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ABSTRACT
The paper aims to review some electromagnetic-thermal dosimetry methods for the assessment of 
human exposure to high frequency (HF) electromagnetic fields. The analysis approaches are based 
on certain integral/differential equation formulations and related numerical solution procedures 
for the calculation of specific absorption rate (SAR) and related temperature increase in a tissue. 
Illustrative computational examples for the human eye and the human brain exposed to HF electro-
magnetic fields are given in the paper. Also, some numerical results for the transcranial magnetic 
stimulation (TMS) are presented as an example of biomedical application of electromagnetic fields. 
The obtained numerical results for SAR are compared against exposure limits proposed by ICNIRP 
(International Commission on Non Ionizing  Radiation Protection).
Keywords: high frequency radiation, human brain, human exposure, human eye, specific absorption 
rate,  temperature increase.

1 INTRODUCTION
Recent rapid growth of wireless and mobile communication systems has increased the public 
concern regarding possible radiation hazard. As the dominant and well-established biological 
effect of high frequency (HF) fields is heating of the tissue the HF exposure assessment is 
based on the calculation of SAR distribution and related temperature increase in the tissue. 
Of particular interest is the exposure of the eye and brain, respectively.

There are many papers on HF and thermal dosimetry methods, e.g. [1–5]. As measurement 
of internal fields and related temperature rise is not possible the theoretical models for the 
exposure assessment are necessary to simulate various exposure scenarios, and thereby estab-
lish safety guidelines and exposure limits for humans [6, 7]. Computational models can be 
classified as either realistic models of the body (or particular organs) mostly based on Mag-
netic Resonance Imaging (MRI), e.g. [4], or simplified models, computationally much less 
demanding but failing to provide accurate results in most of the exposure scenarios [8].

This paper reviews the use of integral, differential and hybrid approaches in bioelectro-
magnetics and thermal dosimetry developed by the authors.

Computational examples presented in the paper are related to the eye and brain exposure 
to HF electromagnetic fields and to the calculation of related temperature rise. The eye expo-
sure is based on the hybrid boundary element/finite element method (BEM/FEM) of solution 
of the Helmholtz [3]. The brain exposure is based on solving the set of coupled surface inte-
gral equations (SIEs) via the Method of Moments (MoM). The obtained maximum values of 
SAR are compared to the exposure limits proposed by ICNIRP [6]. The thermal dosimetry 
formulation for the eye and brain, respectively, is based on the FEM solution of the stationary 
Pennes bio-heat equation and related FEM solution [9, 10].
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2 THEORETICAL BACKGROUND FOR ELECTROMAGNETIC-THERMAL  
DOSIMETRY

The principal dosimetric quantity for quantifying the influence of HF fields is the specific 
absorption rate (SAR).

High complexity of the problem was the main reason that the early stage researchers inves-
tigated simple models such as plane slab, cylinders, homogeneous and layered spheres and 
prolate spheroids [8]. On the other hand, the most of the recent anatomically based computa-
tional models comprising of cubical cells are dominantly related to the application of the 
Finite Difference Time Domain (FDTD) methods, e.g. [11]. Nevertheless, the FEM and BEM 
have been also used, but to a somewhat lesser extent, e.g. [3].

SAR is defined in terms of power P dissipated in the unit body mass m:
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where W represents the energy absorbed by the unit body mass, C is the specific heat capacity 
of tissue, T is the temperature and t denotes time.

SAR is proportional to the square of the internal electric field, as well:
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where E and Erms is the peak and root-mean-square value of the electric field, respectively, ρ 
is the tissue density and σ is the tissue conductivity.

SAR depends on the incident field parameters, characteristics of the exposed body, ground 
and reflector effects, respectively and generally reaches maximal values when the electric 
field is oriented parallel to the long body axis.

Once the SAR distribution in a tissue is determined the temperature increase can be obtained 
by solving the steady-state bio-heat eqn. [10]:

 
∇⋅ ∇( ) + −( ) + + ⋅ =k T c w T T Q SARb b a mr r 0  (3)

where k stands for the heat conduction, rb is the blood mass density, cb is the specific heat 
capacity of blood, w is the blood perfusion rate, Ta is the arterial temperature, Qm is the tissue 
dependent heat source due to metabolic processes, while term r ⋅ SAR represents the volumet-
ric heat source due to an external electromagnetic field.

3 THE EYE EXPOSURE TO HF FIELDS
The human eye exposed to plane wave is referred to as an electromagnetic scattering from 
lossy dielectric object. The eye model is based on the Stratton-Chu formulation and Helm-
holtz equation for external and internal part of the problem, respectively. The hybrid BEM/
FEM approach with edge elements is applied to treat the eye problem.

3.1 Electromagnetic dosimetry

Plane wave incident on the corneal part of the eye can be treated as an unbounded scattering 
problem, as shown in Fig. 1. The eye is discretized to 36,027 tetrahedral elements.
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According to Stratton-Chu formulation, the time-harmonic electric field occurring at the 
exterior of the scattering problem is governed by the following boundary integral eqn. [3]:

 a
� � � � � � � ��E E n E GdS n E G n E G dSi

V

= + ′ × ′∇ ×( ) ′ + ′ ×( ) × ′∇ + ′ ⋅( )  ′
∂ ′
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∂∂ ′
∫
V
�  (4)

where 
�
Ei  is the incident field, 

�′n  is an outer normal to surface ∂V ′  bounding the volume V 
and a is the solid angle subtended at an observation point, while G represents the fundamen-
tal solution of the corresponding Helmholtz equation:

 ∇ + = − −2 2G k G r rd( )
� �′  (5)

Furthermore, the interior of the eye containing inhomogeneous regions is represented by 
the Helmholtz type equation of the form [3]:

 ∇ × ∇ ×
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where subscripts A and B denote the exterior and interior region, respectively.
The governing equations of the electromagnetic model of the eye are solved using the 

hybrid BEM/FEM approach presented in [3].
Applying the weighted residual approach to eqn (6) the following integral representation 

is obtained [3]:
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where vector test functions 
�

Wj  denotes the set of vector test functions.
Once the electric field 

�
E  is known SAR can be computed from (2) while the related tem-

perature increase is obtained by solving the Pennes eqn (3) via FEM, as outlined in the 
Appendix.

3.2 Numerical results

Figures 2 and 3 show numerical results for the SAR in the eye exposed to plane wave with 
power density of 10 W/m2 at different frequencies. The key physical properties of the eye 
model are available in [9].

Figure 1: (a) Model of the eye exposed to plane wave (b) Meshing detail.
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The maximum values of SAR at different frequencies, averaged over the whole eye, are 
presented in Table 1.

The results show that as frequency increases SAR distribution becomes more localised, pro-
moting the formation of ‘hot spots’ between 1 and 4 GHz. Also, the whole eye averaged SAR 
values stay below the ICNIRP exposure limits for localized SAR in the head for general public 
population (2 W/kg) [6].
Figures 4 and 5 show the related temperature increase in the eye due to the induced SAR 
presented in Figs 2 and 3, respectively.

The obtained maximum temperature increase is 0.1°C at 4 GHz while the hot spot region 
is within the vitreous body as the absorbed energy is focused in vitreous region at 4 GHz, and 
there is also a lack of the blood perfusion within vitreous body.

Figure 2:  SAR in the eye exposed to plane wave of power density 10 W/m2 at frequency (a) 
1 GHz (b) 2 GHz.

Figure 3:  SAR in the eye exposed to plane wave of power density 10 W/m2 at frequency (a) 
4 GHz (b) 6 GHz.
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Table 1: The whole eye averaged SAR 
at different frequencies.

Frequency[GHz] SAR[W/kg]

1 0.3352
2 0.6189
4 1.2617

6 1.0689

Figure 4:  Temperature increase in the eye exposed to plane wave of power density P = 10 W/m2 
at frequency (a) 1 GHz (b) 2 GHz.

Figure 5:  Temperature increase in the eye exposed to plane wave of power density P = 10 W/m2 
at frequency (a) 4 GHz (b) 6 GHz.
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It is worth noting that the SAR results presented in this paper are in a good agreement with 
the results reported in [5].

4 THE BRAIN EXPOSURE TO HF RADIATION
The lossy dielectric model of the human brain exposed to HF radiation is based on the SIE 
approach [12]. The formulation itself is usually derived from the equivalence theorem and by 
using the appropriate interface conditions for the electric and/or magnetic field, as depicted 
in Fig. 6.

The lossy homogeneous object representing the brain is illuminated by the incident elec-
tromagnetic field (

�
Einc; 

�
Hinc).

4.1 Dosimetry

Using the equivalence theorem, two problems are formulated, in terms of the equivalent elec-
tric and magnetic current densities 

�
J  and 

�
M  existing at the surface S, one for the region 1 

(exterior to dielectric) and other for the region 2 (inside the dielectric) [12].
The boundary conditions at the surface S are satisfied by introducing equivalent surface 

currents 
� �
J J2 1= −  and 

� �
M M2 1= − . Using the same procedure for the interior equivalent prob-

lem, yields another homogeneous domain introducing the equivalent surface currents 
�
J1  and �

M1.
Performing some mathematical manipulations, the following set of integral equations is 

obtained [12]:
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where the Green’s function for the homogeneous medium is given by:
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Figure 6: The brain represented by a lossy homogeneous dielectric.
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and R is the distance from the source to observation point, respectively, while kn is the wave 
number of a medium n, (n = 1; 2).

The set of the coupled SIEs (8) is solved via the MoM. Figure 7 shows a view to the trian-
gular brain model mesh.

As a first step, the equivalent electric and magnetic currents 
�
J  and 

�
M  in eqn (8) are 

expressed in terms of a linear combination of basis functions 
�
fn  and 

�
gn, respectively.
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where Jn and Mn are unknown coefficients, while N is the total number of triangular elements.
Applying the weighted residual approach, i.e. multiplying the integral eqn. (8) by the set 

of a test functions 
�
fm  and integrating over the surface S, performing some mathematical 

manipulations, it follows:

 

j J f r f r G dS dS

j
J f r

i n mS
n

N

nS i

i
n S m

wm

we

� � � �

� �

( ) ⋅ ′( ) ′ +

+ ∇ ( )

∫∫∑ ∫∫
=

′
1

SS
n

N

S nS i

n
n

N

mS n

f r G dS dS

M f r n g

∫∫∑ ∫∫

∑ ∫∫
=

′′

=

∇ ′( ) ′ +

± ( ) ⋅ ×

1

1

� �

� � � � �′′( )  +

+ ( ) ⋅ ′( ) × ′∇ ′ =

=

=
′∑ ∫∫ ∫∫

r dS

M f r g r G dS dS

f

n
n

N

mS nS i

m

1

� � � �

� �� �
r E ds i

i

inc

S
( ) ⋅ =

=






∫∫ ,

,

1

0 2
 (12)

Figure 7: Triangular mesh of the homogeneous brain model.
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where subscript i denotes the index of the medium. The details of the numerical solution 
procedure could be found elsewhere, e.g. in [12].

4.2 Numerical results

Computational examples are related to the brain exposed to plane wave at f = 900 MHz and 
1,800 MHz, respectively. The brain surface is disretised using 696 triangular elements and 
1,044 edge-elements while the corresponding brain parameters can be found in [12].

The power density of the incident plane wave is P = 5 mW/cm2 (oriented perpendicular to 
the right side of the brain – positive x coordinate).

Figures 8–11 show the SAR distribution and related temperature increase in the brain at f = 
900 MHz and f = 1,800 MHz for the case of horizontal and vertical polarization, respectively.

The obtained peak and average SAR values for both polarization types and for f = 900 MHz 
and f = 1800 MHz are given in Table 2.

Figure 8: SAR distribution and temperature increase at f = 900 MHz – horizontal polarization.

Figure 9: SAR distribution and temperature increase at f = 900 MHz – vertical polarization.
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The obtained peak SAR values in the brain do not exceed the ICNIRP limits [6] for local-
ized SAR in the head averaged per 10 g of tissue (10 W/kg for the occupational exposure).

However, the exposure limit for the general public exposure limit (2 W/kg localized in the 
head and trunk) has been exceeded at f = 1,800 MHz for both polarizations.

Figure 10:  SAR distribution and temperature increase at f = 1,800 MHz – horizontal 
polarization.

Figure 11: SAR distribution and temperature increase at f = 1,800 MHz – vertical polarization.

Table 2: The peak and average SAR values for different exposure scenarios.

H V

900 MHz 1,800 MHz 900 MHz 1,800 MHz

SARmax [W/kg] 0,856486 4,390451 0,866016 2,678407

SARavg [W/kg] 0,174457 0,411736 0,158206 0,348032
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The whole brain averaged SAR at f = 900 MHz is 0.17 W/kg which stay below the ICNIRP 
exposure limits for localized SAR in the head of 2 W/kg averaged per 10 g of tissue [6]. The 
maximum temperature increase in the brain is found to be less than 0.01°C.

Finally, the last set of numerical results are related to transcranial magnetic stimulation 
(TMS), a non-invasive and painless technique for stimulation or inhibition of certain regions 
in the human brain [13].

The computational examples for TMS are based on three generic coils used in TMS, 
namely, the standard circular coil, the figure-of-eight coil (8-coil), and the butterfly coil 
(8-coil with wings inclined at 10 degrees). The circular coil is discretized into 80 linear seg-
ments, the same as the wings of other two coils. The parameters of the three coils are given 
in Table 3.

In all cases, the coils were placed over the primary motor cortex area, with a distance of 
1 cm between surface of the brain and the geometric center of the coil.

Figure 12 shows the electric field induced along the surface of the brain due to the electro-
magnetic field generated by the standard circular coil, the figure-of-eight coil (8-coil), and the 
butterfly coil. Note that all coils are located 1 cm over the primary motor cortex.

The Maximum values of the induced electric field are given in Table 4.

Table 3: The coil parameters.

Frequency 2.44 kHz 2.44 kHz 2.44 kHz
Radius of turn 4.5 cm 3.5 cm 3.5 cm
No. of turns 14 15 15
Coil current 2,843 A 2,843 A 2,843 A

Figure 12:  Induced fields along the brain surface due to the field generated by different type 
of a coil.

Table 4:  Maximum values of the induced 
electric field in the brain.

Circular 8-coil Butterfly
Emax [V/m] 86.8302 118.2815 138.4188
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More details on TMS modeling via SIEs approach and related MoM solution can be 
found in [13].

5 CONCLUSION
The paper reviews the use of integral, differential and hybrid approaches in HF electromag-
netic and thermal dosimetry, respectively, applied to the assessment of the exposure of the 
human eye and the human brain to HF radiation. The exposure scenarios are analyzed by 
solving the governing equations arising from the electromagnetic dosimetry via the hybrid 
BEM/FEM method (Helmholtz equation) and MoM approach (set of SIEs). The thermal 
dosimetry model is based on the stationary Pennes equation which is treated by FEM. Illus-
trative computational examples are related to the assessment of SAR in the eye and brain 
due to the plane wave exposure and to the induced field in the brain due to the TMS treat-
ment. The obtained numerical results are compared against exposure limits proposed by 
ICNIRP.
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APPENDIX: SOLUTION OF BIO-HEAT TRANSFER EQUATION
The temperature increase in a tissue exposed to external HF fields is obtained by solving the 
bio-heat transfer equation:

 
∇⋅ ∇( ) + −( ) + + ⋅ =k T c w T T Q SARb b a mr r 0  (A.1)

via FEM.
The integral formulation of (A.1) convenient for FEM solution is given by [10]:
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The appropriate boundary condition at the interface between skin and air is:

 q H T Ts a= −( )  (A.3)

where q is the heat flux density:
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n
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while H, Ts and Ta denote, respectively, the convection coefficient, the temperature of the 
skin, and the temperature of the air.

The standard finite element discretization of Helmholtz equation yields the following 
matrix equation:

 
K T M P[ ]{ } = { } + { }  (A.5)
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where [K] is the finite element matrix given by:
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while {M} denotes the flux vector:
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and {P} stands for the source vector:
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More details can be found elsewhere, e.g. in [9, 10].


