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 Second law analysis for three-dimensional flow of water based CNTs nanofluid over an 

inclined stretching sheet subject to convective boundary condition in the presence of porous 

media has been done. For the analysis, we have taken two types of nanoparticles namely, single 

wall carbon nanotube (SWCNT) and multiwall carbon nanotube (MWCNT). A system of 

coupled non-linear differential equations for the flow is obtained by using similarity 

transformations through the conservation laws. Solution of resulting equations is obtained by 

Runge-Kutta fourth order mcethod with shooting technique. The effects of various physical 

parameters on flow and heat transfer characteristics as well as entropy generation has been 

investigated and displayed through graphs and tables. 

Significance of the study:  

The entropy generation analysis has been investigated in order to determine the optimal 

working condition for the given geometry under the considered boundary conditions. The 

mixture model with constant temperature properties was employed to simulate the nanofluid. 

Carbon nanotubes are hexagonally shaped arrangements of carbon atoms that have been rolled 

into tubes. Carbon nanotubes have high thermal conductivity, therefore, by adding 

nanoparticles or nanotubes in the base fluids the effective thermal conductivity of heat transfer 

fluids enhances.  
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1. INTRODUCTION 

 

Nanofluids are used to increase the thermal conductivity 

and heat transfer rate of base fluids. The nanoparticles used in 

nanofluids are usually made of metals, carbides, oxides or 

carbon nanotubes. Carbon nanotubes are hexagonally shaped 

arrangements of carbon atoms that have been rolled into tubes. 

Carbon nanotubes were discovered in 1991 by Iijima. Carbon 

nanotubes have high thermal conductivity, exceptional 

mechanical strength and exceptional corrosion resistance. 

Their novel properties make them very useful in applications 

like microwave amplifier, nanotube sensors, nanotube 

transistors, hand held X-ray, field emission display, solar cell, 

lithium ion batteries and chemical sensors. Firstly nanofluids 

were introduced by Choi [1]. He presented that solid nano size 

particles dropped in a carrier fluid to get a new type of complex 

fluid, known as nanofluid. Hayat et al. [2] studied the impact 

of margoni convection in viscous fluid flow of carbon water 

nanofluid. Aman et al. [3] investigated  

four different types of molecular liquids are taken with 

CNTs Maxwell nanofluids in free convection flow. Hayat et 

al. [4] discussed three dimensional flow for homogenous-

heterogeneous reactions for carbon nanotubes with porous 

media. Jain and Bohra [5] studied radiation and hall current 

effects on squeezing MHD nanofluid flow with a lower 

permeable stretching wall in a rotating channel.  

A boundary-layer flow through a stretching surface has 

applicability in extrusion of plastic sheets, wire drawing, glass 

fiber production and paper production etc. Hayat et al. [6] 

studied three-dimensional stretching nonlinear surface 

magnetohydrodynamics nanofluid flow with a convective 

boundary condition. Mustafa et al. [7] discussed water based 

magnetite nanofluid rotating flow over a stretching surface by 

nonlinear thermal radiation. Gopal et al. [8] studied Joule’s 

and viscous dissipation on Casson fluid flow with inclined 

magnetic field over a chemical reacting stretching sheet. 

Kandasamy et al. [9] discussed MHD SWCNT type nanofluid 

flow considering both water and sea water as a base fluid.  

A convective boundary condition increases the temperature 

and the thermal conductivity of nanofluids. Mahantesh et al. 

[10] studied radiative heat transfer in 3-D MHD nanofluid 

flow subject to the convective boundary condition over a 

stretching nonlinear sheet. Jain and Choudhary [11] studied 

the effect of MHD on boundary layer flow over exponentially 

shrinking sheet in the presence of porous media and slip. 

Chauhan and Olkha [12] studied heat transfer and slip flow of 

second-grade fluid through a porous medium past a stretching 

sheet with heat flux and power law surface temperature. Nayak 

[13] studied heat transfer effects of nanofluid flow by 

shrinking surface with convective condition. Jain and Bohra 

[14] studied Heat and mass transfer over a 3-D stretching 

inclined non-linear sheet with convective boundary conditions.  

The entropy generation analysis has been investigated to 

determine the optimal working condition for the given 

geometry under the considered boundary conditions. The 

mixture model with constant temperature properties was 

employed to simulate the nanofluid. Results clearly showed 

that, the inclusion of nanoparticles produced a considerable 
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increase of the heat transfer with respect to that of the base 

liquid. Heat transfer enhancement increased with the particle 

volume concentration. In thermal engineering, entropy 

generation minimization is applicable in devices such as air 

separators, chillers, fuel cell reactors, and thermal solar. 

Irreversibility phenomena associated with viscous dissipation, 

mass and heat transfer determined through entropy generation. 

Matin et al. [15] studied entropy in mixed convection MHD 

nanofluid flow over a sheet. Rehman et al. [16] discussed 

entropy of radioactive nanofluid flow with thermal slip. Das et 

al. [17] investigated entropy analysis of unsteady nanofluid 

flow past stretching sheet with convective condition. Chauhan 

and Kumar [18] studied Entropy generation impacts on non-

Newtonian third grade fluid flow through partially filled 

annulus with temperature dependent viscosity and porous 

media. Shirley et al. [19] studied entropy analysis of nimonic 

80A nanoparticles type nanofluid and stagnation point flow 

over a convectively stretching heated sheet. Vasanthakumari 

and Pondy [20] studied Mixed convection of titanium dioxide 

and silver nanofluids along inclined sheet with MHD and heat 

generation / suction effect. 

The aim of this study is to examine the entropy generation 

for 3D flow of water based CNTs (SWCNTs and MWCNTs) 

nanofluid over an inclined stretching sheet subject to the 

convective boundary condition in the presence of porous 

media. The governing equations are solved using Runge-Kutta 

fourth order method with shooting technique. Effect of 

pertinent parameter has been obtained for velocity, 

temperature, and entropy generation profile. Results are 

discussed and displayed through graphs and tables.  

 

 

2. FORMULATION OF THE PROBLEM 

 

Second law analysis over a inclined nonlinear stretching 

sheet with water based carbon nanotube nanofluid 3D flow 

through porous media under the convective boundary 

condition has been done. Velocity along x and y-directions are 

𝑈𝑤(𝑥, 𝑦) = 𝑐(𝑥 + 𝑦)𝑛, 𝑉𝑤(𝑥, 𝑦) = 𝑑(𝑥 + 𝑦)𝑛  where 𝑛  >0, c 

and d are positive constants. Schematic diagram shown in 

Figure 1. 

 
Figure 1. Schematic diagram 

 

The governing equations are: 
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Here 𝑢, 𝑣, 𝑤 are fluid velocities along the directions 𝑥, 𝑦, 𝑧 

respectively; 𝑘𝑝 is the permeability of porous medium; 𝛽𝑇 is 

the thermal expansion.    
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where 𝜇𝑛𝑓 , 𝜐𝑛𝑓 , 𝜙, 𝜌𝑛𝑓 , 𝜌𝐶𝑁𝑇  is the viscosity of nanofluid, 

kinematic viscosity of nanofluid, volume fraction of 

nanoparticle, density of nanofluid, the density of carbon 

nanotube respectively. Thermo physical property of fluid and 

nano particles is given in Table 1. 
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The effective thermal conductivity of nanofluid is expressed 

as 
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Table 1. Thermophysical properties of base fluid and 

nanoparticles  

 
Thermophysical properties of base fluid and nanoparticles 

Physical 

characteristics 

Water 

(Base-

fluid) 

SWCNT 

(nanoparticle) 

MWCNT 

(nanoparticle) 


 (kg/m3) 997.1 2600 1600 

pC
(J/kgK) 

4179 425 796 

k (W/mK) 
0.613 6600 3000 

         
The Rosseland approximation is expressed as 
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where 𝜎∗ is the Stefen-Boltzmann constant and 𝑘∗ is the mean 

absorption coefficient. The temperature difference has been 
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considered very small, so that 𝑇4 may be expressed as a linear 

function of temperature.    
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Similarity transformations are 
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On substituting equation (11) in Equation (1)–(4), equation 

(1) identically satisfies and equation (2)-(4) transformed into 

the following form: 
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Under the boundary condition  

 

at 𝜂 = 0, 𝑓(0) = 𝑔(0) = 0, 𝑓′(0) = 1, 𝑔′(0) = 𝛼, 
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at 𝜂 → ∞, 𝑓′(∞) → 0, 𝑔′(∞) → 0, 𝜃(∞) → 0,             (15) 

 

where 𝐾  is the local porosity parameter, 𝛼  is the ratio 

parameter, 𝑅  is the radiation parameter, 𝑃𝑟  is the Prandtl 

number. These non-dimensional variables are defined by 
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3. SOLUTION 

 

The equations (12)-(14) under the boundary conditions (15) 

have been solved numerically by RK-4 method with shooting 

technique. Runge-Kutta fourth method need a finite domain 

0 ≤ 𝜂 ≤ 𝜂∞ , in this study we have chosen 𝜂∞ = 10 . The 

boundary value problems are changed into initial value 

problems, are defined as  
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Under the boundary condition 

 

( ) ( )1 40 0 0,f f= = ( )2 0 1,f = ( )5 0 ,f =

( ) ( )3

7 80 1 0 ,
i

A
f f

B
= +

3 1 6 2 8 3(0) , (0) , (0) ,f r f r f r= = =
     (20) 

 

where, 𝑟1, 𝑟2 and 𝑟3 are the initial guesses. 

 

 

4. ENTROPY GENERATION 

 

The local volumetric entropy equation rate of viscous 

incompressible fluid with porous medium is written as  
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The non-dimensional form of characteristic entropy 

generation rate is 
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Hence the entropy generation number is  
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On using equations (21) and (22) in equation (23) reduces 

into the following equation 
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where, 𝑅𝑒𝐿 , 𝐵𝑟, 𝛺  denotes the Reynolds number, Brinkman 

number, dimensionless temperature difference, respectively. 

These numbers can be expressed as 
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5. VALIDATION OF THE STUDY 

 

Table 2 depicts the comparison of the present results with 

the previous results of Mahanthesh et al. [10]. This comparison 

shows that present results are very well agreement with the 

previous results. Also these results verify the validity of the 

present results. 

 

Table 2. The evaluation of the values of 𝑓′′(0) and 𝑔′′(0) 

with that of Mahanthesh et al. [10] on taking 𝑛 = 1, 𝜙 =
0,  𝛼1 = 0, and 𝐾 = 0, in this study 

 

𝛼 𝜙 Mahanthesh et al. 

[10] 

Present study 

𝑓′′(0) 𝑔′′(0) 𝑓′′(0) 𝑔′′(0) 

0 0 -1 0 -1 0 

.5 0 -1.224 -0.612 -1.2247 -0.6123 

1 0 -1.414 -1.414 -1.4142 -1.4142 

 

 

6. RESULTS AND DISCUSSION 

 

The numerical results have been obtained for two different 

cases of water based CNTs i.e. SWCNTs and MWCNTs and 

are presented graphically. Effects of pertinent parameters like 

ratio parameter 𝛼, power law index 𝑛, nanoparticle volume 

fraction 𝜙   local porosity parameter 𝐾, radiation parameter 𝑅, 

Prandtl number 𝑃𝑟, Biot number 𝐵𝑖, Brinkman number 𝐵𝑟 on 

the velocity profile, temperature profile and entropy are 

discussed and plotted through the figures. 

𝛼1 =
𝜋

4
, 𝜙 = 0.2,  𝐾 = 0.1, 𝛼 = 0.3,  𝑅 = 0.2, 𝐵𝑖 = 0.5, 𝛿 =

1, 𝑛 = 3 

 

 
 

Figure 2. Velocity for different parameters 

 

Figures 2-3 show the comparative study of different 

physical parameters for SWCNT and MWCNT along axial 

and transverse direction. The variation of stretching ratio 

parameter on the axial velocity. It is noted that rises in 

stretching ratio parameter leads to reduce the boundary layer 

thickness along the axial direction, while in the transverse 

direction stretching ratio parameter, leads to increase the 

boundary layer. The stretching ratio parameter is the ratio of 

horizontal to the vertical stretching. 

 

 
 

Figure 3. Velocity for different parameters 

 

The effect of local porosity parameter for SWCNT and 

MWCNT along axial and transverse direction leads to reduce 

the boundary layer thickness. Reason behind this is that an 

enhancement in CNTs enhances the boundary layer thickness. 

The influence of nanoparticle volume fraction for SWCNT 

and MWCNT along axial and transverse direction leads to 

increase the boundary layer thickness.  

 

 

 

Figure 4. Velocity for different values of 𝑛 

 

Figure 4 shows the influence of power law index on the 

velocity profile along axial and transverse direction for both 

carbon nanotubes. Velocity profile decreases when the power 

law index increases for both CNTs. From these results we 

found that velocity are higher for MWCNTs as compared with 

SWCNTs.       

Figure 5 shows the influence of Biot number Bi on the 

temperature distribution. 

It is noted that an enhance in Biot number causes 

enhancement in the temperature profile. Physically speaking, 

an enhance in Biot number decreases sheet’s thermal 

resistance and also an improves convective heat transfer to the 

fluid on the sheet. An increment in the Biot number relates to 

stronger convection which illustrates the higher temperature 

distribution and more thickness for both CNTs. The response 
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of temperature profile for nanoparticle volume fraction is 

shown in Figure 6 This figure describes that, the temperature 

profile in the boundary layer is an increasing function of 

volume fraction parameter 

 

 
 

Figure 5. Temperature profile of 𝐵𝑖 
 

 
 

Figure 6. Temperature profile of 𝜙 

 

 
 

Figure 7. Temperature profile of 𝑅 for SWCNT 

 

Figure 7 and Figure 8 describes the impact of thermal 

radiation parameter on the dimensionless temperature profile. 

A comparison for both nonlinear and linear thermal radiation 

influence on thermal boundary layer has been depicted. Figure 

7 correspond to SWCNTs and fig.8 corresponds to MWCNTs. 

From these figures, the temperature in the boundary layer rises 

with a rise in radiation parameter. It is seen from this figure 

that, the temperature in the boundary layer increases with an 

increase in radiation parameter. The central reason behind this 

outcome is that, by strengthening the radiation parameter, the 

Rosseland radiative absorptive k* decreases. Consequently the 

divergence of radiative heat flux enhances, which in turn the 

rate of radiative heat transfer into the fluid rises. The higher 

radiative heat transfer is accountable for the increase in 

thermal boundary layer growth to the fluid. Further the 

temperature is lower for linear thermal radiation compared to 

non-linear thermal radiation. Thus, we noted that the nonlinear 

thermal radiation is more suitable for heating processes. 

 

 

 

Figure 8. Temperature profile of 𝑅 for MWCNT 

 

 
 

Figure 9. Temperature profile of 𝐾 

 

In Figure 9 both temperature profile and related layer 

thickness increase when the permeability parameter of porous 

media increases for both CNTs. Because an enhancement in 

carbon nanotubes increases the boundary layer thickness. 

Figure 10 shows that the nanoparticle volume fraction 

parameter increases as entropy generation decreases. It is also 

noted that the entropy generation number reduces with the 

rising value of the nanoparticle volume fraction parameter due 

to the high dissipated energy resulted from the sharper velocity 

gradient near the wall. On the other hand, reverse effect has 

been obtained for far field. It is also noted that due to decrease 

in the friction between the stretching surface and the nanofluid 

results decrease in entropy production. 
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Figure 10. Entropy for different values of 𝜙 

 

 
 

Figure 11. Entropy for different values of 𝐵𝑖 
 

 

 

Figure 12. Entropy for different values of 𝛼 

 

Figure 11 illustrates the effects of Biot number Bi on the 

entropy generation number. Near the stretching surface, the 

effects of Biot on entropy generation number are prominent. 

Increase in entropy generation number with an increase in the 

Biot number in the boundary layer region. In the region far 

away from the surface of the stretching sheet, the entropy 

generation is negligible. Therefore, the entropy can be 

minimized by increasing the convection through the boundary. 

Figure 12 displays that entropy generation decreases when 

ratio parameter increases.  

 
 

Figure 13. Entropy for different values of 𝑅𝑒𝐿  

 

 

 

Figure 14. Entropy for different values of 𝐵𝑟𝛺−1 

 

The impacts of the non-dimensional parameter Reynolds 

number and 𝐵𝑟𝛺−1 on the entropy generation are presented in 

Figures 13 and 14 respectively. The rises in both non 

dimensional parameters resultant ris in the entropy generation. 

Figure 13 shows that Reynolds number increases due to higher 

heat transfer rate at the surface of stretching sheet. When the 

Reynolds number increases, the entropy due to the heat 

transfer becomes prominent, and fluid friction decrease near 

the stretching sheet. However when the distance increases 

from the surface of the stretching sheet, these effects are 

negligible. Reynolds number generates the higher entropy. 

Entropy function strongly depends upon Reynolds number. 
With high Reynolds number, hectic motion occurs because 

as Re increases, the fluid moves more disturbingly and thus 

contribution of fluid friction and heat transfer on entropy 

result tends to increase in entropy generation. Figure 14 

shows that entropy generation increases when 𝐵𝑟𝛺−1 

increases, because of higher 𝐵𝑟𝛺−1  increases the nanofluid 

friction. The relative significance of viscous consequence on 

the flow is determined by this parameter. In the figure, the 

entropy number is greater for high dimensionless group 

parameter. The fact that for higher dimensionless group 

parameter, the entropy number due to fluid friction is 

enhanced. 
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7. CONCLUSION

Entropy generation Analysis of water based Carbon

Nanotubes nanofluid 3D flow over a inclined nonlinear 

stretching sheet embedded in porous media have been studied. 

The effects of different physical parameters on velocity, 

temperature and entropy profile have been examined. 

Following points has been concluded 

• Velocity component reduces for higher stretching

ratio parameter in the axial direction, while reverse

effect has been shown in the transverse direction.

• Both velocity components are higher for MWCNTs

as compared with SWCNTs.

• Temperature profile increases with increasing value

of Biot number, porosity parameter and radiation

parameter.

• The non-linear radiation has high effect on flow

fields compared to linear thermal radiation.

• Entropy generation number increases with increasing

value of Biot number, Reynolds number and 𝐵𝑟𝛺−1.

• The role of Reynolds number is to generate the higher

entropy so entropy strongly depends on Reynolds

number.

Entropy generation number reduces with increasing value 

of stretching ratio parameter and nanoparticle volume fraction. 
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NOMENCLATURE 

𝐾 

𝑅 

Local porosity parameter 

Radiation parameter 

Ratio parameter 

𝛼 

Pr 

ReL

Br 

𝛺 

Prandtl Number 

Reynolds number   

Brinkmann number 

Dimensionless temperature difference 

Greek symbols 

𝜃 Dimensionless temperature 
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