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Fixed-point techniques are fundamental in mathematical analysis, providing versatile
tools for solving various problems across different domains. The utility of these
techniques has attracted considerable interest from researchers, leading to numerous
investigations and developments in this area. This article introduces the new concept
of a hybrid pair of an orthogonal ¢-compatible map on orthogonal-complete metric
space. We prove some common triple-fixed-point results for such contractions. We
have achieved several significant outcomes regarding triple fixed points for contraction
mappings. These outcomes not only advance the theory of fixed-point theorems but also
facilitate practical applications in mathematical modeling and analysis. To exhibit the
potency of our approach, we provide an example that demonstrates the soundness of the
new theorem premise, highlighting its relevance and applicability in real-world
situations. The discoveries presented in this article have important implications for the
study of integral equations. By using the triple fixed-point results established here, we
can prove the existence of solutions to integral equations, which helps to solve
important problems in mathematical physics, engineering, and other fields. In general,
the contributions of this work expand the horizons of fixed-point theory and offer
valuable insights into its applications in various areas of mathematics and beyond.

1. INTRODUCTION

In 1922, the seminal work of Banach [1] on contraction
mappings led to the foundational fixed point (Fp) theorems in
metric spaces (MS). These theorems have since been
instrumental in various fields, extending the scope of Banach's
principle to a broader context within MS. Fixed-point
in developing
mathematical methods pivotal for tackling complex problems
in applied mathematics and various scientific disciplines. The
exploration of algorithms, particularly their convergence and
optimization,
incorporation of both ordinary and fractional differential
equations, alongside integral equations, represent some of the

theorems have become a cornerstone

divergence properties  within

intriguing applications of fixed-point theory.

Fixed-point theory is bifurcated into two distinct streams of
inquiry: one that addresses metric spaces, which is integral to
computational disciplines such as computing, computational
biology, and bioinformatics, and another that focuses on
topological problems, capturing the interest of topologists and
theoretical computer scientists. The integration of fixed-point
theory into these fields underscores its versatility and wide-
ranging applications. Particularly, fractional
equations have gained recognition for their efficacy in
modeling the intricate dynamics of systems characterized by

non-locality and memory effects.

Nadler's extension [2] of the Banach contraction principle

differential

to multi-valued mappings in 1969 marked a significant
advancement, laying the groundwork for the exploration of
Fps within the realm of Hausdorff metric spaces. Subsequent
research has yielded a multitude of Fp results for various
classes of multi-valued contractive mappings, as documented
extensively in the literature [3-6].

The evolution of fixed-point theory continued with the
introduction of the concept of coupled Fps by Guo and
Lakshmikantham [7] in 1987 within the framework of partially
ordered MS. This notion was further expanded to multi-valued
mappings by Hussain and Alotaibi [8], with numerous authors
contributing to the establishment of coupled Fp theorems
across diverse MS settings.

Building on this foundation, Aydi et al. [9] in 2012 put
forward the concept of coupled coincidence points for hybrid
pairs of mappings, adhering to a monotone property. This was
followed by the pioneering work of Berinde and Brocut [10],
who presented the novel idea of tripled Fps in partially ordered
MS, and Brocut [11], who explored tripled Fps for nonlinear
mappings within the same context, elucidating both existence
and uniqueness theorems for contractive type mappings.
Amini-Haandi [12] further refined these ideas, proposing a
simple and unified approach to the theories of coupled and
tripled fixed points in partially ordered complete MS. For
more details refer in references [13-17].

More recently, Rashwan et al. [18] broadened the scope of
tripled Fps to Geraghty-type contractions in standard MSs

and the
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endowed with binary relations. In the latest development,
Etemad et al. [19] in 2022 validated the existence of solutions
to certain problems by utilizing contraction mapping
principles alongside measures of non-compactness, tripled Fp
results, and the modulus of continuity.

In recent developments within the realm of fixed-point
theory, the year 2017 marked a notable advancement with the
work of Eshaghi Gordji et al. [20], who introduced a novel
perspective on orthogonality in metric spaces, thereby
providing a means to expand upon existing theorems.
Expanding upon their own preliminary findings, Eshaghi
Gordji and Habibi [21] furthered this line of inquiry by
establishing fixed-point theorems pertinent to generalized
orthogonal metric spaces. Additional contributions that delve
into orthogonal concepts within this mathematical area can be
found in references [22-26].

Building upon this conceptual framework, Rad et al. [27]
ventured into uncharted territory by proposing the idea of
orthogonal coupled fixed points within orthogonal metric
spaces (O-MS). In our current study, we delve into the
interplay between hybrid pairs and orthogonal £-compatible
mappings. We present a theorem that not only asserts the
existence but also the uniqueness of tripled fixed points (TFp)
in orthogonal metric spaces. This theorem we propose serves
as a synthesis and expansion of numerous established results,
thereby enriching the existing body of literature.

To illustrate the practical implications of our findings, we
incorporate an example that underscores the effectiveness of
these results. We culminate our discussion by demonstrating
how the main theorem we have established can be effectively
applied to ascertain the existence of non-negative solutions to
integral equations.

2. PRELIMINARIES

Throughout this paper, we denote by Y, N and R a
nonempty set, the set of positive integers and the set of positive
real numbers, respectively.

Nadler [2] defined Fp in multi-valued maps, as follows:

Definition 2.1. An element @€Y is said to be a Fp of a set-
valued function D: Y—Cg(Y) iff o€Dg [2].

The concept of coupled Fp was introduced by Hussain and
Alotabi [8], in 2011.

Definition 2.2. [8] Let ®: YXY—CL(Y) be a given map.
We say that (@, Q)€Y XY is a coupled Fp of @ iff p€® (o, ¢),
GED (¢, 9).

Aydi, Abbas and Potoache [9] are presented the concept of
coupled coincidence and coupled Fp of pair of maps in 2012,
as follows:

Definition 2.3. Let the maps ®: YxY—Cg(Y) and g: Y—>Y
be given an element (¢, ))EY XY is called [9]:

1. a coupled coincidence point of pair {®, g} if gp€D(¢, )
and ge€D(, ¢);

2. a coupled Fp of a pair {®, g} if p=gp€dD(9, ¢) and
G=gED(, ©).

Berinde and Borcut [10] initiated the notion of TFp and
obtained a TFp theorem for single valued mapping.

Definition 2.4. Let Y be a non-empty set, a mappings D:
Y3-2Y, and : Y=Y [10]:
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1. The point (@, g, ®)EY?3is called a TFp of D if p€D(o, g,
©), GED(G, ¢, ®), ®ED(w, ¢, ).

2. The point (¢, ¢, ®)EY® is called a TCp (tripled
coincidence point) of D and ¢ if :€D(o, ¢, ), ! cED(g, ¢, ®),
t @ED(w, ¢, 0).

3. The point (¢, ¢, ®)€Y?is called a tripled common Fp of
D and @ if p=0€D(9, ¢, ®), c=1GED(G, ¢, ¢), ®=t® ED(w, g,
9).
The following definition, which serves as the foundation for
the rest of our work, is where we begin.

Definition 2.5. Let Y be non-void and LEYXY be a binary
relation. If L fulfills the following condition [20]:

3 0. (V L, L L go)or (VL ol L),

then (Y, L) is called an Ogt.

Definition 2.6. Let (Y, L, *R) be an orthogonal MS if (Y, 1)
is an Osrand (Y, R) is a MS [20].

Definition 2.7. Let (Y, 1, ‘R) be an orthogonal MS [20].

1. Then @: Y=Y is said to be orthogonally continuous in
LEY if for each Osq (0rthogonal sequence) {I&}wenin Y with
—p, we have o(b)—0o(). Also, o is said to be orthogonal
continuous on Y, if g is orthogonal continuous in each peY.

2. Then Y is called an orthogonally complete if every
Cauchy Osgq is convergent.

3. A function @: Y—Y is called a Opes (orthogonal
preserving) if o(p)Lo(0) if gL L.

Inspired by the hybrid pair of mappings defined by Rao et
al. [26], we implement a new orthogonally hybrid pair of maps
and demonstrate some TFp theorems in O-complete MS for
this contraction mapping.

3. MAIN RESULT

We modify the notion of hybrid pair of map contraction to
orthogonal sets in this article. To illustrate our results, we also
give some examples and application.

Now, we begin with the definition of an orthogonal ¢-
compatible.

Definition 3.1. Let D: Y®—2Y be a multi-valued mapping
and ¢ be a self-map on Y. The Hybrid pair {D, } is said to be
orthogonal (-compatible if :(D(p, ¢, ®))SD(e, i, W)
whenever (¢, g, ®) is a TCp of D and ?.

Our main theorem is to present tripled Fp theorem via the
orthogonal ¢-compatible for an orthogonal complete MS.

Theorem 3.1. Let (Y, L, p) be an orthogonal complete MS
and let D: Y3—Cg(Y) and : Y—Y maps with D is Opres
satisfying:

(3.1) H(D(o, ¢, ®), D, 3, O)<Tp(29, )+Rp(s, y)+kp(ro,
W), Vo, ¢, o, 1, ], LEY and T, R, k[0, 1) with T+R+k<k<I,
where « is a fixed number.

(3.2) D(Y®)<(Y) and (Y) is a complete subspace of Y.

Then the mappings D and @ have a TCp.

Further, D and ¢ have a unique tripled common Fp if one of
the following conditions hold:

(3.3) (a) {D, @} is orthogonal £-compatible, 3 1, 3, LEY s.t.
Llfﬁ dp=1, llirgzigﬂ and Llirg Yiw=C, whenever (9, ¢, ®) is a TCp
of {®, } and @ is orthogonal continuous at 1, j, £.

(b) 3 1, 5, LEY st llirg =g, Lliﬁ d=¢ and llirg =0,
whenever (¢, ¢, ®) is a TCp of {®, } is orthogonal continuous
at ¢, ¢ and o.



Proof. By the definition of O, we can find @o€Y satisfying
VoeY,pLoo)or(Ve€eY, gol o).

We can find ¢o € Y is satisfying (Vo €Y, ¢ L) or (Vo €
Y, ¢o L ¢), and we can find wo € Y is satisfying (VQEY, ¢ Lwo)
or (€Y, woLle).

It follows that @oLD(@o, Go, o) or D(@o, Co, ®0) L @o, GoLD(go,
0, S0) or D(Go, 9o, <o) L go and woLD(eo, Go, Po) or D(o, So, Po)
1 mo.

Let ¢1=D(¢o, Go, ®0), 92=D*(9o, G0, ®0), -....., Pix1=D* (9o, co,
®0); 61=D(co, Yo, G0), 2=D*(co, Vo, G0), .- 6i+1=D"™(co, ¢o, G0),
®1=D(mo, o, Po), ®2=D?(m0, <o, Po), ...... , ®i+1=D"Y(wo, o, Qo).

If pi=@is1, Gi=¢i+1 and w=wi+1 for each IENU {0}, then ¢i, g;,
w;j is a TFp of D. Suppose that @iZ@i+1, Gi #Gi+1 and oFwi+ for
all ieENU{0}. Then p D(¢i, Gi, ®i), D(@i+1, Gi+1, ®i+1)>0, p D(g;,
®i, Gi)» D(Giv1, Qist, Gi+1)<0, p D(wi, Giy ¢i), D(@is1, Git1, Pis1)>0,
for all iENU{0}. Since D is Opres, We have ¢iLlis1 or @is1 L@,
Gilgi+1 or Gir1Lgi, ®iLlwis or wi+iLlowi, VIENU{0}.

Therefore, from (3.2), there exists an Oseq{0i}, {ci} and {wi}
inY s.t.

0i+1 € D(0i, Gi, ®i), 1Gi+1 € D(gi, 0i, Gi) and wi+1ED(wi, Gi, Pi),
1=0,1,2, ......

For deduced that, we get

Pi*=p@i-1, i), Pi(2Gi-1, i), Pi®=Pwi-1, 20i) (1)

From (3.1), we have

P2*=p(2@1, 2p2)<H(D(¢o, Go, o), D(¢1, 61, 1))
+K<TP(2@o, 2p1)+R(2c0, c1)+Hhp(wo, tm1)+K @)
=Tp.* +5Rp1€+hp1m+l<

P2"=p(2c1, G2)<H(D(Go, Po, o), D(c1, 91, G1))
FKTp(g0, 1) +Rp(2@o, 1p1) (ii)
+hp(2go, G )HK=RP1*+(T+k)+1c

P2°=p(w1, w2)<H(D(wo, o, Po), D(w1, 1, P1))
+k<Tp(2mo, 201)+Rp(2Go, 1)
+hp(2@o, 1) TK=tp1P+RP1S+HTP1®

p3¢:p(3(P2, z(P3)SH(D((\D19 G1, ('01)’ D((PZ, G2, (1)2))
+HPSTP(R@1, 292)+Rp(c1, 2¢2)
+tpQos, ecoz)+1<2=Tp2"’+iRp25+hpz°’+K2
<T(TP2*+Rp2*+tp1*+1)+R(Rp2*+(T+E) p2*+K)
+h(hp1“’+‘){p1€+Tp1‘”+K)+K2
=(THR2H62)P1*+(2TR+26R)pr+(2Th) pr >+’ +
(T+R+b)x
=(THR2+E2) P19+ (2TR+26R) p1rs+(2TH) pr°+2K2

(iii)

P3*=p(2c2, 1c3)<H(D(c1, 91, G1), D(G2, P2, ¢2))
+HPTP(61, 262)TRP(@1, 1902)+EP(261, 62)+K
:SRpl"’+(T+h)p1€+K2§‘.R(Tp1¢+SRp1€+hp1“’+K)
+H(T+H)(Rp+(T+HE) pr i)+ (iv)
=(2TR+2ER) P *+[(T+E) R pa
+RUP1 i+ (T+HR+H)K
=(2TR+2LR)p1P+[(T+h) 2+ R p1+Rbips *+2K2

P3°=p(tw2, w3)<H(D(w1, ¢1, @1), D(w2, G2, @2))+iK?

<Tpo1, 22)+Rp(261, 1G2)+LP(2Q1, 1)+
:Tp2“)+5Rp2€+hpz"’+1<2:hpz"’+92p29+Tpz““er

=b(TP2*+Rpa+Rpa =)+ R(Rpa®+(T+E) pas+x]

+T(Lp2*+Rprs+TP1°+i) +x? )
=(2TEtRYP1*+2(TR+ER)pro+(T2H+R?)pr o+
+(T+R+h)K
=(2TEtRYPr*+2(TR+LER)p1+(T2+R?)p1+2K2

Let
T ‘.R h Tz bz C2
F=|R® T4+t 0fdenoted FPby|p, e, )
E R T g, b, x,
It is obviously To+Do+Co=potes+i=g2+bo i
=(T+N+k)%<k?<1.
Now, we prove by induction:
T b
F':[pi e; ?il 3)
g b x

where, Ti+bi+Ci:pi+ei+li:gi+bi+Ki:(T+‘R+h)i§Ki<1.
From Eq. (3) is true for i=1, 2.
Assume Eq. (3) is true for some i. Consider

S T b oa][rT R &
F*I=F'-F=|p; e 4[|.|R T+t 0
g b wlle R 7

TTi+mbi+hCi
=Tpi+Rei+ by

T+ (T+E)bi+Rei kri+Tc
Rpi+ (T+B)ei+ Ry kpi+1¢

Tgi+Rbi+ bt Rgi + (T+W)bi + R kgi +T wi
We obtain Tis1+Dis1+Cisy =(THR+E) (T +bi+C)
:(T+§R+L—l)i+l§Ki+l<L
Similarly, we get Pistteirttir1=0ir1tDirrticiss
:(h+m+h)i+1SKi+l<ll

Then (3) is true for all positive integer value of i.
Now from (i)— (vi) and proceeding this way, we obtain

pz+1 p1 it

3

Pt i !
Vi= 1, 2,3, ...

That is, p{., < T;py + b;p; + ¢;py + ix'; p;,, < pipy +
e;p; +pP + iK' phy < gipf + bip; +1pf + i, Vi=l, 2,
3, ...

For j>i, we get p(2¢j, 1 )<p(2¢j, 1¢j-1)+P(1Pj-1, 2Pj2)*.......
P2 @iz, Givt)FP(Piv1, 1P)=P;PHPA%F - +Pis2?+Pin1®, <T-1P1°
i1 P11 P1 O+~ DT T 2pa Dy 2PaSHC o1 H(2)K P
. <T|+1p1q)+b|+1p1g+c|+1p1m+(i+1) I+1+T pl(P+b p1Q+C|p1w+iK
S(tortg2t ATt PafH(Dj Dot L Abis D) PasH(Ci1+C 2
+Cis1 +C)P1OH G~ D +H(-2)d 2L A+ DK «],

S A ) H(pr? P1s+p1©)+ T

T=i !
Sﬁ(p1¢+p19+p1“’)+ Zi:T k' —0, as i—o0, because 0<k<1.

Hence {2¢i} is a Cauchy Oseq. Similarly, we can show that
{26} and {toi} are Cauchy Oseq.

Suppose (Y) is an orthogonal complete, an Oseq {29}, {2Gi}
and {wi} are convergent to some a, B, yEUY), respectively.
There exists ¢, ¢, ®EY s.t. a=1p, f=1G and y=lw.

Now, we get p(D((Ps S 0))9 U«)Sp(D((P, S (D)s z(Pi+l)+p(z(Pi+1,
a)<H(D(p, ¢, ), D(@i, Gi, ®))+p(2@is1, W)<TP(29, 19i)+Rp(g,
1G)+kp(2o, ) +P(gia,  @)=Tp(a, )+ RP(B,  1G)tkp(y,
L) +pQis1, o).

Taking i—o, we get p(D(9o, ¢, ®), a)<0 so that a€D(o, ¢, ®).
i.e., WED(p, ¢, ®). Similarly, we prove c€D(c, ¢, ¢) and
twED(w, ¢, ).

Thus (¢, ¢, ®) is a TCp of D and . Suppose (3.3) (a) holds.



Since (9, ¢, ®) is a TCp of D and ¢, there exists 1, J, LEY

s.t. lli@ =1, Llirg dic=) and llgg dw=C.

Since ¢ is an orthogonal continuous at 1, j and £, we have
u=1, {J=] and U=L.

Since WpED(¢, ¢, ®), we have eeA(D(¢,c,0))SD(2@,26, m).

Since ceD(c,¢,c), we have %c€(D(c,9,0))SD(2¢,2¢,20).

Since (w€D(w,c,9), we have Pw€(D(w,6,¢))ED(2m,c,20).

Then (29, g, W) is TCp of D and .

Similarly, we prove that (2o, t'c, t'w) is a TCp D and .

Also, it is clear doeD(X g, i 'c, ¥ lw), MceD(M g, g,
ilg), doeD( o, U, i lg).

From condition (3.1), we get p(21, ¥, 20)<p(21, do)+p(de,
D(1,1,0))< p(u, Ye)+rH(D( ', i7'g, ¥ w), DG, 5, 0)<p(u,
N+Tp(dp, a)+Rp(ic, y)+hp(tlo, 20).

Taking i—o0, we get p(l1, D(1, j, £))<0, =2U€D(, J, L).

Hence, 1=1€D(1, j, £). Similarly, we can prove that j=J€D(J,
1,]) and =LED(L, 3, 1). Thus, (1, J, ) is a tripled common Fp
of D and . Suppose condition (3.3) (b) holds.

Since (o, ¢, ®) is a coincidence point of {D, ¢}, there exists
1,3, LEY s.t. lim V=g, llirg dy=¢ and lim 'l=ow.

i»o0 >

Since @ is continuous at ¢, ¢, and ®, we get o=@, ¢c=t¢ and
[O{OR

Hence (9, ¢, ®) is a tripled common Fp of {D, }.

Now, we prove uniqueness of tripled common Fp. Assume
that (¢*, ¢*, ®*)€Y is another TFp of D satisfying (¢, ¢, ®)#(¢*,
¢, *). Then p (D(9, ¢, ®), D(¢", ¢", ©"))=p(, 9)>0, p(D(s, ,
9), D(S", 07, ))=p(s, ¢ )<0, p(D(w, g, ¢) D(", ¢, ))=p(o,
®")>0.

Since {D, } is Opes, we get DeLDo* and wpLlip* or
Doe*LD¢ and p*L2p, DclDc* and glig* or Dg*1Dg and
¢ 16, Dol Do*and o Llo* or Do*LDe and o* Llo.

From the condition of H(D(o, ¢, ®), D(¢*, ¢*, ®*))<Tp(o,
)T RP(LG, 1) +HKp(w, tw¥), Vo, ¢, ®, 0%, ¢*, ®*EY and T, R,
Le[0, 1) with T+R+ti<k<1, we have H(D(o, ¢, ®), D(¢*, ¢,
®*))=0.

Therefore p=0¢*, c=¢* and o=w"*.

So, {D, } has a unique tripled common Fp.

The following example illustrates Theorem 3.1.

Example 3.2. Let Y= [0, 1], and define a relation L on Y by
0Lg, ¢lw, and Lo, if ¢, ®>0, c< 0.
Then (Y, L, p) is an orthogonal complete MS. Define a
maps D: Y3—Cg(Y) and : Y—Y defined as D(¢, ¢, ®)=[0,
1\ . 1\ . 1\ . 7
(5)sm((p)+(z)sm(g)+(§)sm(m)] and 1O=20.
H (D@, ¢ ©), DG, 3, 0)=|( 5 singt = singt = sinw)-
1 . 1 . 1 . _l._l. l_l l._
E 3 sini+ " 1smj+§ s1nE)\71|( 5 Sine-- s1ni)+( L Sing-- su11J)+( 3 511n0)
3 sinl)|< 3 sing-sini|+ " |sinc—siny|+ 3 |sin®-sint|< 3 |p-1]+ " lo—
56
7 1 2 8 3X56
§E|§;|Z(p-Zl|+;|2g—2_]|+z|2m-lﬁ|.
Itis clear that all axioms of Theorem 3.1 are fulfilled and (0,
0, 0) is tripled common Fp of D and t.
Let (Y, 1) be an orthogonal set. Consider on the product
space Y 3 — Y, the following condition: (i, j, £) < (o, g, ®) if
andonly ifi<g,j<g, (<, for(i,j, 0), (¢p,c, ®) € Y3

1,7 7 2,7 7 8,7
e [ S i Iy ] Al KO
O e e e el ISl [ e NG

1 7 14
+=|@-L|<—|p-1]+—]|c—|+
3 lo-t=lo-1H+ Il s

Definition 3.3. Let Y be a nonempty setand D: Y 3 — Y be
a map. An element (¢, ¢, ) is called a TFp on D if D(o, ¢, ®)
=9, D(5, 0, 9) =g, D(w, ¢, ¢) = © [28].

From, Hille and Phillips [29], Theorem 7.2.5 extended to
concept of orthogonal complete MS as follows:
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Definition 3.4. A function n: R+ — R+ is said to be
superadditive if n(s) + n(t) <n (s +1), Vs, t € R+ Itis well
known that every nondecreasing, convex function y: R+ — R+
with y (0) = 0 is superadditive.

Theorem 3.5. Let (Y, L, d) be an orthogonal complete MS.
Assume there exists nondecreasing functions yn: R+ — R+, n
= 1,2,3 such that y = y1+ y2+ ysis convex, y (0) = 0, and y"(t)
—0asn— foreacht>0. LetD: Y3— Y be a mapping which
is nondecreasing in each of its variables and satisfying

t(D (¢, 6, ©), D(i, j, ©)) < wa(2(e, D) +w1(2(s, ) +
“4)

yi((o,0)

for each ¢ > 1, ¢> j, ¢ >j. Suppose either
(a) D is an orthogonal continuous or;
(b) If a nondecreasing orthogonal sequence (@, ¢ koK) —
(9, ¢, m), then (¢k, k, @k) < (0, ¢, ®), for all k € N, if there
exists ¢o,lo,0 € Y with @o < D(go, ¢0,m0), ¢o< D(wo,Po, ¢
0),®0 < D(G 0,00,%0),
(c) D is O preserving;
(d) If for each (o, ¢, ), (i, j, £) € Y2, then D has a unique
TFp.

Proof. By the definition of Ose, we can find @o€Y satisfying
VoeY,pLgo))or(VoeY,pol o)

We can find ¢ € Y is satisfying (Vo €Y, 0 L) or (Vo€
Y, oL 9), and we can find wo € Y is satisfying (VOEY, ¢_Lwo)
or (pEY, wolo).

It follows that @o L D(@o, o, o) or D(¢o, Go, o) L ¢o, coLD(co,
0, G0) or D(Go, 9o, G0) L o and woLD (o, Go, Po) or D(wo, Go, Po)
1 wo.

Let ¢1=D(@o, Go, ®0), 92=D*(@o, Go, ®0), ......, Pi+1=D" (o, co,
®0); §1=D(Go, 9o, G0), 2=D*(Go, P0, G0), -+ Gi+1=D"4(go, ¢o, G0),
O)1=D((Do, Co, (po), O)2=D2((Do, Co, (po), ...... R Q)i+1=D'+1((Do, Co, (po).

If pi=@i+1, G=¢i+1 and wi=wi+1 for each IENU{0}, then ¢, ;,
w;j is a TFp of D. Suppose that @i#@i+1, Gi #Gi+1 and wiF#wiy for
all ieENU{0}. Then p D(gi, Gi, ®i), D(@i+1, Gi+1, ®i+1)>0, p D(g;,
@i, G), D(Gi+1, @i+1, Giv1)<0, p D(®i, Gi, i), D(®i+1, Gi+1,, Pir1)>0,
for all ieNU{0}. Since D is Opres, we have @iL@i+1 Or @i+1 L@,
GiLgir1or Gir1LGi, @iLwist or wi+1 Lo, Vi € NU{O}.

Let (M,) be a MS which is defined by o((o, ¢, ®),(i,j,£)) =
Uo,i) + (g,j) + W(w,0). Then it is straightforward to show that
(M,L,0) is a orthogonal complete MS. Let o: M — M be
defined by

(9, 6, ©) = (D(¢, ¢, w),D(g, ®, 9).D(w, ¢, ¢)).

Then from Eg. (1), we have (o(¢,,0),0(i,j,0)) = (D(o, g,
®),D(, j,0)+ (D(s, ®, 9),D(,L,1)) + (D(w, 9, ¢),

D(Li)< wa(e,D) + w2(2(c.))) + wa(2(w,0)) + wa(2(p,i)) +
v1(2(s, )+ wa(d(o, ) + w29, 1) + ya(2(s, ) + w1, 0)

= (e, D) T y((s 1)+ w((,0) < y((e, 1)) + (g ]) +
2, 0) = y(((@, 6 0), j.0)).

Since D is nondecreasing in each of its variables then g is
non-decreasing. From our assumptions, o is either orthogonal
continuous or if a nondecreasing orthogonal sequence ix— 1,
for ix,i € M then ix<i for each k € N. Also, (o, Go, ®o0) < (o,
S0, (o).

Then all the assumptions of Theorem 3.5. are satisfied. Thus,
o has a Fp (o, o, o) and so (¢o, Go, wo) is a TFp of D.

Now suppose that condition (c) holds. Then for each i, j €
M, there exists £ € M which is comparable to ¢ and {. Thus,
by Theorem 3.5., the Fp of o is unique and so (9, ¢, ®) is the
unique tripled fixed point of D. Since (¢, o, ¢) and (o, ¢, ¢) are
TFp’s of g too then, by the uniqueness, we get ¢ = ¢ = ®.



4. APPLICATION

In this section, we use the theoretical results obtained in the
previous part to clarify the existence and uniqueness of the
solution for the following system:

o(s) = gs) + f 6(5,0) [13 (0, 0(0)) + (0, 6(0))
+ 1,0, 00)Ip,

§(s) = g(s) + f G(5,0) [1,(6,5(0)) + 1,0, ()
+1,(0,0()p,

o(s) = 8 + | 6(5,0) [16,0(0) +1,(6,5(0)
" 1,00, 0]

)

V s€ [0, t]. Consider the following axioms:

Ai: g: [0, 1] —»R and G: [0, 1] >R—R, are an orthogonal
continuous;

Az 1;: [0, 1] XR—R (T=1, 2, 3) are an orthogonal continuous;

As: there is a constant >0 s.t. V ¢, c€R, 0<li(o, ¢)-1*(c, <)
<8(¢-¢), 0<l2(o, ¢)-12(o, <) 55(2<p-g), 0<l3(c, 9)-ls(c, ¢) <8(9-c);

Ay 82 Sr&p[gft(](f; G(s,0)po)” < %

Let Y=C([O, 7], R) be the set of all orthogonal continuous
real-valued functions on [0, t] taking values in R, and let
M={neB: ©>0}. Set p: Y>Y—B as p(o, 0)222%1:# |o(s)-O(s)|.

It is obvious that (Y, L, p) is an orthogonal complete MS.

Theorem 4.1. Under hypotheses (A1) -(As), Eqg. (5) has a
solution in Y3, where Y=C([O, ], R).

Proof. Let Y=C([O, t], R). Define a relation L onY by sloc
iff s(a)o(a)>s(a) or s(a)o(a)>c(a), V a€ [0, t]. Define the
operators

D: Y3 —Cs(Y) and ©:Y—Y by D(¢, ¢, )(s)=g(s) +
Iy G(s,0) [11(0,9(0)) + (0, 5(0)) + I5(0, w(0))]po, and
Upo)=poVs€E[O0, 1] and ¢, ¢, ®€Y. Thus (Y, L, p) is an
orthogonal complete MS.

The triple (¢, ¢, ) is a solution of system (4) iff (9, ¢, ®) is
a TFp of D. The existence of this triple follows from Theorem
3.1, since @ is the identity map. Therefore, it is necessary to
fulfill the remaining conditions of Theorem 3.1.

For all 9, ¢, ®€Y with @Lg, cLlow, oL and s € [0, t]. Then
D is Opres.

Let us consider 9:%, we have H(D(p, ¢, ®), DG, j,

max max ¢
0)=¢* ;010 71/P@: & DG, 1, O] =& 07 ([ 6 (s0)
[P1(0.9(0))+p2(0.5(6))+ps(, ©(c))] po-J; G(s, 6) [pa(o, 1(0))
+p2(0, J(©))pa(o, LNIpol=es (g, 71lfy G (. )px(o; 9(0)-
Pi(o. (OB, P (o)l (0Pl
(Opol<e oo | 6 GOB@E@A(0)+8(o)

max z
OO U)ot (o7 B [ 6 (ol

1) HE(0) (O Hw(O)-UoNTpote* (o [g 11 Jy G (5:0) Po)
3¢5 max
@O OE) - LI 2E 1o 7 (o)

7
3¢S max

(O HOE-LNH by (A= 2Z T (o)
) HEEIIE)HOE- LN} 2 max{ e g 71 1016,

€* 010, £ COIN €50 7 [@E)-LENFO max {p(y, 1),

569

This means that condition (3.3) of Theorem 3.1 is fulfilled.
Thus, D has a TFp (¢, g, ®) € C([0, 7], R)>C([0, ], R)>C([0, 1],
R), which is a solution to Eq. (5).

5. CONCLUSIONS

The application of fixed-point methods is a cornerstone of
mathematical analysis due to their broad utility across
numerous areas. This has drawn the attention of numerous
researchers to the potential of these techniques. Among the
most notable areas of application are the analysis of
algorithmic behavior, particularly the phenomena of
convergence and divergence in optimization, game theory, as
well as in the study of both ordinary and fractional differential
equations, alongside differential and integral equations,
among others.

In our study, we have formulated and proven theorems
related to tripled fixed points (TFps) for mappings that are
orthogonal and (-compatible within the context of
orthogonally complete metric spaces. We have supplemented
our principal findings with illustrative examples that
demonstrate their application. Additionally, we have deduced
the existence of solutions for a class of complex tripled
integral equations. Inspired by the pioneering efforts of Rad et
al. [27], which explored the interconnections between n-tuple
fixed point theorems and single fixed points, and the advances
made by Roldan et al. [30] in establishing fixed point theorems
within ordered metric spaces, we envision future research to
extend the exploration of TFps to additional structural
formations within metric spaces.
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Fp/Fp’s
MS/MS’s

TFp
TCp
Oset
Oseq
Opres
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Fixed Point/Fixed Points
Metric Space/Metric Spaces
Tripled Fixed Point

Tripled Coincidence Point
Orthogonal-set
Orthogonal-sequence
Orthogonal preserving
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