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In a graph G, define Pell labeling is a map f:V(G) = {0,1,---,p — 1} with an induced
function f*: E(G) = N defined by f*(uv) = f(u) + 2f (v) for every uv € E(G) are
all distinct where u, v < 0. In addition to this a graph which admits Pell labeling
concept is known as Pell graph. In this paper, the Pell labeling concepts applied for the
following graphs such as splitting of Star, cycle with parallel chords, alternate double
triangular Snake, ladder, Triangular ladder, diagonal ladder, shadow and splitting of
path, bistar, subdivision of bistar, prism, BZ, and friendship graphs are studied. Our
analysis contributes to the understanding of Pell labeling across a broad spectrum of
graph configurations, highlighting its applicability and the unique characteristics of

each considered graph family.

1. INTRODUCTION

In 1960, the graph labeling was introduced by Gallian [1];
an interesting problem that has an assignment of integers to a
set of vertices or edges as well as for both in a graph G satisfies
certain mathematical conditions. It has been classified into two
types such as vertex-labeling and edge-labeling. In general, a
labeled graph represents a vertex-labelled graph in which each
label is distinct labeled by the consecutive integers of almost
the maximum number of vertices in a graph.

Shiama et al. [2-11] discussed the types of Pell-labeling
concepts for some graphs namely path graph, star and double
star graphs, bistar graph, cycle graph, coconut tree including
Bpny - Jagadeeswari et al. [3-7] introduced an extended
duplication of each vertex, duplication of a pendant vertex
C,©OK; and switching of a pendant vertex in a path by the edge
to describe the square difference labeling (SDL). Shanthi
Maheswari [4-10] defined a d,-splitting of graph concept with
some properties. Sumathi et al. [5, 6] presented a family of the
following ladder graphs using quotient labeling numbers such
as open and closed ladder graphs, open and closed triangular
ladder graphs, slanting and step ladder graphs including an
open diagonal ladder graph. Moussa et al. [7, 8] described an
existence of difference cordial labeling, Pell labeling for
inflated triangular snake graph and its an alternative snake
graph. An extended duplicate graph of an arrow graph and a
splitting graph defined with respect to a path that provides a
Pell labeling graph in Gallian et al. [1, 8]. Sriram [9-12]
discussed a Square of Path graph 2P, with results related to
the Pell labeling graph. Sumathi et al. [6, 10] described an
extension of a quadrilateral snake graph for Pell labeling and
mean square sum labeling graphs. Vaidya [11, 15] et al.
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explained the concepts of product cordial labeling for an
alternate triangular with quadrilateral snake graphs. Shiama et
al. [2, 3, 12, 13] studied the cordial, bi-conditional, difference
cordial and Pell labeling ideas applied to an inflation of the
alternate triangular snake graph I(A(T,)) for the even values
of n followed by the alternate blocks will be counted from
second vertices. Sriram et al. [9, 14] discussed the value of a
proper lucky labeling number of ladder graphs, slanting and
triangular ladder graphs, open-triangular and diagonal ladder
graphs; and also include an open diagonal ladder graphs.

In this article, we discuss Pell labeling for graph labels for
graphs used in transportation, emergency response planning
and topology for digital relationships, where the population is
the vertices and the interconnection is the edge. We have used
number theory concept to describe the functions for the
vertices and their induced edges.

2. PRELIMINARIES

The basic definitions on graphs [15]. Some graphs are
Splitting graph S(G), Ladder graph (L, ), Triangular ladder
graph T(L,), Diagonal ladder graph D(L,), Alternate
Triangular Snake are referred [2, 8, 10, 11] are respectively.

3. MAIN RESULTS

Theorem 3.1

The splitting graph of K; ,, admits Pell labeling.
Proof: Consider the graph ¢ = (V, E) be a splitting graph of
K, with the vertex set V = {x,x',x;,x;'/1 < i <n} and
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edge set E = {xx;",xx;,x;'x;/1 <i <n}, then |V(G)| =
2(n+ 1) and |E(G)| = 3n.

Let G be a bijective function from ¢:V - {0,1,2,--}
defined for 1 < i < n as follows.

d(x) =1,
$(x') =0,
¢(x;) = 2,

d(x') =2i+1,

and the induced function ¢*:E(G) - N defined by
¢*(xx") = p(x) + 2¢(x'), xx" € E(G), yields the edge
labeling as follows:

Forl1<i<n,

¢ (xx;) =2i+1,
¢ (xx) =20 +1,
¢*(x'x;) = 4i.

Thus, all the vertex and edge labeling satisfy the Pell
labeling.

Figure 1. Pell labeling of splitting of K; , graph

Thus, the entire edges are labeled and satisfies the required
condition. Hence the splitting graph of K(I,n) admits Pell
labeling (Figure 1).

Theorem 3.2

The cycle C,(n = 6) with parallel chords admits Pell
labeling.
Proof: Consider the graph H with vertex set V = {v, /0 <
k <n—1}and edge setE = {vvyqy vy /0 <k <n-—
1}. The cardinality of vertices is n and for edges its Gn3) i

2
odd and E2=2) if even. Let ¢ be a bijective function from the

2
vertices {0,1,2,3, --- } defined as follows:

0<k<n-1

d(wp) =k,

and the induced function ¢*:E(H) — N yields the edge
labeling:
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(l)*(vk vk+1) = 3k + 2, k = 1,3,5,"'
whenn is odd k = 4,6,8,---, when n is even, ¢*(vy, Vy42) =
3k+4, k=012, ¢*(vyvy) = 2.

Edge labeling is distinct hence the theorem acknowledges
the labeling.

L]

Figure 2. Pell labeling of odd cycle C, with parallel cords

vg 0

Figure 3. Pell labeling of even cycle C¢ with parallel cords

All the edge labeling are distinct. The cycle C,,(n = 6) with
parallel chords admits Pell labeling. Hence the result (Figures
2-3).

Theorem 3.3

Alternate double triangular snake admits Pell labeling
(Figure 4).

Proof: Consider an alternate triangular snake graph.

LetV ={u;v; /0 <i<n-—1,0<j<n}be the vertices
setand E = {u;u;4q, w0, vju; /0 <i<n—1,0<j<n}be
the edge set. The cardinality of vertices is 2n and edges is
3n — 1. Let ¢ be a bijective function ¢*: E(G) — N gives the
vertices and edge labeling as follows.

o) =2i, 0<i<n-1
p(v;))=2j—-1, 0<j<n
¢ (wui4q) = 60 + 4,
¢ (wv;) =5i+j+1,
<;b*(uivj) =6(+1),

when i =0,2,4,--,n—1, j =2,4,6,-,n; ¢*(vju;) = 6j —
1, i,j=135""

The entire edges are distinct. Hence the result.



Figure 4. Pell labeling of alternate double triangular snake A(Tg) graph

Theorem 3.4

The ladder graph satisfies Pell labeling (Figure 5).
Proof: Consider a ladder graph L,,. LetV = {u;,v; /1 <i <
n} be the vertices set and E = {u; U1, V;Vipq, w0 /1 <0 <
n} be the edge set. The cardinality of vertices is 2n and edges
is3n — 2. Let ¢ be a bijective function ¢*: E(G) — N gives
the vertices and edge labeling as follows.

Foro<i<n

¢(ul) =20 — 1:
dp(w) =2i-2,
¢ (wiuiq) =60+ 1,
¢*(viviy,) = 60— 2,
(j)*(uivi) = 61 —4.

13 us g 19 ug 7 us 9

20 26

v2 2 10 U3 4 16 Ui

Figure 5. Pell labeling of ladder graph

The entire edges are distinct. The ladder graph admits a Pell
labeling. Hence the result.

3 uz 13 Hu3
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1 Uy 7

7 Uy 25
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23 26

v 4 2 v2 10 4 v3 16 6vs 22 8 Us

Figure 6. Pell labeling of triangular ladder graph

Theorem 3.5

The triangular ladder TL, graph satisfies Pell labeling
(Figure 6).
Proof: Consider triangular ladder TL,,. Let V = {u;, v;/1 <
i <nj} be the vertices set and E=
{utyyq1, ViV, WiV, VU1 /1 < 0 < n} be the edge set. The
cardinality of vertices is 2n and edges is 4n — 3. Let ¢ be a
bijective function ¢*: E(G) — N gives the vertices and edge
labeling as follows.
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¢(u;) =2i —1, 0<i<n
¢p(v))=2i—-2, 0<i<n
¢ (wui) =6i+1, 0<i<n
¢ (Viviy) = 60— 2,
¢ (uv) = 60 — 4,
¢*(wvip) =6i—1. 1<i<n

The entire edges are distinct. The Triangular ladder T'(L,,)
graph admits a Pell labeling. Hence the result.

Theorem 3.6

The diagonal ladder DL, graph satisfies Pell labeling
(Figure 7).
Proof: Consider diagonal ladder DL,. LetV(G) = {u;,v; /
1<i<n} be the \vertices set and E(G)=
{uiuipq, vivip1, WiV, ViU, /1 < i < n} be the edge set. The
cardinality of vertices is 2n and edges is 5n — 4. Let ¢ be a
bijective function ¢p*: E(G) — N gives the vertices and edge
labeling as follows.

For1<i<n,

dp(u) =2i —1,
d(v;) =2i -2,
¢ (uup) =60+ 1,
¢*(vivip) = 60— 2,
¢ (wv;) = 60 — 4,
¢ (uvi4q) = 60— 1,
¢ (viuiq) = 6.

The entire edges are distinct. Hence the result.

H ug 19 7 U4 9 us

up 1 7 3 Uy

(%]
oo

-
20 2

v () 4 2 v 10 1 v3 16 6 v 22

Figure 7. Pell labeling of diagonal ladder graph

Theorem 3.7

The shadow graph D, (p,,) satisfies Pell labeling (Figure 8).
Proof: Consider the shadow graph G. Let V = {u;,v; /1 <
i<n} be the wvertices set and E =
{Uuiltiy1, ViVig1, WiVisq, Villiyq /1 < i < n} be the edge set.
The cardinality of vertices is 2n and edges is 4n — 4.

Let ¢ be a bijective function ¢p*: E(G) = N gives the
vertices and edge labeling as follows.



Forl1<i<n,

d(u) =2i -1,
d(v;) =20 -1,
¢ (Wiugq) = 60+ 1,
¢"(Vvipq) = 60— 2,
¢"(Wviyq) = 60 — 1,
" (viuiyq) = 6.
vy 1 2 | U3 6 Uy
() 10 16

[
[}
e
x

10 v

uy 7 3 uz 13 5 oug 19 T Uy 25 9 Us 31

Figure 8. Pell labeling of shadow D, (p,,) graph

The entire edges are distinct. The shadow graph D, (B,)
admits a Pell labeling. Hence the result.

Theorem 3.8

The graph S(B,) satisfies Pell labeling (Figure 9).
Proof: Consider the graph G. LetV = {u;,v; /1 <i < n}be
the vertices set and E = {u;uj11, ViVitq, UiVig1, Villiz1 /1 <
i < n} be the edge set. The cardinality of vertices is 2n and
edges is 3n — 3.

Let ¢ be a bijective function ¢p*: E(G) - N gives the
vertices and edge labeling as follows:

Forl1<i<n,

o(u;) =2i -1,
o(v;) =20 - 1),
¢ (ujuyq) = 60+ 1,
¢ (uvipq) = 60— 1,
¢"(viuiyq) = 6L

The entire edges are distinct. Hence the result.

1w 7 uz 13 5 ug

5 9 Us

31 1lug 37 uz
Figure 9. Pell labeling of S(B,) graph

Theorem 3.9

The bistar B,y graph admits Pell labeling (Figure 10).
Proof: Consider the bistar graph G. Let V = {x,x',u;, v;/1 <
i <n} be the vertices set and E = {x'u;,xv;/1 < i < n} be
the edge set. The cardinality of vertices is 2n + 2 and edges is
2n+ 1.

Let ¢ be a bijective function ¢*: E(G) - N gives the
vertices and edge labeling as follows:

For1<i<n,

¢(ul~) =20+ 1,
d(v;) = 2i,
$(x) =1,
¢(x') =0,
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¢ (x'u) =4i+3,
¢ (xv;) = 4.

Figure 10. Pell labeling of bistar B, 4, graph

The entire edges are distinct. The Bistar B(;, ) graph admits
Pell labeling. Hence the result.

Theorem 3.10

The subdivision of bistar satisfies Pell labeling (Figure 11).
Proof: Consider the subdivision of bistar graph G.
Let V = {c,u,v,u;v;,u;,v;/1 <i<n} be the vertices set
and E = {cu, cv, uu;, vv;, wui, v;v; /1 < i < n} be the edge
set. The cardinality of vertices is 4n + 3 and edges is 4n + 2.
Let ¢ be a bijective function ¢p*: E(G) — N gives the vertices
and edge labeling as follows:

Forl1<i<mn,

¢(c) =0,
¢ =2,
o) =1,
P(u) =2i +2,
dp(v) =2i+1,
¢ (cw) = 4,
¢*(cv) = 2,

¢ (uy;) =4i+6,
¢*(uyu;) = 16i + 20,

¢ (vv) = 4i + 3,
¢*(viv)) = 6i + 27.

The subdivision of bistar graph admits a Pell labeling.
The entire edges are distinct. Hence the result.

Uz 99

Figure 11. Pell labeling of subdivision of bistar graph

Theorem 3.11
The prism graph y is a Pell labeling (Figure 12).
Proof: Consider the prism graph G.



Let V ={u;,v;/1<i<7} be the vertices set and E =
(U1, ViV, WiV, V1V, U U, /1 < 0 < 7 be the edge set.
The cardinality of vertices is 2n and edges is 3n. Let ¢ be a
bijective function ¢*: E(G) — N gives the vertices and edge
labeling as follows:

For1<i<?7,

d(u) =20 —1),
dp(v) =2i—-1,
¢ (Wiuzyq) = 60— 2,
¢"(vvipq) =60+ 1,
¢ (wv;) = 60 — 4,
" (wuy,) = 20,
¢ (vyvy) = 23.

The entire edges are distinct. Hence the prism graph.

Figure 13. Pell labeling of BZ 5 graph

Theorem 3.12

The graph B ,, admits a Pell labeling (Figure 13).
Proof: Consider the B7,, graph G. LetV = {x,x’,u;, v;/1 <
i <n} be the vertex set and E = {xx', xu;, xv;, x'u;, x'v;/
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1 < i <n} be the edge set. The cardinality of vertices is

|[v(G)| = 2n+ 2 and edge |E(G)| = 4n + 1 be the function

¢™: E(G) — N gives the vertices and edge labeling as follows:
For1<i<n,

¢(x) =0,
Pp(x) =1,
d(w;) = 2i,
o) =2i+1,
¢ (xx") = 2,
" (xuy) = 4,

¢ (xv;) = 4i + 2,
o (x'u) =4i+1,
¢ (x'v;) = 4i + 3.

The graph BZ,, admits a Pell labeling. Hence the result.

Theorem 3.13

The friendship graph F, admits a Pell labeling (Figure 14).
Proof: Consider the friendship graph G. LetV = {c,v;/1 <
i < n} be the vertices setand E = {v;v;,4,cv;/1 < i < n}be
the edge set. The cardinality of vertices is 2n + 1 and edges is
3n. Let ¢ be a bijective function ¢*: E(G) —» N gives the
vertices and edge labeling as follows:

Forl<i<mn,

$(c) =0,
o) =1,
¢*(cv;) = 2i,

¢ (viviyq) = 60 — 1,

Hence the result.

89 V30

)20
59

=
V19 g 53ur v

Figure 14. Pell labeling of friendship graph

Theorem 3.14

Z — P, is a Pell graph (Figure 15).
Proof: Let G be a graph with 2n and 3n-3 number of vertices
and edges respectively. Consider V(G) = {u;, v; <i <n}
and E(G) = {uuj41, ViVi41, UiVip < <n—1}
Define a onto mapping ¢:V(G) — E(G) as:

dp(u) =2(-1)
dp(v) =2i—1

From the above labeling, ¢* is defined as:



¢ (winiq) = 60— 2
P*(vip) =6i+1
¢ (uivigq) = 61

Thus Z — B, is a Pell graph.

1o 7 g2 13 ug 19 70 % 95
//// 30
0 2 0 I 5 6 2 8
% 1 2uy us 16 6 uy 22 “ug

Figure 15. Pell labeling of Z — P, graph

Theorem 3.15

Moth graph is a Pell graph (Figure 16).
Proof: Let G be a Moth graph with 6 vertices and 7 edges. Let
V(G) = {w; for j = 1,2,...,n} and E(G) = {w;wj,, forj =
1,2..,n— 1} . Then the bijective function ¢ is defined as
#(w;) = j — 1 and ¢ for the above labeling is defined as:

" (wyw3) =4
¢ (wyw3) =5
d"(wsw,) =8

¢ (wyws) = 11
P (wswg) = 14
¢"(wsws) =10
d"(wawe) = 12

Thus entire 7 edges are distinct. Hence Moth graph is Pell
graph.

11 1 ws 14 5

Figure 16. Pell labeling of Moth graph

Theorem 3.16

Degree splitting of Moth graph admits Pell labeling (Figure
17).
Proof: Let G be a degree splitting graph of Moth graph with 8
vertices and 11 edges. Consider a bijective function ¢:V —
{0,1, ...,7} defined as:

p(w)=j—-1, 1<j<5
p(x) =6
p) =7

Thus, we receive 1-1 function as:

¢ (uzuy) =8

31 110

28 10 ug
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" (ugus) = 11
¢ (usug) = 14

¢ (usug) =9
¢ (uguz) = 4
¢"(uuz) =5
¢ (uyx) =12
¢"(ux) =13
¢ (uyy) =17
¢ (ugy) =19

¢ (uzus) = 10

Hence Degree splitting of Moth graph admits Pell labeling.

Figure 17. Pell labeling of degree splitting of Moth graph

Theorem 3.17

The graph K; K, ., is a Pell graph (Figure 18).
Proof: Let G be a graph with vertices V(G) = {u,v,u/1 <
k <n} and edges E(G) = {uuy, uv,vu, /1 <k <n-—1}.
[V(G)] =n+2 and |E(G)| = 2n + 1. Define a mapping
¢: V(K Kpyr) = {0,1,...,n — 1} as:

pw) =0
pw) =1
Ppw) =k+1

Thus, the entire 2n + 1 edges have distinct labeling. Hence
the graph K; K, is Pell graph.

Figure 18. Pell labeling of K, K5, graph

Theorem 3.18
Quadrilateral snake Q,, admits Pell labeling (Figure 19).
Proof: Consider the Quadrilateral snake Q,. Let {u;, v;, w;/



1 <i < n} be the vertices and {u;u;yq, V;W;, WV, Williyq /
1 < i < n} be the edges. The cardinality of the vertices is 3n-
2,n = 1 and edges is 4(n — 1). Let ¢ be a bijective function
from f*: E(G) = N gives the vertices and edge labeling as
follows:

For1<i<mn,

¢ (ul-) = 3i-3

dp(v) =3i—-2
(i)(WL) = 3i-1
¢ (wuiyg) = 9i—3
¢ (viw) =9i— 4
¢ (uv) =9i—7
d"(wingy,) =9i—1

Hence Quadrilateral snake Q,, admits Pell labeling.

g 12 Y 45

Figure 19. Quadrilateral snake Qg

Theorem 3.19
Alternate Quadrilateral snake AQ, admits Pell labeling
(Figure 20).
Proof: Consider the Alternate Quadrilateral snake AQ,,. Let
{u, v, x;,y; /1<i<n} be the vertices and
{vivi 1, vy, Wiy, uxg, %y /1 < i < nj be the edges. Let
be a bijective function from ¢*: E(G) — N gives the vertices
and edge labeling as follows:
For1<i<n,
d(u) = 4i-4
¢ ;) = 4i-1

2

6

in

20

¢(x;) =4i—3
() =4i—2
¢ (wv) = 6(2i—1)
" (iup) =12i—1
" (ux;) = 2(6i —5)
¢ (xy) =120 =7
¢ (viy) =120 — 4

Hence Alternate Quadrilateral snake AQ, admits Pell
labeling.

23

ry 9 10

i1

30

ry 13

14

n

a

u g

U g 1

L V3

Figure 20. Alternate quadrilateral snake AQg

4. CONCLUSIONS

In this paper the Pell labeling for some graphs like splitting
of Star graph, cycle graphs with parallel chords, Alternate
double triangular Snake graph, ladder, Triangular ladder,
diagonal ladder, shadow and splitting of Path, bistar,
subdivision of bistar, prism, B, and friendship graphs are
investigated. Future research work on Pell labeling for swastik,
one step grid, double step grid graphs will be investigated.
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