend of rivers. 

Therefore, the turbulence model in this paper can accurately 

simulate the water level of free surface and physical 

phenomenon in a bend of rivers. 

 
 

Figure 4. Contour line of water level in bend of studied 

reach from d06 to d08 

4.2 Analysis of water flow field 

The measured flow field in the studied reach is shown in 

Figure 5(a) to Figure 5(d), where the discharge at inlet is 

903m3/s.  
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(a)  Measured flow field from d01 to d05 
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        (b)   Measured flow field from d06 to d10 
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(c) Measured flow field from d11 to d14 
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(d) Measured flow field from d15 to d19 

 

Figure 5. Measured flow field in Daliushu Reach of the 

Yellow River 
 

Figure 5 shows the sections d02, d03 and d04 are located 

at inlet, curved top and outlet in the first bend, respectively. 

Due to the effect of upstream bend, the water flow has not 

been fully developed. The maximum velocity appears near 

the convex bank at the first bend such as d02 and d03. The 

velocity near the convex bank is greater than that of the 

concave bank. At section d04, the maximum velocity appears 

near the concave bank. The section d05 is located at the 

transition section between the first and second bends. 

Because the transition part is long enough, the flow from the 

first bend is developed fully. Sections d06, d07 and d08 are 

located at inlet, curved top and outlet in the second bend, 

respectively. At inlet of the second bend (d06), the maximum 

velocity begin to transit to the concave bank. At the bend top 

(d07), the maximum velocity appears near the concave bank. 

At outlet of the bend (d08), the bend flow has been fully 

developed, where the mainstream appears the center of river. 

Therefore, the flow distribution of continuous bend is not 

only affected by the discharge, but also affected by the 

upstream bend. 

The flow field distribution of sections d15 to d19 are stable, 

and the mainstream distribute at the center of river basically. 

The simulated flow field in the studied reach is shown in 

Figure 6.The simulated flow field in the area from d06 to 

d08 is shown in Figure 6(a), in which the mesh grid is 

relatively finer. Similarly, the simulated flow field in the 

area from d13 to d15 is shown in Figure 6(b), in which the 

mesh grid is relatively less fine than that in Figure 6(a). It 

can be seen in above figures that the actual flow field can be 

simulated more accurately when the mesh grid is fine. 

However, if the grid is too fine, it will cost a lot of 

computation time. Various mesh grid scale are set at the 

studied reach to save computation time and to improve the 

convergence of the algorithm. 

 

 
      (a)  Simulated flow field from d06 to d08 

 
     (b)  Simulated flow field from d13 to d15 

 
(c)  Simulated flow field near d04 

 
(d)  Simulated flow field near d06 

 

Figure 6. Simulated flow field in Daliushu Reach of the 

Yellow River 
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From Figure 6, it can be found that the simulated and 

measured velocities have similar trend, and the 3D 

numerical model can numerically simulated the flow field in 

the studied reach. The distribution of flow velocities at the 

first (Figure 6(c)) and second (Figure 6(d)) bends are similar. 

The velocity near the concave bank is greater than that of the 

convex bank, and surface circulation can be found near the 

convex bank clearly. It follows the general rules of natural 

curved river: the concave bank is eroded while thee convex 

bank is deposited. 

In Figure 7, the simulated and measured longitudinal 

mean velocities are compared on four cross-sections such as 

d04, d07, d17 and d18.  
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Figure 7. Comparison of velocities between measured and 

simulated results 

As can be seen in Figure 7, the simulated and the 

measured longitudinal velocities are very close. The velocity 

is larger in the riverbed at the thalweg. The revised 

3D k  turbulence model can simulate the flow of 

continuous curve in the studied reach very well. 

The cross-sections d17 and d18 are located at the dam of 

Daliushu hydraulic project. As can be seen  from the riverbed  

elevation and velocity distribution , the reach composed by 

canyon, and the riverbed type form “V”, where the velocity 

distribution are stable. It shows that it is a good site to build 

a high dam in the Daliushu Reach of the Yellow River 

4.3 The longitudinal velocity distribution in vertical 

direction 

Figure 8 shows the simulated and measured longitudinal 

velocities are compared at five vertical lines on six typical 

cross-sections from d02 to d07. The first bend starts from 

d02 and ends at d04, where the left bank is convex bank and 

the right bank is concave bank. The second bend is from d06 

to d08, where the left bank is concave bank and the right 

bank is convex bank. The cross-section d05 is located at the 

transition between the first and second bends. On cross-

section d02, λ=34m,52m, 77m, 98m, 119m which are the 

distances from the left bank of five vertical lines. On cross-

section d03, λ=10m, 33m, 59m, 79m, 98m which are the 

distances from the left bank of five vertical lines. On cross-

section d04, λ=28m, 68m, 89m, 112m, 133m which are the 

distances from the left bank of five vertical lines. On cross-

section d05, λ=27m, 58m, 84m, 113m, 164m which are the 

distances from the left bank of five vertical lines. On cross-

section d06, λ=17m, 46m, 62m, 81m, 94m which are the 

distances from the left bank of five vertical lines. On cross-

section d07, λ=17m, 50m, 79m, 111m, 138m which are the 

distances from the left bank of five vertical lines. The x-axis 

is the longitudinal velocity, and the y-axis is the water level.  
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(a)  Cross-section d02 
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(b)  Cross-section d03 
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(c)  Cross-section d04 
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(d)  Cross-section d05   

0 2 4

1246

1248

1250

1252
=17m

W
at

er
 le

ve
l /

 m

0 2 4

1246

1248

1250

1252
=46m

0 2 4

1246

1248

1250

1252
=62m

u / (m/s)

0 2 4

1249

1250

1251

1252
=81m

0 2 4
1249

1250

1251

1252
=94m

 
(e)  Cross-section d06 
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(f)  Cross-section d07 

 

Figure 8. The longitudinal velocity distribution in vertical 

direction 

(*measured value, — simulated value) 

As can be seen in Figure 8, the simulated and the 

measured longitudinal velocities are very close, which 

reflects the general rule of flow in a bend of natural rivers. 

After the water enters the first bend (d02-d04), the maximum 

is near the convex bank at the apex of the bend, and it 

gradually turns to the concave bank. Because the transition 

part between the first and second bends is long enough, the 

flow from the first bend is devoted fully. Therefore, the 

velocity distribution is close to uniform. The velocity 

distribution at the second bend (d06-d07) is similar to the 

first bend.    

4.4 The distribution of transverse velocity 

In a bend of rivers, because of the centrifugal force, the 

water near free surface flows from the convex bank to the 

concave bank, while the water near river bed flows in the 

opposite direction. The secondary flow on cross-section d04, 

d05 and d06 are shown in Figure 9, where the x-axis is the 

distance from the left bank, and the y-axis is the water level.  

The left and right banks are convex and concave banks, 

respectively on cross-section d04, where the water flows 

towards to the concave bank near water surface and it flows 

towards to the convex bank near river bottom. The cross-

section d05 is located at the transition section and it 

circulation intensity is weakened. Circulation direction begin 

to transform to the opposite direction. Cross-section d06 is 

different from d04, i.e. the left and right banks are concave 

and convex banks, respectively. But the secondary current on 

d06 is similar to d04. The water on d06 flows towards to the 

concave bank near water surface and it flows towards to the 

convex bank near river bottom. The secondary currents on 

d04 and d06 are accord with the general rule of flow in a 

river bend.   
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Figure 9. Transverse velocity on two typical cross-sections  

It can be found in Figure 9 that the transverse velocity is 

approach to zero at a certain water level, and it gradually 

increases towards water surface and river bed. The secondary 

currents are larger near the concave bank than the convex 

bank. Therefore, the river bed near concave bank is scoured 

and the bed near convex bank is deposited. 

5. CONCLUSIONS 

In this paper, a revised 3D k   turbulence model about 

continuous bends of natural rivers is developed to simulate 

the water flow in the Daliushu Reach of Yellow River. The 

field measured data of November 2011 is used to verify the 

numerical results. The following results can be obtained 

from the simulated and measured data:  

(1) The simulated water level and velocities are close to 

the measured data. It can reasonably reflect the 

general rule of flow in a bend of rivers. 
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(2) The velocity distribution in continuous bends of 

natural rivers can be affected by several conditions 

such as discharge, river pattern, and the bend 

upstream, etc. Therefore, the velocity distribution is 

not uniform in the continuous bends.  

(3) In a river bend, the water near the free surface flows 

to the concave bank, while it flows to the convex bank 

near the river bed. The transverse velocity is larger 

near the concave bank than that near the convex bank. 

Therefore, transverse circulation flow plays an 

important role for the transportation of sediment near 

the river bed.  

(4) Daliushu reach is a very typical bending reach in the 

Yellow River. The flow and sediment transport can 

greatly affect the bed deformation. The numerical 

study of the flow before Daliushu Water Control 

Project is built is beneficial to understand the general 

rules of flow, sediment scouring and deposition, and 

bed deformation.   
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