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ABSTRACT

The present investigation explores the impact of the prominent anisotropin slifsteady three dimensione
flow of a an incompressible nafhgid over an inclined stretching surface saturated with porous mec
subject to convective boundary condition. The governing coupledlimear partial differential equations ar
solved by Thomas algorithm with finiifference type. The impacts of s#al significant parameters ol
flow and heat transfer characteristics are exhibited in form of figures. The results indicate that the loc
friction coefficients and local Nusselt number were reduced sufficiently with the enlargement in the w
dlip factors andsolid volume fraction Further, the local skin friction coefficients and local Nusselt num
visualize a huge enhancement with promoting the Biot number.

Keywords: Anisotropic Slip, Unsteady Free Convection, Porous Medium, NanofluidsyveCtve
Boundary Condition.

1. INTRODUCTION carbides, nitrides, or nemetals, and he base fluid is
generally a conductive fluid, such as water, oil (and other
Fluid flow and heat transfer in porous media have a lubricants), ethylene glycol (or other coolants), -figds,
considerable impact in the practical applications in various polymer solutions and other common fluids. Because of the
fields such as thermal insulation, geothermal engineering, enhanced heat transfer characteristics and useful apmtisati
petroleum manufactures, solid matrix heat exchangers, numerous investigations has been made on nanofluid under
petroleum manufdares, energy maintenance, grain storage various physical circumstances. The investigation of
devices, groundwater hydrology, ceramic processes, supplemental heat transfer mechanisms in the convective heat
petroleum reservoirs, coal combustors, chemical catalytic transfer applications was further found in1Z]. A reliable
reactors, groundwater hydrology, cooling of electronic studies to this fscinating topic along with the theoretical
systems and numerous othefdso, the study of bundary patterns or experimental data is well authenticated in the
layer flow and heat transfer over stretching surfaces in porousliterature [1229].
media isparticularly relevant due to increasing applications  Motivated by the above referenced works, the intent of the
in industries hamely electronic chips, fiber, paper production, current investigation is to examine the impact of anisotropic
liquid films in intensification processes and sketching of slip on unstady threedimensional flow of nanofluid along a
plastic films.A reliable studies to this fascinating topic along stretching surface in a porous medium under convective
with the theoretical patterns or experimental data is well boundary condition. The governing equations are solved

authenticated in the literature-fl. computationally using finitelifference methodd0], and the
The analysis of nanofluids have received a prominent impacts of slip factors, Biot and Dar numbers on flow and
attention because of their tremendougpedcirum of convective heat transfer are discussed with corresponding

applications including sterilization of of medical suspensions, figures.

nanomaterial processing, automotive coolants, microbial

fuel cell technology, polymer coating, intelligent building

design, microfluid delivery devices and aerospace tribology 2. MATHEMATICAL FORMULATION

[5]. The term nanofluid, first coined by Choi [6], refers to a

liquid containing a dispersion of submicron solid particles  Consider the unsteady, laminar, thdimensional flow of
(nanoparticles) having higher thermal conductivity in a base nanofluidover a seminfinite inclined surface embeddedan
fluid. It is noticeable that these nanoparticles are taken porous mediunandsubject toanisotropic slippndconvective
ultrarefine (i.e.length of order 150nm), thus nanofluids  boundary conditionmpacts The surface is considered to be
seem to conduct more like a singlkase fluid than a sokd linearly stretched in the-orientation with avelocity bx and
liquid suspension. The nanoparticles utilized in nanofluids the y-orientation is inclined at an ang to the horizontal
are usually made of chemically stable metals, oxides, line, whilst the z-orientation is perpendicular to the plate



surface.In addition, it is assumed that the plate surface is
maintained by convective heat transfer at a certain vBlue
while the temperature of the ambient nanofluidTissuch

- pu - pv
u(t,x,0)=bx +H — Vv(t,x,0)=N —,
N, 773, wz 2T \z

thatT; > Te. The flow model and physical coordinate system y (t x 0)=0,-k,, 2L $ (T, ¥),
"z

are displayed in Fig. 1. The thermophysical properties of a

nanofluid are presented in Table 1.

Table 1. Thermophysical properties of water and Cu
nanoparticles at 2511].

Property Pure water Copper (Cu)
r (kg m3) 997.1 8933

Cp (Jkgl K1) 4179 385

k (W mt K1) 0.613 401

b (K2 21x 105 1.67x 105

The nanofluid properties is constant except the density in
the buoyancy terms of the balance of momentum equations i
x- and y-orientations. Under the above assumptions, the
boundary layer equations governing the convective flow and
heat transfer of the present investigation[86g
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Figure 1. Flow model and physical eordinate system

The appropriate boundary conditions for this problem are
defined as follows

u(t,x,m@) =0v(t,x, ¥ 6

(6)

Tt,x,2) =T, ™ (t,x, @
Uz

wherex, y, andz are the Cartesian coordinatesy, w, P and

T are the fluid velocity components in the, y-, and z-
orientations, pressure and nanofluid temperature, respectively.
g, b, t, and W are the gravitational acceleration, constant
having units of inverse time, dimensional time, ambient
concentration, and the inclination angle, respectiviélyand

N are the velocity slip coefficients in tlxeandy orientations,
respectively.h; is the het transfer coefficient.bn is the

Mthermal expansion coefficient of the nanoflujd; is theis

the effective densityof the nanofluid,en is the effective
dynamic viscosity of the nanofluid andy is the thermal
diffusivity of the nanofluid, {Cp)nr is the heat capacitance of
nanofluid, { Jr is the thermal expansion coefficient of the
nanofluid which are given by [11];

=~

”7 - nf
@- ry>®’ A (GC)nf ’

(rcp)nf =@ - ')( Op)f 'i'(/Cp)vS
(r 4, =@- )} o4 .

Here, f is the solid volume fractionparameter/m is the
dynamic viscosity of the basic fluil; andbs are the thermal
expansion coefficients of the base fluid and nanoparticle,
respectively} s andjsare the densities of the basic fluid and
nanoparticle, respectivelyky is the effective thermal
conductivity of nanofluid which is given as;

k)
(ko+2k ) #(k k)’

U~ :(1'Jfr +s" me =

(7)

knf
kf

(kg +2k,) -2f (K,

(8)

where ks is the thermal conductivitof the nanoparticles and
ki is the thermal conductivity of base fluid.
Introducing the following nomimensional quantities;

t=bt A=zl pt,u=bxfit, p+ cds oW.)
v=Gin W, Hw= b7 tf,
6 LALE) g ym(r T )1 T,

P=r.bpG(,t),Da=Kb/y , d =N, mfb/ e
d,=N, mfb/ 5, d= g ,, Bi =ha/Re?k,,

Pr=u | a. 9)

In view of the Egn. (9), the basic field of Eqns.-(&) with
Eqgns (7)(8) can be expressed in dimensionless form as;

(10)

Gf | H/-;;f Bogfi f -2 %f 2.% 0,
(; -
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where Eq. (1) is identically satisfied. In Eqs. ({04), a

prime denotes partial differentiation with respectftoand
the parameter§,, &, G andG are given by;
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The transformed boundary conditions become

(15)

f(,00=0,fi(t,00=1 +—2— % (,0)

@- f)25
a

@ f)25 ?gi( ,0), G(#,0)0=0

g(£,0)=

h(t,0)= hi( ,0),

(1_ f)2A5
" gi( t0)= Bi V1

fi@,2) =g(r p K

'( ij‘!

1) (5g)t 6. (16)

In the above equation parametdds;, di, dz, d, Bi, Pr are
respectively the Darcy number, slip factors, slip ratio , Biot
number, Prandtl number and dimensionless time.

The quantities of the physical interest ane foca skin
friction coefficients in thex- and y-orientations and local
Nusselt number which are an important parameters
commonly used in fluid mechanics. The rdimensional
forms of these quantities are defined 38;[

o

i« WI‘ i, 0) cos w( 40 (17)
y (11‘)2256—R’2«/_S|n Wi(z,0), (18)

q, X

Nu, =— ™"
ke (T - To)

(19)

where Gr, =g’ b, (T, -T,)X’/ ¢ and Re =bx? /u, are
the local Grashof and Reynolds number, respectively.

It is noteworthy to mentionthat by substituting
Da,Bi- © , f=0 and d=&=0 in Egs. (10Y15), the
problem is reduced to the transient flow of regular fluid and
heat transfer over an inclined stretching sheet which is
discussed previously ir8]].

3. SOLUTION MET HODOLOGY

The system of nofinear equations (16)14) with the
pertinent boundary conditions Egs. (17) has been solved
numerically using the implicit finitelifference method
identical to that reported by BlottneB(]. This numerical
scheme has severabweted features that make it convenient
for solution of parabolic partial differential equations. These
features contain a second order accuracy with arbittand
d spacing, letting very quickU variation and easy
programming of the solution for large number of coupled
equations. Due to the nonlinearities of the governing
eqguations, an iterative solution technique is desired to solve
the resulting system of néinear algebraic equations, in this
work Thomas algorithm (see Blottned(]) is employed. The
convergence criterion used is based on the difference
between the new and the old iterations. When this difference
approached 1®the solution is supposed carged and the
iteration process is terminated. A grid independence study
was carried out to examine to impact of the step giziand
giJand the limit of the boundary layep and the maximum
of the dimensionless timé&) on the solution in order to
optimize them. Based on the optimization studye
computational domain is divided into 501 and 196 nodes in
the Uand 4 orientationsand theinitial step sizes employed
were D/=0.001 andDU= 0.01 and the growth factors were
Ks= 1.0375 ang 1.0 such thabD#, = Ki DA and DUr=
Ko DUmi. This gavethe maximum value ofr (/=) which
represented the ambient conditions was assumeel 3& land
the desired value df(() in this case was equal 5.Dhe step
sizes employed were arrived at after performing numerical
experimentations to assess grid independence and ensure
accuracy of the results. In order to verify the accuracy of
presentmethod, the current results are compared with the
results obtained by Chamkhal] in Fig. 2for various values
of Pr atf=0, Da,Bi - ©, d;=0 andd,=0.
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Figure 2. Comparison between present results and
Chamkha 81].



As we can see forrthis Fig., the results are found in a 0018
good agreement with these results. 0016

0.014 4

0012 Da=0.001,0.01,0.1,1.0,10

4. RESULTS AND DISCUSSION 0010
In order to gain a clear physical insight of this S o0 420
investigation, theimpact of the Darcy number Dasolid 0004 o
volume fraction parametef, s | i p fia o ¢, anilBiot U 0002 e
numberBi on the profiles of nanofluid velocity components, 00001 =6
pressure and temperature as well as the locatfskiion 0002 71—
coefficients in thex andy orientationsCi and Cy, and the b
local Nusselt numbeNu are presented ifrigs. 38. The (b)
current numericalinvestigationis carried out for copper
water nanofluid as working fluid and the value of Prandtl 0018
numberPr of base fluid (water) is kept constant at 6.2. 00161
Figs. 3(a)3(e) visualize the impact of the Darcy number 00141
on the pofiles of nanofluid velocity components ir- 00121 Da=0.001,0.01,0.11.010
orientationf i(¢, Jand g(¢, J, velocity component iry- 00101
orientation h(¢, §, pressureG(t, , and temperature 5 . 20 ]
qg( t ), respectively. It is noteworthy to mention from the 0004 e
definition of Da, that the value of Darcy number measures 0002 e
the extent of the permeability of porous medium, that is the 0,000 1
existence of a porous medium in the flow provides resistance 0002 . , : , y . :
to flow, thus, this resistive force leads to @onsiderable oo s s s
deceleratethe motion of the nanofluid along ttsretched (©)
surface.This is appeared iRigs. 3(a)3(e) by increasingthe
Darcy numbeDa from 0.001, 0.01,1 (very high permeability) 6
to 10 (weak permeability) cldg induces a pronounced
enhancement in thevelocity componentsf(jandg) andy- 51 Da=0.001,0.01.0.11.0.10
velocity component, i.e., accelerates the flow. In addition, N
the variations in velocities are maximized some distance
from the wall, towards thede stream. As such the nanofluid < o
acceleration towards the edge of the boundary layer is less o
impeded by wall effects here. Alseyolution inDa implies 21 e
to damp the Darcian drag force, due to the inverse 1=01
relationship in Eqgs. (18)13); porous drag force iherefore 7 breos ]
progressively lowered with an evolution in permeability, i.e., 0 . . . . . Lo
Darcy number, which serves to promote the flow velocities in ° ° o
the regime. Subsequently, these promotes in the flow have a
tendency to a robust dwindling in both of temperature and (d)
pressure profiles. In additiorit is interesting to notéhat an o
increment in thevaluesof Da are followed by corresponding
rise in all hydrodynamics boundary layers and slight ] Da=0.001,001,01,1.0.10
diminution in thermal boundary layers thickness.
0.204 j;_:;;-
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0.16 Bi=0.5
—_ Pr=6.21
S on i 1.0
7 oo 2;5'705_ . 20 25
f=0.1
0.04 Ei;%z E (e)
0.00 710
—_— Figure 3. Impact of Darcy Numbedba on (a) fluid
' S, velocity ofx-orientation § i), (b) fluid velocity ofx-
(@) orientation §), (c) fluid velocity ofy-orientation ), (d)

pressure profilesd), (e) fluid temperaturegj.



Figs4(a)4(d) demonstrate the impact of Darcy numbar
upon variation in skiffriction coefficients in thex- and y-
orientations Cy, and Cy and local Nusselt numbeNu,
respectively, against the dimensionless timé&s seen from
the definitions of C, Gy and Nu, they are directly
proportional tof j(#,0) , gi(¢,0) , hi(¢,0) and - gi( {0) ,
respectively. it is manifested from these Figs. that there are
two opposite behaviors fahelocal skinfriction coefficients
and local Nusselt number. These behaviors are clarified by
the reduction in the skifriction coefficient in the x-
orientation f j(6,0) and a huge enhancement in either the
skinfriction  coefficients in the x- and -
orientations gi(#,0) , hi(¢,0) and the Nusselt

number gi( {0) as a result ofising the Darcy humbeba.
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Figure 4.Impact of Darcy NumbeDa on (a) the skin
friction coefficient in thex-orientationf (4, 0), (b) skin

friction coefficient in thex-orientationgi(Z,0), (c) skin
friction coefficient in they-orientatiorhi(z,0), (d) wall heat
transfer- gi( ¢0).

This is due to the fact thahe incrementin the flow
velocity components close to the wall with decreasing the
nanofluid temperature d3a enlarges, causing the wall slope
of the fluid linear velocity and the negative wall slope of the
temperature profiles to grow. On other hand, both the local
skin-friction coefficients and Nusselt number become lower
at the dimensionless time=0 and they are larger with high
values oft.

Figs. 5(a)5(e) depicttheri f | uences osfands | i
tb on dimensionless nanofluid velocity components, pressure
and temperature profiles, respectively. It is apparent from
these Figs. and based on the definition of slip ratio that an
el evati on
reduction in boththe x-velocity componenf jand pressure
profiles G, while a reverse trend occurred with the profibés
velocity of x-orientation ), fluid velocity of y-orientation
(h), and nanofluid teperaturey. This is due to the fact that a
rising the values of the velocity slip parameters have a

tendency to accelerate the flow along yherientation which

is inclined to the horizontal linewhereas a reverse trend
occurred along the stretched s in thex-orientation. This,

in turn, produces a sufficient depressivelocity component
and a strong promotes occurs in the fluid velocity profiles in

y-orientation andemperature. There will be a corresponding

increase in the hydrodynamics andrthal boundary layer

thickness. These behaviors are clearly shown in Figures 5(a)

5(e).

d,=0.1,0.3,0.5,1,2,10
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d=0.1,0.3,05,1,2,10 4

implies a noticeable reduction in all the local skiation

coefficient and Nusselt number. This result was predicted
because the increment in the velocity slips elucidate a

considerable acceleration in the flow alohg y-orientation

0010 1 with maximization in the hydrodynamics and thermal
T oo 1 boundary layers thicknesas depicted in Figures 5(aje).
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Figure 5. Impact of slip factofi on (a) fluid velocity ofx- (d)

orientation i), (b) fluid velocity ofx-orientation §), (c)
fluid velocity of y-orientation ), (d) pressure profiles), (e)
fluid temperature d).

Figure 6. Impact of slip factofh on (a) the skiffriction
coefficient in thex-orientatiorf (4, 0), (b) skinfriction

The variations ofthe skin-friction coefficierts and local coefficient in thex-orientationg(z, 0) , (¢) skirHriction
Nusselt number with diamar @int cogfficientia they-eripntatiophi(/p0), {dhwaltheat s
are respectively, shown in Figs 6@(d). It is noteworthy to transfer- gi( ¢0).
mention that an augmenanmd ion in the slip factors

u



Figs. 7(a)7(e) elucidate the influences sblid volume
fraction parameter and Biot numbemBi on the nanofluid
velocity components, pressure and temperature profiles,
respectively. it is noteworthy to mentionatha raise in the
solid volume fraction paraeter f results in a considerable
decrease imll the velocity componentsd pressure profiles.
Moreover, the nanofluid temperature reduces near the
stretched surface with the enhancement insibiel volume
fraction parameterf, whereas the opposite behavior occurs
with temperature after finite distance in the free stream. This
consistency with the physical behavior that increasing the
volume of nanopatrticles implies a high thermal conductivity
of nanofluid (see Table 1), consequently the thermal
boundary layer thickness increases. The cause for this
outcome is that an increment in the volume fraction produces
a highenergy transport through the flow associated with the
irregular motion of the ultrafine particle®n other side, the
enhancement in thBiot numberBi causes a huge increase in
either thefluid velocity of x-orientation §), the fluid velocity
of y-orientation f) or temperature profiles. The cause for this
behavior is that, a large value in Biot noen yields a great
surface convective which in turn provides more heat to the
stretching surface and as a consequence of the temperature
difference between the surface and the nanofluid will
increase. As an outcom&e velocity as well as the wall
temperaure and thermal boundary layer thickness magnifies
due to the enlargement in the valuesBof Moreover, it is
noteworthy to mention that the change®irtause no effects
on the behaviors itboth the x-velocity components jand
pressure profile§& due to the governing equations (11), (14)
and (15) which are uncoupled from the other equations.

£=0.05,0.1,0.15,0.18,0.2

£ (0.h)

T T T T T T
0.0 0.5 1.0 15 2.0 25 3.0 35
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Figure 7. Impact ofsolid volume fraction parametéron
(a) the fluid velocity ofk-orientation (), (b) fluid velocity

@ of x-orientation §), (c) fluid velocity ofy-orientation £), (d)

£=0.05,0.1,0.2 ——Bi=0.5

Bi=10

pressure profilesd), (e) fluid temperaturegj.

Finally, Figs. 8(aB(d) exhibit the impact of thesolid
----Bi=10 1 volume fractionf and Biot numberBi on the local skin

g(t.h)

T T T T
0.0 05 1.0 15 20

friction coefficients and Nusselt number. It is manifested that
an increment in theolid volume fractiortends to damp the
skin-friction coefficients and the Nusselt number, whilst the
reverse behavior happens with the increadgiaf numberBi.

This phenomenon is true even in the increase of solid volume
fraction f, which, results in a increase in the thermal
boundary layer thickness, associated with considerable
decrease in the wall shear stress adjacent to the stretching
surface with a deease in the wall temperature gradient, and
hence produces a sufficient reduction in the local Nusselt
number. Furthermore, It is manifested that an increasing in
the value of Biot numbeBi has a tendency to increase both
the local skin friction coefficiets and local Nusselt number.
The reason for this behavior is thatBisincreases, the cold
nanofluid on stretched surface is convectively heated and
thus, the flow velocity rises, which in turn enhances in the
gradients of velocity components and tempsa



