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 The present study considers MHD Casson nanofluid flow and explore the intriguing effects 

of suction and injection over a nonlinearly stretched surface through porous media. The 

Joule heating effect is considered which is the physical process that transforms electrical 

energy to thermal energy. Nanofluids with definite thermal radiation features can be useful 

in medical treatments, and energy storage systems, and also can be used as coatings to 

provide thermal insulation. Nanofluids with chemical reactions have various applications 

such as the removal of pollutants from water, biomedical field, and catalysts in industrial 

processes. The chemical reaction is also taken into consideration in this study. The Keller 

box method is employed to solve the governing equations. Various parameters effects are 

analysed using graphical representations of concentration, velocity, and temperature. 

Observing augmented values of porosity, suction/injection, and stretching parameters 

reveals a decrease in velocity profiles. On the other hand, progressive observations of 

porosity, Casson, radiation, and Joule heating parameters result in enhanced temperature 

profiles. Conversely, a reverse trend is observed in the case of nonlinearity and 

suction/injection constraints. The concentration profile decreases for enhanced 

observations of heat source parameters. Nusselt number, skin friction, and Sherwood 

numbers are also calculated. It is witnessed that the skin friction coefficient rises with a 

higher estimation of the porosity parameter. Nusselt number increases in case of the 

chemical reaction and nonlinear stretching parameter. Sherwood number decreases for 

progressive values of chemical reaction and thermophoresis parameters. 
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1. INTRODUCTION 

 

Many industries require energy-efficient heat transfer of 

fluids. The only limitation is that thermal conductivity must be 

low in developing such fluids. So to meet the requirements of 

industries, a new type of fluid is generated by suspending 

manometer-sized particles in base fluid [1-5]. Non-Newtonian 

boundary-layer flows have been the subject of extensive 

research for several decades due to their wide range of 

applications in areas such as radial diffusers, thermal oil 

recovery, and drag reducing agents. Unlike Newtonian fluids, 

which can be described by a single equation, non-Newtonian 

fluids exhibit diverse characteristics that cannot be captured 

by a single model. As a result, various models have been 

developed to represent the behavior of these fluids. One such 

model is the Casson fluid model, which has been found to 

provide more accurate rheological data for many materials 

compared to other non-Newtonian fluids. Li and Xuan [6] 

experimented with and investigated nanoparticles' suspension, 

strangely escalating base fluid's heat exchange behaviour. The 

heat transmission attribute of a nanofluid escalates by the 

nanoparticles. Kang et al. [7] clarified the procedure of 

enhancing of heat conductivity of fluid by using nanoparticles. 

Jang and Choi [8] discussed various parameters of 

nanoparticles like volume fraction, Nano unit dimension, and 

temperature that will describe the heat conductivity of the fluid. 

Yu et al. [9] reviewed the literature and explained different 

nanofluids' heat transfer performance. Later, Anoop et al. [10] 

investigated particle size in the progression of thermal 

conductivity. They concluded that the mean heat exchange 

coefficient estimations were augmented with an escalation in 

the concentration of particle and stream rate. 

Casson fluid shows yield stress, and also Casson-type fluid 

is a pseudoplastic fluid with an extreme thickness at zero shear 

rates and an elastic limit with no underneath flow. If a shear 

load is less than the elastic limit operated on the liquid, it 

performs as a rigid, but if it is more than the elastic limit 

operated, it initiates progress. Also, Casson nanofluid is 

particularly useful in cooling of electronic appliances, efficient 

heat exchanger, drug delivery systems in medical field, 

processing of food products. Due to these applications Casson 

nano fluid flow analysis is considered in this study. Dash et al. 

[11] analysed Casson-type liquid flowing features inside an 

absorbent medium and noted that flow radius relies on the 

elastic limit and permeability of the absorbent medium. Hady 

et al. [12] considered a nanofluid's heat and flow features over 
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a nonlinear extending sheet. They observed that on increasing 

the radiation parameter, the nonlinear sheet's stretching 

parameter '𝑛' causes a drop in the temperature of nanofluid but 

grows the heat exchange rates. Nadeem et al. [13] examine 

Casson-type fluid flow across a sheet, which exponentially 

shrinks and shows an increment in momentum boundary layer 

thickness. Mukhopadhyay et al. [14] examine a time-

dependent Casson-type fluid stream upon an elongating 

surface and conclude that greater Casson parameter 

observations enhance the temperature distribution. Swati [15] 

discussed Casson fluid movement on the non-linear stretching 

sheet. The nonlinear stretching parameter will increase the 

skin friction coefficient. Shehzad et al. [16] studied a Casson-

type fluid stream with suction and chemical reaction and found 

that intensification in the chemical reaction parameter will 

drop the concentration of the liquid. Afterwards, 

Mukhopadhyay et al. [17] pondered the Casson-type liquid 

flowing upon a symmetric wedge. They noticed that the heat 

conductivity rises with increasing Casson parameter. 

Pramanik [18] examines Casson fluid movement via 

extending surface through a porous medium and radiation and 

detected that increasing the Casson parameter will enhance 

thermal boundary layer thickness. Sheikholeslami et al. [19] 

considered the radiation influence on the nanofluid flow and 

determined that heat transmission grows with the rise in 

radiation. Haq et al. [20] assumed the stagnant nanofluid 

movement upon an extending sheet and noticed that the 

radiation parameter enhances temperature distribution. 

Hussain et al. [21] scrutinized the Casson-type nanofluid flow 

within the boundary layer with viscous scatteredness. They 

concluded that the temperature is boosted by the progressive 

values of thermophoresis and Brownian motion parameters. 

Hayat et al. [22] analysed a Casson fluid stream with 

nanoparticles and observed adaptable heat conductivity 

enhances temperature. Ibrahim and Makinde [23] studied 

Casson-type nanofluid movement upon an extending sheet 

through convective conditions and observed that the drag 

coefficient escalates with an upsurge in the Casson parameter. 

Ullah et al. [24] deliberated Casson nanofluid stream over a 

nonlinear extending sheet with thermal radiation using the 

Keller box method and concludes increasing values of 

nonlinear parameter diminishes the velocity of the fluid. 

Kataria and Patel [25] examined the Casson-type fluid flow 

along with chemically reactive species and thermal radiative 

via an upright plate and observed that temperature decays with 

the growth in the Prandtl quantity. Qing et al. [26] deliberate 

Casson-type nanofluid movement upon a stretchable surface 

with a permeable medium and realized that the rapidity outline 

diminishes for the magnetic parameter. Zaib et al. [27] 

scrutinized the Casson-type nanofluid upon a plate dipped in a 

permeable material with activation energy and chemically 

reactive flow. They concluded that the thickness of the 

peripheral concentration layer intensifies because of activation 

energy. After that Naqvi et al. [28] debated the Casson-type 

nano liquid flowing upon an absorbent extending cylinder, and 

improved temperature is observed for growing estimations of 

magnetic and the Casson parameters. 

The term joule heating refers to the increase in temperature 

of a liquid caused by its resistance to electric current in electro 

kinetic flow. Electric energy derived from a flow of electric 

current is converted into heat when the current passes through 

a solid or liquid with finite conductivity. The degree of heat 

experienced by the conductor material is evidenced by an 

increase in its temperature. Following the principle of energy 

conservation, Joule heating can be considered a transformation 

between electrical energy and thermal energy. Hossain [29] 

studied free convection flow and observed that the presence of 

dissipation reduces skin friction and heat conductivity. Later, 

Chen [30] measured the Joule heating impression upon the 

fluid flow across an extending surface and noticed that the 

Joule heating decreases the skin friction coefficient. 

Afterwards, Hayat and Qasim [31] measured the effect of joule 

heating along with radiation upon the Maxwell fluid flow 

using the HAM method. They concluded that the 

concentration field decreases by increasing the Schmidt 

number. Bachok et al. [32] investigated the nanofluid flow 

within the boundary layer and observed that the heat 

transmission boosts with low estimations of the Prandtl 

quantity. Chamkha et al. [33] probed the influence of Joule 

heating, radiative, and chemically reactive species upon free 

convective fluid flow. They detected that boosting the 

suction/injection variable reduces drag force. Hayat et al. [34] 

researched the influence of Joule heating over a radiative 

surface. They noticed that the rapidity diminishes and skin 

friction growth for the magnetic parameter. Kempannagari et 

al. [35] explored the Joule heating effect on the exponentially 

stretched curved surface. They conclude progressive 

observations of Eckert number outcomes in growth in 

temperature. In the analysis of Wakif et al. [36] with the rising 

observations of thermophoresis enhances the temperature 

distribution. Later Wakif et al. [37] reported in their study that 

the stability of the hybrid nanofuid will be significantly 

enhanced by decreasing the spherical size of nanoparticles. 

Ganesh and Sridhar [38] measured the influence of the 

chemically reactive Casson-type nanofluid stream above a 

moving plate by adaptable thickness. Then, the velocity 

outline declines for the magnetic, Casson, and permeability 

parameters. BalajiPrakash et al. [39] explored radiative and 

heat source impacts on vertical porous plates. They concluded 

that temperature decreases with the increments in the heat 

source and Prandtl number. Ganesh and Sridhar [40] examined 

Casson nanofluid flow across Darcy Forchhiemer porous 

medium and concluded for incremental values of Prandtl 

number, both thermal and concentration sketches display a 

falling tendency. Abo-Dahab et al. [41] analysed Casson type 

nanofluid flow upon a sheet that is nonlinearly stretched 

through a porous media. They realized that the temperature 

diminishes with escalating suction/injection parameter 

amounts. It is observed in the report of Rasool and Wakif [42] 

velocity field and the associated boundary layer show 

incremental trend for enhanced observations of modified 

Hartman factor. Wakif et al. [43] determined that the Nusselt 

number, which is proportional to the heat transfer rate, can be 

reduced by an increase in the Lorentz force. Wakif et al. [44] 

analysed the stability of nanofluid using Wakif-Galerkin 

technique and concluded that onset of convection is delayed 

due to the presence of nanoparticles in the fluid. Gumber et al. 

[45] demonstrated the buoyancy-driven in the micropolar 

hybrid nanofluid flow upon an upright surface, considering the 

suction/injection, magneto force, and thermal radiative effect. 

They have shown that the injection effect is recommended for 

better heat transfer. Using the Keller-Box technique, Ganesh 

et al. [46] computationally investigated the forced convection 

heat transfer of a magneto-Casson-type liquid in a nonlinear 

porous medium. Moreover, the mixed convection of Casson 

liquid has been thoroughly investigated by Sridhar et al. [47]. 

For incremental observations of Brownian motion argument 

an enhancing pattern on the concentration of nanoparticles 
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nearer to elongating sheet is noted for Wakif et al. [48], Later 

Wakif et al. [49] remarked that the flow speed of nanofluid 

reduces expressively with the upsurge in the magnetic 

constraint and also Substantial improvement in the 

temperature distribution Wakif and Shahb [50] noted in his 

study that the surface drag force factor can be reduced by 

reducing the magnetic constraint. 
Ghadikolaei and Gholinia [51] discussed Hydrogen 

specifications on Cu hybrid nanoparticles and mentioned that 

the shape nanoparticle has a major effect on the growing 

Nusselt number. Velocity decreases corresponding to greater 

observations of the Hartman number mentioned by Gulzar et 

al. [52]. The remarkable improvement in thermal conductivity 

resulting from the strong hydrogen bonding of hybrid 

nanofluids has been extensively discussed by Ghadikolaei and 

Gholina [53]. In their study, they explore the fascinating 

effects of hydrogen bonding on thermal conductivity, 

highlighting the significant advancements that can be achieved 

in this field. Ghadikolaei [54] further provides a 

comprehensive review of methods for cooling solar PV cells 

and emphasizes the efficient utilization of renewable resources 

to mitigate pollution. The effectiveness of cooling is found to 

be closely correlated with the volume ratio of nanoparticles, as 

elucidated by Ghadikolaei [55]. In a study conducted by 

Akbari et al. [56], the non-Fourier heat conduction over a 

three-dimensional hollow sphere is analyzed using the 

Cattaneo-Vernotte model. The researchers shed light on the 

intricacies of heat conduction in this unique geometry, 

contributing to our understanding of heat transfer phenomena. 

Siahchehrehghadikolaei et al. [57] propose a model for 

efficient CPU cooling and suggest that silver heat sinks 

outperform copper and nickel heat sinks due to their superior 

heat conductivity. They highlight the potential of silver heat 

sinks in improving CPU cooling efficiency. Faghiri et al. [58] 

investigate blood flow through a circular tube and observe that 

the Nusselt number for shear-thinning blood flow is 

significantly higher compared to Newtonian fluid flow. This 

finding has important implications for understanding blood 

flow dynamics and its implications on heat transfer processes. 

Rostami et al. [59] investigated dusty hybrid nanofluid flow 

utilizing RBF technique and observed that for growing 

observations of the Eckert number temperature of the 

nanofluid enhances. Attar et al. [60] investigated a novel 

model to determine the fractional differential equations. Fallah 

Najafabadi et al. [61] studied nanofluid flow with the RBF 

method and concludes increasing the Brownian motion 

parameter enhances the temperature of the fluid. Zangooee et 

al. [62] studied hybrid nanofluid flow using 5th order RK 

method, progressive values of thermal slip, and coefficient of 

heat transfer reduces, Ghadikolaei et al. [63] proposed a model 

of CGNP/H2O nanofluid flow model for CPU cooling. 

Hosseinzadeh et al. [64] investigated non-Newtonian fluid 

flow over a curved stretching surface and noted that 

Enhancement in heat transfer rate is observed for greater 

values of Brownian diffusion and thermophoresis. 

When comparing the flow of Newtonian nanofluids to 

Casson nanofluids, it becomes evident that fluid flow over 

stretched sheets offers enhanced cooling and reduced friction. 

This phenomenon finds practical applications in various 

industries, such as aerodynamic extrusion involves the shaping 

and forming of polymer sheets using the forces and principles 

of aerodynamics, hot rolling processes, metallic plates cooling, 

condensation processes with liquid films, and glass-fiber 

production. Recognizing the significance of fluid flow over 

stretching sheets, this study investigates the effects of radiation, 

Joule heating, chemical reactions, suction/injection, and 

magnetic fields on Casson-type nanofluid flow over a 

nonlinearly stretched sheet. By analyzing the influence of 

these parameters, the study aims to gain insights into the 

behavior and characteristics of Casson nanofluid flow over a 

non-linear stretching sheet. The findings are presented through 

graphs that illustrate the impact of MHD 

(magnetohydrodynamics), Joule heating, radiation, and 

chemical reaction on the flow dynamics of Casson nanofluids. 

This research contributes to our understanding of the complex 

interplay between various factors in nanofluid flow over 

stretched sheets and provides valuable insights for practical 

applications in different industries. The validation of the 

numerical method is observed by calculating local parameters 

and comparison with previous literature.  

 

 

2. PROBLEM FORMULATION 
 

This study focuses on investigating the flow characteristics 

of a two-dimensional, time-independent nanofluid with 

Casson-type rheology, which is electrically conducting and 

chemically reactive. The nanofluid flow occurs over a porous 

sheet that exhibits nonlinear stretchability. The velocity of the 

flow on the sheet is represented by the equation 𝑢𝑤 = 𝑎𝑥𝑁, 

while the temperature is given by 𝑇𝑤 = 𝑇∞ + 𝐴𝑥
𝑁 . 

Additionally, we investigate the heat transfer mechanisms, 

including heat generation (sink), thermal radiation, viscous 

dissipation, and Joule heating. The parameters 

𝑇∞ and 𝐶∞ denote the liquid ambient temperature and 

concentricity, respectively. By analyzing these factors, we aim 

to gain insights into the behavior and characteristics of the 

nanofluid flow and heat transfer processes over the stretchable 

porous sheet (see Figure 1). 
 

 
 

Figure 1. Flow model of the problem 

 

The characteristics of the nanofluid are carefully examined 

and explained in terms of Brownian diffusion and 

thermophoretic effects using the Buongiorno model. Like 

viscous dissipation in viscous fluid flow, joule heating also 

contributes to heat production. Ejecting heat in various 

directions to produce materials, manufacture paper, cool 

electronic chips, and so on. Radiative heat transfer is a critical 

factor in numerous industries, power generation setups, and 

high-temperature plasma applications, especially when it 

comes to managing the heating dynamics of liquid metal fluids 

and nuclear reactors. With these applications in mind, this 

paper emphasises on the study of Casson fluid flow upon a 

nonlinearly heated absorbent media across a stretching surface, 

considering the involvement of suction/injection, thermal 

radiation, and Joule heating. The findings of this research have 

potential applications in fields such as medicine, 

pharmacology, and chemical industries, among others, where 

understanding and optimizing heat transfer processes are of 
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great importance. Based on the hypothesis.  

The leading PDEs of the assumed fluid flow given by [32, 

41]: 

  

𝑣𝑦 + 𝑢𝑥 = 0 (1) 

 

𝑢𝑢𝑥 + 𝑣𝑢𝑦 = 𝜐𝑢𝑦𝑦 + (
𝜐

𝛽
) 𝑢𝑦𝑦 −

𝜐

𝑘0
𝑢 −

𝜎𝐵2(𝑥)

𝜌𝑓
𝑢 (2) 

 

𝑢𝑇𝑥 + 𝑣𝑇𝑦 = 𝛼𝑇𝑦𝑦 +
𝑄0
𝜌𝑐𝑝

(𝑇 − 𝑇∞)

+ 𝜏 (
𝐷𝑇
𝑇∞
(
𝜕𝑇

𝜕𝑦
)
2

+ 𝐷𝐵
𝜕𝑇

𝜕𝑦

𝜕𝐶

𝜕𝑦
)

−
1

𝜌𝑐𝑝
(𝑞𝑟)𝑦 +

𝜎𝐵2(𝑥)

𝜌𝑐𝑝
𝑢2

+
𝜐

𝑐𝑝
(1 +

1

𝛽
) (𝑢𝑦)

2
 

(3) 

 

𝑢𝐶𝑥 + 𝑣𝐶𝑦 = 𝐷𝐵
𝜕2𝐶

𝜕𝑦2
+
𝐷𝑇
𝑇∞

𝜕2𝑇

𝜕𝑦2
− 𝑘1(𝐶 − 𝐶∞) (4) 

 

The proper boundary constraints (BCs) are: 

 

𝑢 = 𝑎𝑥𝑁 , 𝑣 = 𝑣𝑤 , 𝐷𝐵
𝜕𝐶

𝜕𝑦
+

𝐷𝑇

𝑇∞

𝜕𝑇

𝜕𝑦
= 0, 𝑇 = 𝑇𝑤(𝑥) =

𝑇∞ + 𝐴𝑥
𝑁 , at 𝑦 = 0

 

 
(5) 

 

𝑢 → 0, 𝑇 → 𝑇∞, 𝐶 → 𝐶∞ as 𝑦 → ∞ 

 

 (6) 

 

The similarity conversions [41] are: 

 

𝑢 = 𝑎𝑥𝑁𝑓 ′(𝜂),

𝑣 = −𝑎𝑥
𝑁−1

2 √
𝜐

𝑎

𝑁−1

2
𝜂𝑓 ′(𝜂) − 𝑎𝑥

𝑁−1

2 √
𝜐

𝑎
[
𝑁+1

2
𝑓(𝜂)] ,

𝜂 = √
𝑎

𝜈
𝑥
𝑁−1

2 𝑦,

𝜃 =
𝑇−𝑇∞

𝑇𝑤−𝑇∞

𝜙 =
𝐶−𝐶∞

𝐶𝑤−𝐶∞ }
 
 
 
 

 
 
 
 

 

 (7) 

 

Using transformations mentioned in (7), Eqs. (2)-(4) are 

transformed to: 

 

(1 +
1

𝛽
) 𝑓′′′ +

𝑁+1

2
𝑓𝑓′′ − 𝐾𝑓′−𝑀𝑓′ −𝑁𝑓′2 = 0

 

 (8) 

 

(1 +
4

3
𝑅𝑑) 𝜃′′ +

𝑁 + 1

2
𝑃𝑟 𝑓 𝜃′ + 𝑃𝑟 𝜆 𝜃

+ 𝑃𝑟 𝑁 𝑏𝜃′𝜑′ + 𝑃𝑟 𝑁 𝑡𝜃′2

+ (1 +
1

𝛽
)𝑃𝑟 𝐸 𝑐𝑓′′2 + 𝑃𝑟 𝐽 𝑓′2

= 0 

(9) 

 

𝜑′′ +
𝑁 + 1

2
𝑆𝑐𝑓𝜑′ − 𝑆𝑐𝛾𝜑 +

𝑁𝑡

𝑁𝑏
𝜃′′ = 0 (10) 

 

and BCs (5-6) are converted to: 

 
at 𝜂 = 0, 𝑓 = 𝐹, 𝑓′ = 1, 𝜃 = 1, 𝑁𝑏𝜑′ +𝑁𝑡𝜃′ = 0 

𝑎𝑠 𝜂 → ∞ 𝑓′ → 0, 𝜃 → 0, 𝜑 → 0
} (11) 

 

where, 𝑀 =
𝜎𝐵0

2

𝑎𝜌𝑓
 represents Magnetic parameter, 𝐾 =

𝜐

𝑎𝑘0𝑥
𝑁−1 

represents Porous parameter, 𝑃𝑟 =
𝜐

𝛼
 Prandtl number, 𝑅𝑑 =

4𝜎∗𝑇∞
3

𝑘𝑘∗
 Radiation parameter, 𝜆 =

𝑄0

𝑎𝜌𝑐𝑝𝑥
𝑁−1  represents heat 

source parameter, 𝑁𝑏 =
𝜏𝐷𝐵(𝐶𝑤−𝐶∞)

𝜐
 represents Brownian 

motion parameter, 𝑁𝑡 =
𝜏𝐷𝑇(𝑇𝑤−𝑇∞)

𝑇∞𝜐
. Thermophoresis 

parameter, 𝐸𝑐 =
𝑎2𝑥2𝑁

𝐶𝑝(𝑇𝑤−𝑇∞)
 represents Eckert number, 𝐽 =

𝑎𝜎𝐵0
2𝑥2𝑁

𝜌𝑐𝑝(𝑇𝑤−𝑇∞)
 represents Joule heating parameter, 𝑆𝑐 =

𝜐

𝐷𝐵
 

represents Schmidt number, 𝛾 =
𝑘1

𝑎𝑥𝑛−1
 represents chemical 

reaction parameter. 

The local parameters, such as the coefficient of skin friction, 

Nusselt number, and Sherwood number, are considered as: 

 

𝐶𝑓𝑥 =
𝜏𝑤
𝜌𝑢𝑤

2
, 𝑁𝑢𝑥 =

𝑥𝑞𝑤
𝛼𝑓(𝑇𝑤 − 𝑇∞)

, 𝑆ℎ𝑥

=
𝑥𝑞𝑤

𝛼𝑓(𝑇𝑤 − 𝑇∞)
 

(12) 

 

where, 

 

𝜏𝑤 = 𝜇𝐵 (1 +
1

𝛽
) (𝑢𝑦)𝑦=0 ,     𝑞𝑤

= −𝛼𝑓(𝑇𝑦)𝑦=0,   𝑞𝑚

= −𝐷𝐵(𝐶𝑦)𝑦=0 

(13) 

 

Using Eqs. (7) and (12) in (13) we get: 

 

𝑅𝑒𝑥

1
2𝐶𝑓𝑥 = (1 +

1

𝛽
) 𝑓′′(0), 

𝑅𝑒𝑥
−
1
2𝑁𝑢𝑥 = −(1 +

4

3
𝑅𝑑) 𝜃′(0), 𝑅𝑒𝑥

−
1
2𝑆ℎ𝑥 = −𝜙

′(0) 

 

 

3. SOLUTION METHODOLOGY 
 

The non-linear ODE mentioned in Eqs. (8)-(10) was further 

solved using the Keller box method.  

1. First, we convert a set of non-linear ODEs to ODEs of the 

1st order.  

2. Next, using Newton's scheme, we use finite differences 

to linearize the system of equations. 

3.Furthermore, we obtain a system of linear equations 

represented in matrix notation. 

4. Atlast, the Block tri-diagonal elimination procedure has 

been applied to Simplify the system. It is solved using 

MATLAB. 

Introducing,  

 

𝑓′ = 𝑝, 𝑝′ = 𝑞, 𝑔 = 𝜃, 𝑔′ = 𝑡, 𝑠 = 𝜙, 𝑠′ = 𝑛 

 

Eqs. (8)-(10) converted to: 

 

(1 +
1

𝛽
) 𝑞′ + (

𝑁 + 1

2
) 𝑓𝑞 − 𝐾𝑝 −𝑀𝑝 − 𝑁𝑝2 = 0 (14) 
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(1 +
4

3
𝑅𝑑) 𝑡′ +

𝑁 + 1

2
𝑃𝑟 𝑓 𝑡 + 𝑃𝑟 𝜆 𝑔 + 𝑃𝑟 𝑁 𝑏𝑡𝑛

+ 𝑃𝑟 𝑁 𝑡𝑡2 + (1 +
1

𝛽
)𝑃𝑟 𝐸 𝑐𝑞2

+ 𝑃𝑟 𝐽 𝑝2 = 0 

(15) 

 

𝑛′ +
𝑁 + 1

2
𝑆𝑐𝑓𝑛 +

𝑁𝑡

𝑁𝑏
𝑡′ − 𝑆𝑐𝛾𝑠 = 0 (16) 

 

Introducing finite differences, 

 
1

ℎ𝑗
(−𝑓𝑗−1 + 𝑓𝑗) =

1

2
(𝑝𝑗−1 + 𝑝𝑗),

1

ℎ𝑗
(−𝑝𝑗−1 + 𝑝𝑗) =

1

2
(𝑞𝑗−1 + 𝑞𝑗),

1

ℎ𝑗
(−𝑔𝑗−1 + 𝑔𝑗) =

1

2
(𝑡𝑗−1 + 𝑡𝑗),

1

ℎ𝑗
(−𝑠𝑗−1 + 𝑠𝑗) =

1

2
(𝑛𝑗−1 + 𝑛𝑗),

(1 +
1

𝛽
) (
−𝑞𝑗−1 + 𝑞𝑗

ℎ𝑗
) + (

𝑁 + 1

2
)(
𝑓𝑗−1 + 𝑓𝑗

2
) (
𝑞𝑗−1 + 𝑞𝑗

2
) − 𝐾 (

𝑝𝑗−1 + 𝑝𝑗

2
)

−𝑀(
𝑝𝑗−1 + 𝑝𝑗

2
) − 𝑁 (

𝑝𝑗−1 + 𝑝𝑗

2
)
2

= 0,

(
𝑡𝑗 − 𝑡𝑗−1

ℎ𝑗
) + 3

𝑃𝑟

3 + 4𝑅𝑑
(
𝑁 + 1

2
)(
𝑓𝑗 + 𝑓𝑗−1

2
) (
𝑡𝑗 + 𝑡𝑗−1

2
) 

+
3𝜆𝑃𝑟

3 + 4𝑅𝑑
(
𝑔𝑗 + 𝑔𝑗−1

2
)
3𝑃𝑟𝑁𝑏

3 + 4𝑅𝑑
(
𝑡𝑗 + 𝑡𝑗−1

2
) (
𝑛𝑗 + 𝑛𝑗−1

2
)
3𝑃𝑟𝑁 𝑡

3 + 4𝑅𝑑
(
𝑡𝑗 + 𝑡𝑗−1

2
)
2

 

+
3𝑃𝑟 𝐸 𝑐

3 + 4𝑅𝑑
(
𝛽 + 1

𝛽
) (
𝑞𝑗 + 𝑞𝑗−1

2
)
2

+
3𝑃𝑟 𝐽

3 + 4𝑅𝑑
(
𝑝𝑗 + 𝑝𝑗−1

2
)
2

= 0,

𝑛𝑗 − 𝑛𝑗−1

ℎ𝑗
+ (

𝑁 + 1

2
)𝑆𝑐 (

𝑓𝑗 + 𝑓𝑗−1

2
) (
𝑛𝑗 + 𝑛𝑗−1

2
) +

𝑁𝑡

𝑁𝑏
(
𝑡𝑗 − 𝑡𝑗−1

ℎ𝑗
)

−𝑆𝑐𝛾 (
𝑠𝑗 + 𝑠𝑗−1

2
) = 0. }

 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

 (17) 

 

To linearize the equations in (17) using Newton's method, 

we consider: 

 

𝑓𝑗
𝑘+1 = 𝑓𝑗

𝑘 + 𝛿𝑓𝑗
𝑘 ,

𝑝𝑗
𝑘+1 = 𝑝𝑗

𝑘 + 𝛿𝑝𝑗
𝑘 ,

𝑞𝑗
𝑘+1 = 𝑞𝑗

𝑘 + 𝛿𝑞𝑗
𝑘,

𝑔𝑗
𝑘+1 = 𝑔𝑗

𝑘 + 𝛿𝑔𝑗
𝑘 ,

𝑡𝑗
𝑘+1 = 𝑡𝑗

𝑘 + 𝛿𝑡𝑗
𝑘,

𝑠𝑗
𝑘+1 = 𝑠𝑗

𝑘 + 𝛿𝑠𝑗
𝑘 ,

𝑛𝑗
𝑘+1 = 𝑛𝑗

𝑘 + 𝛿𝑛𝑗
𝑘.}
 
 
 
 

 
 
 
 

 (18) 

 

We make the given below usage of linearly formulas: 
 

𝛿𝑓𝑗 − 𝛿𝑓𝑗−1 −
ℎ𝑗

2
(𝛿𝑝𝑗) −

ℎ𝑗

2
(𝛿𝑝𝑗−1) = 𝑟1,𝑗 ,

𝛿𝑝𝑗 − 𝛿𝑝𝑗−1 −
ℎ𝑗

2
(𝛿𝑞𝑗) −

ℎ𝑗

2
(𝛿𝑞𝑗−1) = 𝑟2,𝑗 ,

𝛿𝑔𝑗 − 𝛿𝑔𝑗−1 −
ℎ𝑗

2
(𝛿𝑡𝑗) −

ℎ𝑗

2
(𝛿𝑡𝑗−1) = 𝑟3,𝑗,

𝛿𝑠𝑗 − 𝛿𝑠𝑗−1 −
ℎ𝑗

2
(𝛿𝑛𝑗) −

ℎ𝑗

2
(𝛿𝑛𝑗−1) = 𝑟4,𝑗,

𝑎1,𝑗𝛿𝑞𝑗 + 𝑎2,𝑗𝛿𝑞𝑗−1 + 𝑎3,𝑗𝛿𝑓𝑗 + 𝑎4,𝑗𝛿𝑓𝑗−1
+𝑎5,𝑗𝛿𝑝𝑗 + 𝑎6,𝑗𝛿𝑝𝑗−1 = 𝑟5,𝑗 ,

𝑏1,𝑗𝛿𝑡𝑗 + 𝑏2,𝑗𝛿𝑡𝑗−1 + 𝑏3,𝑗𝛿𝑓𝑗 + 𝑏4,𝑗𝛿𝑓𝑗−1
+𝑏5,𝑗𝛿𝑔𝑗 + 𝑏6,𝑗𝛿𝑔𝑗−1 + 𝑏7,𝑗𝛿𝑝𝑗
𝑏8,𝑗𝛿𝑝𝑗−1 + 𝑏9,𝑗𝛿𝑛𝑗 + 𝑏10,𝑗𝛿𝑛𝑗−1
+𝑏11,𝑗𝛿𝑞𝑗 + 𝑏12,𝑗𝛿𝑞𝑗−1 = 𝑟6,𝑗 ,

𝑐1,𝑗𝛿𝑛𝑗 + 𝑐2,𝑗𝛿𝑛𝑗−1 + 𝑐3,𝑗𝛿𝑓𝑗 + 𝑐4,𝑗𝛿𝑓𝑗−1 +                                               
𝑐5,𝑗𝛿𝑡𝑗 + 𝑐6,𝑗𝛿𝑡𝑗−1 + 𝑐7,𝑗𝛿𝑠𝑗 + 𝑐8,𝑗𝛿𝑠𝑗−1 = 𝑟7,𝑗,

 }
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 

    (19) 

 

herein 
 

𝑎1,𝑗 = 1 +
𝛽ℎ𝑗

8(𝛽 + 1)
(𝑁 + 1)(𝑓𝑗 + 𝑓𝑗−1),           

𝑎2,𝑗 = 𝑎1,𝑗 − 2.0,                                                

𝑎3,𝑗 =
𝛽ℎ𝑗

8(𝛽 + 1)
(𝑁 + 1)(𝑞𝑗 + 𝑞𝑗−1),                 

𝑎4,𝑗 = 𝑎3,𝑗 ,                                                           

𝑎5,𝑗 =
−𝐾𝛽ℎ𝑗

2(𝛽 + 1)
−

𝑀𝛽ℎ𝑗

2(𝛽 + 1)
−

𝑁𝛽ℎ𝑗

2(𝛽 + 1)
(𝑝𝑗 + 𝑝𝑗−1),

𝑎6,𝑗 = 𝑎5,𝑗 ,                                                            }
 
 
 
 

 
 
 
 

 (20) 

 

𝑏1,𝑗 = 1 +
3𝑃𝑟 ℎ𝑗 (𝑁 + 1)

8(3 + 4𝑅𝑑)
(𝑓𝑗 + 𝑓𝑗−1) +

3𝑃𝑟𝑁 𝑏ℎ𝑗
4(3 + 4𝑅𝑑)

(𝑛𝑗 + 𝑛𝑗−1)

+
3𝑃𝑟𝑁 𝑡ℎ𝑗

2(3 + 4𝑅𝑑)
(𝑡𝑗 + 𝑡𝑗−1)

𝑏2,𝑗 = 𝑏1,𝑗 − 2.0,

𝑏3,𝑗 =
3𝑃𝑟 ℎ𝑗 (𝑁 + 1)

8(3 + 4𝑅𝑑)
(𝑡𝑗 + 𝑡𝑗−1),

𝑏4,𝑗 = 𝑏3,𝑗 ,

𝑏5,𝑗 =
3𝜆𝑃𝑟 ℎ𝑗

2(3 + 4𝑅𝑑)
,

𝑏6,𝑗 = 𝑏5,𝑗 ,

𝑏7,𝑗 =
3𝑃𝑟 𝐽 ℎ𝑗

2(3 + 4𝑅𝑑)
(𝑝𝑗) +

3𝑃𝑟 𝐽 ℎ𝑗

2(3 + 4𝑅𝑑)
(𝑝𝑗−1)

𝑏8,𝑗 = 𝑏7,𝑗 ,

𝑏9,𝑗 =
3𝑃𝑟𝑁 𝑏ℎ𝑗
4(3 + 4𝑅𝑑)

(𝑡𝑗) +
3𝑃𝑟𝑁 𝑏ℎ𝑗
4(3 + 4𝑅𝑑)

(𝑡𝑗−1),

𝑏10,𝑗 = 𝑏9,𝑗,

𝑏11,𝑗 =
3𝑃𝑟 𝐸 𝑐ℎ𝑗(𝛽 + 1)

2𝛽(3 + 4𝑅𝑑)
(𝑞𝑗 + 𝑞𝑗−1),

𝑏12,𝑗 = 𝑏11,𝑗, }
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 

 (21) 

 

𝑐1,𝑗 = 1 +
𝑆𝑐ℎ𝑗(𝑁 + 1)

8
(𝑓𝑗 + 𝑓𝑗−1),

𝑐2,𝑗 = 𝑐1,𝑗 − 2.0,                           

𝑐3,𝑗 =
𝑆𝑐ℎ𝑗

8
(𝑁 + 1)(𝑛𝑗 + 𝑛𝑗−1),

𝑐4,𝑗 = 𝑐3,𝑗 ,                                      

𝑐5,𝑗 =
𝑁𝑡

𝑁𝑏
,                                         

𝑐6,𝑗 = −
𝑁𝑡

𝑁𝑏
,                                    

𝑐7,𝑗 = −
𝑆𝑐𝛾ℎ𝑗

2
,                                

𝑐8,𝑗 = 𝑐7,𝑗 ,                                      }
 
 
 
 
 
 

 
 
 
 
 
 

 (22) 

 

𝑟1,𝑗 =
1

2
(2(𝑓𝑗−1 − 𝑓𝑗) + ℎ𝑗(𝑝𝑗 + 𝑝𝑗−1)) ,

𝑟2,𝑗 =
1

2
(2(𝑝𝑗−1 − 𝑝𝑗) + ℎ𝑗(𝑞𝑗 + 𝑞𝑗−1)) ,

𝑟3,𝑗 =
1

2
(2(𝑔𝑗−1 − 𝑔𝑗) + +ℎ𝑗(𝑡𝑗 + 𝑡𝑗−1)) ,

𝑟4,𝑗 =
1

2
(2(𝑠𝑗−1 − 𝑠𝑗) + +ℎ𝑗(𝑛𝑗 + 𝑛𝑗−1)) ,

𝑟5,𝑗 = 𝑞𝑗−1 − 𝑞𝑗 −
𝛽ℎ𝑗

8(𝛽 + 1)
(𝑁 + 1)(𝑓𝑗 + 𝑓𝑗−1)(𝑞𝑗 + 𝑞𝑗−1)

+
𝐾𝛽ℎ𝑗

2(𝛽 + 1)
(𝑝𝑗 + 𝑝𝑗−1) +

𝑀𝛽ℎ𝑗

2(𝛽 + 1)
(𝑝𝑗 + 𝑝𝑗−1)

+
𝑁𝛽ℎ𝑗

4(𝛽 + 1)
(𝑝𝑗 + 𝑝𝑗−1)

2
,

𝑟6,𝑗 = −𝑡𝑗 + 𝑡𝑗−1 −
3𝑃𝑟 ℎ𝑗 (𝑁 + 1)

8(3 + 4𝑅𝑑)
(𝑓𝑗−1 + 𝑓𝑗)(𝑡𝑗−1 + 𝑡𝑗)

−
3𝜆 𝑃𝑟 ℎ𝑗

2(3 + 4𝑅𝑑)
(𝑔𝑗−1 + 𝑔𝑗) −

3𝑃𝑟𝑁 𝑏ℎ𝑗
4(3 + 4𝑅𝑑)

(𝑡𝑗−1 + 𝑡𝑗)(𝑛𝑗−1 + 𝑛𝑗)

−
3𝑃𝑟 𝑁 𝑡ℎ𝑗

4(3 + 4𝑅𝑑)
(𝑡𝑗−1 + 𝑡𝑗)

2
−
3𝑃𝑟𝐸 𝑐ℎ𝑗(𝛽 + 1)

4𝛽(3 + 4𝑅𝑑)
(𝑞𝑗−1 + 𝑞𝑗)

2
+

−
3𝑃𝑟 𝐽 ℎ𝑗

4(3 + 4𝑅𝑑)
(𝑝𝑗−1 + 𝑝𝑗)

2
,

𝑟7,𝑗 = 𝑛𝑗−1 − 𝑛𝑗 −
𝑆𝑐ℎ𝑗
8
(𝑁 + 1)(𝑓𝑗 + 𝑓𝑗−1)(𝑛𝑗 + 𝑛𝑗−1)

                                                   

−
𝑁𝑡

𝑛𝑏
(𝑡𝑗 − 𝑡𝑗−1) +

𝑆𝑐𝛾ℎ𝑗

2
(𝑠𝑗 + 𝑠𝑗−1). }

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 (23) 
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The linear Eq. (17) resultant system is tackled by the Block 

elimination technique. 

The system's equations in matrix form are: 

 

[𝐴1][𝛿1] + [𝐶1][𝛿2] = [𝑟1],
[𝐵1][𝛿1] + [𝐴2][𝛿2] + [𝐶2][𝛿3] = [𝑟2],                                                                             

[𝐵𝑗−1][𝛿1] + [𝐴𝑗−1][𝛿2] + [𝐶𝑗−1][𝛿3] = [𝑟𝑗−1],

[𝐵𝑗][𝛿𝑗−1] + [𝐴𝑗][𝛿𝑗] = [𝑟𝑗], }
 
 

 
 

}
 
 

 
 

  (24) 

 

where, 

 
𝐴1 =

[
 
 
 
 
 
 
 

0 0 0 1 0 0 0
−0.5ℎ𝑗 0 0 0 −0.5ℎ𝑗 0 0

0 −0.5ℎ𝑗 0 0 0 −0.5ℎ𝑗 0

0 0 −1 0 0 0 −0.5ℎ𝑗
(𝑎2)1 0 0 (𝑎3)1 (𝑎1)1 0 0
(𝑏12)1 (𝑏2)1 0 (𝑏3)1 (𝑏11)1 (𝑏1)1 (𝑏9)1
0 (𝑐6)1 (𝑐8)1 (𝑐3)1 0 (𝑐5)1 (𝑐1)1 ]

 
 
 
 
 
 
 

, 

𝐴𝑗

=

[
 
 
 
 
 
 
 
−0.5ℎ𝑗 0 0 1 0 0 0

−1 0 0 0 −0.5ℎ𝑗 0 0

0 −1 0 0 0 −0.5ℎ𝑗 0

0 0 −1 0 0 0 −0.5ℎ𝑗
(𝑎6)𝑗 0 0 (𝑎3)𝑗 (𝑎1)𝑗 0 0

(𝑏8)𝑗 (𝑏6)𝑗 0 (𝑏3)𝑗 (𝑏11)𝑗 (𝑏1)𝑗 (𝑏9)𝑗
0 0 (𝑐8)𝑗 (𝑐3)𝑗 0 (𝑐5)𝑗 (𝑐1)𝑗 ]

 
 
 
 
 
 
 

 

 

where, 2 ≤ 𝑗 ≤ 𝐽, 
 

𝐵𝑗 =

[
 
 
 
 
 
 
 
0 0 0 −1 0 0 0
0 0 0 0 −0.5ℎ𝑗 0 0

0 0 0 0 0 −0.5ℎ𝑗 0

0 0 0 0 0 0 −0.5ℎ𝑗
0 0 0 (𝑎4)𝑗 (𝑎2)𝑗 0 0

0 0 0 (𝑏4)𝑗 (𝑏12)𝑗 (𝑏2)𝑗 (𝑏10)𝑗
0 0 0 (𝑐4)𝑗 0 (𝑐6)𝑗 (𝑐2)𝑗 ]

 
 
 
 
 
 
 

, 

 

where, 1 ≤ 𝑗 ≤ 𝐽 − 1, 

 

𝐶𝑗 =

[
 
 
 
 
 
 
 
−0.5ℎ𝑗 0 0 0 0 0 0

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0

(𝑎5)𝑗 0 0 0 0 0 0

(𝑏7)𝑗 (𝑏5)𝑗 0 0 0 0 0

0 0 (𝑐7)𝑗 0 0 0 0]
 
 
 
 
 
 
 

 

 

where, 2 ≤ 𝑗 ≤ 𝐽. 
The LU decomposition method can work out the system's 

subsequent block diagonal form. The calculations are 

executed until the desired convergence criterion is met, and the 

calculations are terminated when the value of |𝛿𝑔0
(𝑖)
| < 휀 , 

which is very small, reaches the recommended threshold.  

 

 

4. OUTCOMES AND DISCUSSIONS 

 

MATLAB plots temperature, velocity and concentration 

graphs to observe the impacts of different factors upon fluid 

flow upon a nonlinearly extended sheet. In Figure 2, we can 

see the velocity profile for dissimilar values of the porous 

media parameter, both with and without the presence of a 

magnetic field (M≠0 and M=0 cases). The highest velocity is 

observed when M=0, and it gradually decreases as the 

parameter K increases where the parameter K represents the 

resistance experienced by the fluid. As the value of K increases, 

the resistance for the fluid to flow through the porous medium 

is intensified, leading to a decrease in fluid velocity. When 

M≠0, the presence of the magnetic field introduces a frictional 

force known as the Lorentz force. This force opposes the fluid 

motion and further decreases the fluid velocity. 

 

 
 

Figure 2. Velocity deviations of porosity parameter 

 

  
Figure 3. Velocity deviations of suction/injection parameter 

 

Figure 3 represents the velocity distribution with 𝐾 ≠ 0 and 

without 𝐾 = 0 porous material's effects for the various 

approximated values of the suction/injection parameter. The 

plot demonstrates that fluid velocity rises with injection, 

drastically reducing as the suction parameter increases. This is 

due to the physical reality that the cold particles of the fluid 

are introduced into the micro-porous surface of the sheet via 

its cold surface. At the same time, the heated particles on the 

hot surface are pushed out of the micro-porous surface. This 
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weakens the convection current, and as a result, velocity 

decreases. It is further notable that the rapidity is highest, and 

the effects of 𝐾 are more noticeable for 𝐾 = 0 than from 𝐾 ≠
0. 

 

 
 

Figure 4. Velocity deviations of stretching parameter 

 

 
 

Figure 5. Temperature deviations of porosity parameter 

 

Figure 4 represents velocity profiles for the diverse 

estimation of the stretching parameter 𝑛 in both cases of the 

presence (𝐾 ≠ 0)/absence ((𝐾 = 0)) of a porous medium. It 

is perceived that velocity decays for higher estimations of 𝑁. 

Upon rising the parameter 𝑁, the boundary layer thickening 

reduces, and as a consequence, rapidity decreases. The 

thickness of the boundary layer is thinner for  𝐾 ≠ 0 than 

from  𝐾 = 0 . Figure 5 portrays the temperature profile for 

escalating estimations of the porous medium parameter 

with  𝑀 ≠ 0 and without  𝑀 = 0 the occurrence of the 

magnetic field's impacts. The rise of porosity guides the 

escalation of the thermal boundary layer thickness, so the 

temperature of the liquid boosts. Also, the temperature is more 

for 𝑀 = 2 than for 𝑀 = 0. It is because the existence of a 

magneto force means the occurrence of the Lorentz force, 

which generates friction towards liquid, and as a cause, more 

heat is generated. Hence the resultant heat helps to grow the 

temperature. 

 

 
 

Figure 6. Temperature deviations of nonlinearity parameter 

 

 
 

Figure 7. Temperature deviations of suction/injection 

parameter 

 

Figure 6 represents temperature outlines of stretching 

parameter  𝑛  in cases of presence  𝐾 ≠ 0 /absence  𝐾 = 0  of 

porosity parameter. The temperature is observed to decline as 

the factor 𝑛 grows, and this decrease is more for 𝐾 ≠ 0 than 

from 𝐾 = 0. The escalation in the stretchable factor affects a 

deduction in the thermal boundary layer, which reduces the 

temperature.  

Figure 7 represents temperature profiles for 

suction/injection parameter in the light and absence of porous 

material's effects, i.e., for  𝐾 ≠ 1 and  𝐾 = 0. Growth in the 

suction parameter means an enhancement of fluid temperature. 

In contrast, a rise in the injection leads to a reduction in the 

temperature, and this reduction is more extensive for  𝐾 =
1 than for 𝐾 = 0.  

Figure 8 portrays the temperature distribution for diverse 

estimations of radiation parameter. The temperature profile is 

observed elevated from 𝑅𝑑 = 0.5 to 𝑅𝑑 = 2.0. Enhancing the 

estimations of the radiation factor means the lessening in the 

mean absorbing factor, which indicates to the production of 
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more heat inside the fluid, so fluid temperature increases.  

 

 
 

Figure 8. Temperature deviations of radiation parameter 

 

 
 

Figure 9. Temperature deviations of Joule heating parameter 

 

 
 

Figure 10. Temperature deviations of Casson parameter 

In Figure 9, the temperature distribution due to Joule 

heating is presented. It is observed that as the Joule heating 

parameter (J) increases, the temperature in the conductor is 

enhanced. Higher values of the Joule heating parameter result 

in an increase in the temperature of the liquid, indicating a 

direct correlation between the parameter and the temperature 

rise. 
Figure 10 illustrates the temperature outlines for different 

values of the Casson parameter variable. As the Casson 

variable (β) increases, the temperature is also observed to rise. 

This can be attributed to the fact that an increase in the β 

parameter leads to an increase in applied stress, this 

additionally increases the thickness of the temperature 

boundary layer. Consequently, the temperature increases. 

 

 
 

Figure 11. Temperature deviations of heat source parameter 

 

 
Figure 12. Concentration deviations of Casson parameter 

 

Figure 11 displays the temperature outlines considering the 

heat source. By examining the graph for increasing values of 

the heat generating variable, it is evident that more heat is 

being added to the fluid. This additional heat input facilitates 
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an increase in the temperature and the temperature boundary 

layer. 

 

 
Figure 13. Concentration deviations of heat source parameter 

 

Figure 12 portrays the concentration profile for the Casson 

parameter. The increasing observations of the Casson fluid 

parameter leads to growth in the viscosity and hence inner 

resistance of the fluid to flow. So, for enhanced estimations of 

the Casson liquid parameter, the concentration rises. Figure 13 

represents the concentration profiles for the heat source 

parameter in the presence (𝐾 = 1)/absence (𝐾 = 0) of the 

porosity parameter. It is noted that concentration downs with 

the rising observation of the heat source parameter, and this 

temperature falling is more extensive when 𝐾 = 0. 

Table 1 represents skin friction drag values for diverse 

values of 𝑛  and 𝐾  in suction and injection cases. It is 

perceived that more frictional force will be generated for 

higher observations of 𝐾 . Table 2 represents the Nusselt 

number for progressive observations of 𝐾  and 𝑁𝑡 regarding 

the Prandtl number and distinct values of 𝐸𝑐 and 𝛾. For higher 

values of 𝐾  in both situations of sucking (injection). It is 

witnessed that the Nusselt number rises. Table 3 represents 

Sherwood numbers for progressive values of chemical 

reaction parameter, also for progressive values of 𝐾, 𝑁𝑡, and 

concerning Prandtl number. Table 4 presents a comparative 

study of the Nusselt number for different values of the Prandtl 

number. It is observed that as the Prandtl number increases, 

the Nusselt number also increases. This finding is consistent 

with previous studies and aligns well with the existing 

literature, indicating a good agreement (Table 5). 
 

Table 1. Estimations of 𝑓′′(0) for distinct values of 𝑛, 𝐾 

 
n F K 𝒇′′(𝟎) 
1 -0.2 1 0.698437 

2 -0.2 2 0.839000 

3 -0.2 3 0.938807 

1 0.2 1 0.744031 

2 0.2 2 0.901365 

3 0.2 3 1.015967 

Table 2. Values of -θ'(0) 
 

Pr Sc Ec β λ n γ M F K Nb Nt Rd J -θ'(0) 

7 9 0.1 0.5 0.2 2 0.1 1 0.2 2 0.3 0.3 0.1 0.1 0.753804 

  0.2    0.5        0.733717 

  0.3    1.0        0.680683 

0.7 9 0.3 0.5 0.2 2 0.1 1 0.2 0.0 0.1 0.1 0.1 0.1 0.491388 

0.7         1.0  0.2   0.402130 

0.7         2.0  0.3   0.297585 

1.0         0.0  0.1   0.562524 

1.0         1.0  0.2   0.466578 

1.0         2.0  0.3   0.352080 

7 9 0.3 0.5 0.2 1.0 0.1 1 -0.2 0.0 0.1 0.3 0.1 0.1 0.219967 

        -0.2 1.0     0.204350 

        -0.2 2.0     0.092368 

        0.2 0.0     0.369446 

        0.2 1.0     0.243694 

        0.2 2.0     0.061423 

 

Table 3. Values of -ϕ'(0) 

 
Pr Sc Ec β λ n γ M F K Nb Nt Rd J -ϕ'(0) 

7 9 0.3 0.5 0.2 2 0.0 1 0.2 2 0.1 0.1 0.1 0.1 -0.022872 

      0.1        -0.450766 

      0.3        -0.673748 

1 9 0.3 0.5 0.2 2 0.1 1 0.2 0.0 0.1 0.1 0.1 0.1 -0.518578 

         1.0  0.3   -1.563202 

         2.0  0.5   -2.138776 

0.7 9 0.3 0.5 0.2 2 0.1 1 0.2 0.0 0.1 0.1 0.1 0.1 -0.516875 

         1.0  0.3   -1.557335 

         2.0  0.5   -2.157702 

        0.2 2.0     0.061423 
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Table 4. Comparative study of -θ'(0) 

 
Pr Bachok et al. [32] Abo-dahab et al. [41] Present Results 

5.0 2.43078 2.43075 2.43665 

7.0 2.85270 2.85266 2.82272 

9.0 3.21459 3.21451 3.27122 

 

Table 5. Thermophysical properties of nanofluid 

 

Property Nanofluid 

Density 
11 1(1 )nf f s    = − +  

Viscosity 
( )

2.5

11

f

nf





=

−

 

Thermal Conductivity 
( )
( )

1 1

1 1

1

1

2 2

2

s f f s

nf f

s f f s

k k k k
k k

k k k k





+ − −
=

+ + −
 

 

 

5. CONCLUSIONS 

 

The present study shows MHD Casson-type nanofluid 

movement via a nonlinearly stretchable plate along with 

suction/injection. Also, Joule heating, and radiation influences 

are considered. Fluid flow is across a porous material. The 

chemical reaction is also taken into consideration. Flow due to 

a nonlinearly stretching sheet has potential applications in 

various fields of science, such as metallurgy and chemical 

engineering processes with industrial applications which 

include glass fibre, paper production, hot rolling, metal 

spinning, wire drawing, etc.  

It is determined that: 

• The liquid flowing rapidity is reduced in the presence of 

the absorbent medium, suction/injection, and non-linear 

stretching parameter. 

• The fluid temperature is enhanced in case of progressive 

observations of Casson, radiation, Joule heating, and heat 

source parameters. The opposite nature is detected in the 

nonlinearly stretching parameters. 

• The fluid concentration is increased for the Casson factor 

and decayed for heat source variable. 

• Fluid viscosity and thermal radiation, chemical reaction, 

porosity and Joule heating have significant impact on the 

Casson nanofluid flow. 

• The remarkable phenomenon of Joule heating effect finds 

its applications in diverse industries such as food 

processing, materials synthesis, medicine, pharmacology, 

and chemical industries. By harnessing the power of Joule 

heating, we can ensure the maintenance of high-quality 

food products and facilitate the synthesis and processing 

of various materials. 

• In future this work can be carried out for new types of 

flow flat forms, adding few more effects and different 

types of Nano fluids. Also, this study can be extended for 

hybrid Nano fluids.  
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NOMENCLATURE 

𝑢, 𝑣 rapidity elements in 𝑥, 𝑦 orientation 

𝑢𝑤 stretching sheet velocity 

𝑇𝑤 temperature of stretching sheet 

𝑇∞ ambient temperature 

𝐶∞ ambient concentration 

𝜐 kinematic viscosity(m2 s−1) 

𝛽 Casson liquid variable 

𝑘0 permeability of the porous material 

𝜎 electrical conductivity(s/m) 

𝐵(𝑥) magnetic field's strength(N/m/a) 

𝜌𝑓 fluid viscosity 

T temperature of nanofluid 

𝛼 thermal diffusivity(m2/s) 

𝑃𝑟 Prandtl quantity 

𝜆 heat source or sink parameter 

Ec Eckert number 

J Joule heating parameter 

F suction/injection parameter 

𝐶𝑓𝑥 skin friction parameter 

𝜏𝑤 shear stress 

𝑄0 heat source parameter 

𝑐𝑝 specific heat capacitance (J k g - 1 K - 1) 

𝜏 ratio of heat capacity 

𝐷𝑇 thermophoretic parameter 

𝐷𝐵 Brownian motion factor 

𝑞𝑟 radiative heat flux 

𝑘1 chemical reaction coefficient 

a, A constants 

𝑘 thermal conductivity(Wm-1K-1) 

𝑁 nonlinearity parameter 

𝐾 porous medium argument 

𝑀 magnetic parameter 

𝑅𝑑 radiation parameter 

𝑁𝑏 Brownian motion argument 

𝑁𝑡 thermophoretic argument 

Sc Schmidt number 

𝛾 chemical reaction parameter 

𝑁𝑢𝑥 local nusselt number 

𝑆ℎ𝑥 local sherwood number 

𝑞𝑤 , 𝑞𝑚 wall heat and mass flux 

Abbreviations 

PDE partial differential equations 

ODE ordinary differential equations 
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